CHAPTER II

METHOD OF SOLUTION

1. Proposed Deflection Function

The energy method to be used in finding an approximated
solution depends on good deflection functions compatible with
the nature of thé problem. The deflection function is assumed

in the form of polynomials of fourth degree as follows.

w = 01 + C2 X+ C3y + C4x2+ Cexy + C6y2 + C7x3 +
C8x2y + ngyz + C10y3 + Cl,lx4 + C12x3y + C13x2y2+
C14xy3 & C151’4 k)
The co-ordinate axes are located as shown in Fig. 1.
Because of symmetry, the deflection w must be an even function

of ye Therefore

C,=¢C_=C_, =C = C = C =0 (2)
Thus eqes (1) becomes
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C13x Yy o+ C15y (3)



There are nine more unknowns in eqe (3) to be determined.
Some of them can be found by rotating the co-ordinates axes from
x -y to § - n by ag-angie of 120°. The relationship between

the two is

X = - -% (§ + JBTI )

T %—(Jsg - M) (4)
Substituting eq, (4) into eqs (3) one has
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From Fig. 1, it is seen that the deflection function must
be an even function of Tl . Therefore, from eq, (5) the following

results can be obtained.
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Substituting eqa (6) into eqs (3) and rearrange,one has
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w = C,+ c4(x +y ) + C7(x - 3xy)

4 2.2 4
+ Cil(x + 2x°y +y) (7)

The remaining four constants in eqe (7) must be chosen
such that the deflection function satisfy the boundary conditions
and the equilibxium equation. Consider onc of the edge of the

triangular plate, the exact boundary conditions are

“’ 2 = 0 (8)
T 4.0
M| al = 0 (9)
'/3 T 4
Vxl‘a % 9 (10)
/31 Y

To facilitate the solution, the boundary condition (9)
is changed to the vanish of the total bending moment effect.
That is,
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Now, three of the remcining constants can be found by

forcing them to satisfy the boundary conditions (8l (10) and



(11). Substitute eqge(7) into e_qs.(S), (10) and (11) yields

thros similtancous algebraic eqes as follows :
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9(1 =¥ e, + 4a (5 vy 36, & O (14)
Solving for C'.3, Cq and €, in term of Cq one gets.
c = :..2,7}...1_'._.:—6-43- C'l (15)
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Rewriting' egSe(15)y (16)/and (17) as

Cy = kC4 (18)

CS - mc'l (19)

€y = XLy (20)
where k = 27 ;1 s 75 )
8a%(2 =¥ )

27 (5 = ¥ )(1 +) )
8a2(7 + ¥ )2 =V )

243 (1 = Y %)
32a%(7 +¥ )2 =)




Then the proposed deflection function becoues
W = C, l 1 + k(x2 + y2)+m(x3 - Bxyz)
+ n(x4 + 2x2y2 +-y4i] (21)

2. Solution for Concenggpted Load at Centroid

The proposed approximated method of solution is the
stationary value of the total potential enerqgye. The strain
energy in pure bending of the plate is [’4]
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The potential energy of the concentrated load P applied

at the centroid x'= 0, y = 0 is

= P (23)

= PW 1x=04y=0 1

Therefore the total potential energy of the plate is
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Sulsstituting cq. (21) ihto cqe (24) and integrotine yi-kds
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+-—g—(1 +\$ ) k:n34+ (1-\$)m2a4
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The coefficient C1 ean now be determined by the principle

of stationary value of the total potential energy, that is
D1
ocC

from which one obtains

4 hdemetace ¥ )2 (7 +¥ )P s
1 -3 . 2 2
729(1 =¥9)(29 - 10 ¥ - 3¥°)D

Mrke & substitution of C,, k, m and n into eqe (21) one hnas

1!
the solution of the equilateral triangular plate loaded by a

concentrated force at the centroid.
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The expression for the bending moments, twisting moments



and shearing force can be found by appropriate diffrentiation as

follows. ™~
Moy T (2-6)(7+{)P 1(7+\§)+}_(5 '\S)?i
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and the corner force is
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Note that for ‘6 = 0.3 the corner reaction is
R = =0,429 P

which does not agree Wiin 4ha eguilibrium requirement
R =-% . This is because of the approximated boundary conditien
(11) and the deflection function selected may not be very goode
However, it will be shown later that the proposed solution yields
reasonable agreement with the experimental results, eventhough
the proposed approximated, method of solution does not satisfy

equilibrium exactlye.

3. ggigjgﬁghjxg;fartial Triangular Load

The s&lution of the cquilatzral triangular plate
supported at the corngers and loaded by partial uniformly
distributed triangulzar load ag.shown in Fige 2. will now be

solved.

The potential energy of -thc load is

g wd &~
2e
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= 2q Cl 1+ k(x“ + y7) + m (x = 3xy )
e
=3 0

+n(x4+2x2y2+y4) dy dx
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N3 12 18 5x27 5x81
Combinc eqe (34) with eqe (22) and after appropriate
integration gives the total potential energy of the plate as
2
L = L [(11»6)1:2&24- 32 (54-31{]112&6
4/3 9x45
g +§(1+\f>kna4+(1-J)m2a‘+3§(1-\f)ma51
9 45
- g w dA (35)

The constant C 1 can be determined from the condition

?1

—E-C: = 0 from which gives

3_{3. A 4 2 S A 6

4D20+18ke+?—2 me-r-—-Sxaine ”

(‘J.-l-J)lc a + 32 (5+3§)n!a6+ §(1+J)kna4+(1-{)m a4+_1_§.(1-\;.'lrmas(30
9x45 9 45

Substitution of C,, ky, m and n into eq. (21) one has the
solution of thd equilateral triangular plate loaded by partial

uniformly distributed loade.

The deflection function is
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a7+ ¥)2=¥) {4007:¥ ) (2-¥)rate 2152 $raayated
7290220(1 =Y 2)(29 = 10Y = 3V 2)

i q_('7+\)’)(2-\£){6(1—\f)36-4(5—\$)(‘1+\5'}a = J} "

7290a2D(1= ¥ 2) (29-10Y =3 ¥ 2)

x |1 -27 ) fa® | ﬁ) 21 (5_J)(1+J)j3~_ﬁ)
s (2= \a® %, 8 (7Y )(2-Y ke’ &’

243 (1= Jz) x4 2x222 ‘xi )
i oinies -—-:'-i- + 4 + 4 (3?
3278V 32=¥) \a a

a

The moment resultants, shear forces and the corner force are

found by differentiation as /‘the following.

2 2
be = oL o NRR YR - A3,V % - L3y L e
9 3 a 2 a 2 a“
[ 2 2
v = o |ErebetmanE 0l (L)X - Jaahy| e
* 3 X a 2 32 2 a2
A g
Mey = €| =(5a¥) Xy XY o)
3 a a
| Ax
Q = G ——
* i 331 (41)
> B f}_x s
Qy - & - 2] (42)
L a
R = 2c 1(5_\5 y L & (1_)’) _}_':_% (43)
L 3 a a

where C = const
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g {4007 Yy 2=V ra%e 2i15(7: ¥ ) (1= V)l e 4

C = +
120a%(29-10Y -3 ¥ %)
+q{su-\f)e6-4(5-\5)(1+9)ae5} -
120 a%(29-10Y =3 ¥ 2)
For ﬁ = 043 the corner force is
3 i
B = ) +0.00209(—‘§-—) 45)

-[0.24'?5-0.03823 (—”’-a-) -0.01219(;’

It is seen that il ig/a function of € , If € 1is equal
a
to a

i = =0.19917 qa2
2 5
The exact valuec of R is = 9-?:/—— = -0.19245qa
33
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