CHAPTER III

STATIONARY OPERATORS OVER L2(P)

1. Definition. Let E be a linear space of complex valued

functions defined on CF such that for any function f in E,
Uhf is also in E, An operator P:E—E is said to be

stationary, or to commute with translations, if and only if

P(Ugf) = Up(pf) for all b inGl .

A study of stationary operators is beyond the scope
of thig thesis, and we shall only give a few examples of
such operators in the next chapter. However, there is one
space over which the continuous stationary operators can

be represented simply.

2. Theoren, If P is a stationary continuous linear
operator on L2(q5, then there exists a bounded sequence
{AH}HEZ of complex numbers with c (Pf) = AL cn(f)
for all f in L°(F) and for all neZ.

Conversely, given a bounded sequence {)\n} of
complex numbers, there is a stationary continuous lincar
operator P over LQ(% such that cn(Pf) = An cn(f) for
all £ in L°®) and for all neZ.

Proof. - Suppose that P is a stationary continuous
linear operator on L°(F). We will show first that the
characters En of & y Wwhich defined on EF such that

E : x—> ezjfinx

5 y are eigen vectors of P, Since
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Uﬁ(En)(i) = E(£+ h) = En()f) En(l"l), we get Up(E )
=En(ﬁ). E . By linearity and stationarity of P, we get
Ue(B(E ) = B(Uy(E))) = B (1) B(E ). So that

up(@(E %)) = E (1) [P(E )Nx)] . Since P(E )(x + i)

=En(ﬁ) [P(En)(}f)] , by setting X = o in the above
equation, we get P(En)(li) = En(ﬁ) P(En)(é). So that
P(En)= %n E_where An = P(En)(é). Hence E_ is an
eigenvector of P with eigenvalue )\n for all n. Due to

linearity and continuity of P, we know that P is bounded.

and so | ) IHEn”2 = ||P(En)l|2 <|lp|] HEnnzzlliPll ,
which yield ,An | = HP ' ' for all n. Therefore
‘i’ AnE ng 7 is a bounded sequence of complex numbers.

Finally, due to the continuity of P and the Riesz - Fisher

Theorem, we get for any f in Le(‘“_r]).

n

p(£) = 2 (Uim 5 o (f) B)

1IN —3 o k": -1

bei
lim = ¢ (f) B(E.)

N—s oa k= =-n

BT

= lim % ¢, (f) A, E_.

Nn—s co- K= =n
ind so, due to the uniquences theorem, e, (B(f))= )\k ¢, (£)
for all k% /7 .



Conversely, suppose that {)\n} is a bounded
sequence of complex numbers, Let f be any function in

Le(?); due to Riesz - Fisher Theorem f~ g c (f) E
nej
Observe that % 'An cn(f)]2 converges, which follows

ne/j

by considering any integer n,
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Therefore s AV cn(f) E =~ is the Fourier series of
ngyg
a unique function in Lo(T). Let us denote this function
Y
by Pf.

First, we will show that the mapping f+—>Pf is
linear. Since c, is linear,
P(Lf+ Bg) ~ T2 c (&7 +B8)E
= E)\n (n( cn(f) - [3 cn(gD E
= LEA, c (f) E .+ BEx c (g) E

= o Pf +-F3Pg
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for any complex number o , 2 and for any f, g in
LQ(‘?). Next P is bounded; in fact.
2

N ML RN
= (sup A 12) Z le (1)1
= Gw D el
- : ®

L 2
IIPfll2 < Sup— 2,1 Hetl,

which proves the boundedness ' and therefore, the continuity

of .

Now, we will shoew that P is stationary.

We have G cn(:l’:') E
Ut i ee, (U.f) B
¥ ZCn(f) En(h) B

This last equality follows from c (Uﬁf)r- <Oyt , En>

= En(lfi) cn(f). By continuity and linearity of P,
we have
P(UsE)  ~ 2 ) c (Usf) E
= 22, c,(f) E (H) E
U}i (Pf) = = Cn(Pf) En(h) En
= £A, c, (£) E_(K) E

Hence P(Uﬁf) = Ul,l (pT) .
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Therefore P is a stationary continuous linear
operator over L2(T), such that B(Ugf) = Uy (Pf) for all

KHeS . Thus the Theorem is now proved.

For two diestinct bounded sequences, we get two
distinct operators. Thus we have exhibited a bijection
between the set of all linear stationary continuous
operators on L2f?) and the set of all bounded infinite

sequences of complex numbers.
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