CHAPTER ITI

HOMOGENEQUS SPACES

In this chapter, we introduce an important class
of spaces - the homogeneous spaces - which includes the

spaces C(‘?), P for 1<p<e 4+ oo,

1. Definition. A homogeneous normed space onL—,—J
is a normed space E of complex valued functions defined
on‘?such that

(1) If £ &FE and E&5%, then the map
Upf : X+—2F(X+H) is in E.
(2) Nugetlg={lell | for any netp

(3) 1im “Uf-—U- Ml = o for any nh 5
ﬁ—:bﬁo i ho E 08‘?

2., Definition, Let C(‘?) denote the space of all

complex - valued continuous functions defined on'? .

3. Proposition. C(L?) with the norm defined by

[l ¢ H o Sup lf(}E)| is a linear space,
x g ~'
Proof. First we proceed to show that C(‘?) is

a linear space. For any f, g E,C(L_r]) andb(g([ )
f4g ;_C(i?) and K £ § CEH. Then it is easily seen
that C(CP) is a linear space. Next we will show that 1]

defined by {1£lt = sup t£(£)! is a norm on c@). By
£E D

the definition, it is clear that [lfll 2 o for any

£ € C(f) ana llf|| ¢ o if and only if £ = 0. For any

f £ C¢(H) and any scalar A,
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we have
HAzH = sw | Az)]
£ e
= |N| . sup | £()]
Xey

= 2] - t=lt

For any £, g £ C(H*"), we get

Ht+ell = suw l(t+g) ()

Xetd

~  sup £(2) +e(@)l
X

< swlr@)l o+ Sup le()l
X £ xep

= (LIl + Hell .

The norm as defined in proposition 3, is naturally
called the uniform ngrm.

4. Theorem. C(EF) for the uniform norm is a

homogeneous Banach space,

Proof. We will show first that C(‘:?) is a Banach
space., Let {fn} be a Cauchy sequence in C(':F). For any
£> o, there exists N such that for all m, n & N,

- = 2 -~ . ‘<£ i 1o+
| £, fm”“>0 X:Sz% lfn(x) fm(x)l /3 . 1In particular,
for any x & %,

(%) £ () - £ () < €/3 for a1 m, n> .
So that {fn(}E)} is a Cauchy sequence of complex number,
and therefore there exists f(X) in d_ such that

lim fn(x') = f(X) . By letting m in (% ) tend to infinit:;
n—macoo
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we then get 'fn(x') - f(X) | =< £/3. Which implies

Sup | £ (x) - £(X){ < €/3< ¢ for all n3=N. That is
. n
x e

lim ”fn - f HOQ = 0. Now we proceed to show that
n-— oo

f g C@?). Given any ioat;l, by triangle inequality,
we, then get

L) - 2x )] & | 2a) - £ |+ ()t (x,) |
+ |y = £,
Since fy 1s continuous at io , there exists & > 0
such that I X - iol 4/ S implies |fN(i) - fN(ko) ' < E/3,
so that

| 2) - 2G4 b £+ b

AN

Thus f & C(§). "'Therefore C({F) is a Banach space.

Now we will show that C(R!) is a homogeneous space.
Let f ¢t C(H) and h ¢ 5. Since[:[j is compact, f is

wniformly continuous. Therefore Uy £ ¢ ¢(§). Moreover

Hogell . = sup |2z + 1)
x ¢t &
= Sup |f(x)1
xg,ﬁﬂ
= l=n

Since f is continuous on compact set,

|| vt - Ty (|m - :‘csz?léfri f(x+h) - £(x+h )| tends to
zero as h — h .
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Hence C(c?) is a homogeneous space

5. Theorem. For l£p<+°o, LP(EF) is a

homogeneous space,

Proof. Let £ & IP(P) and KeF. We will show
that Upf £ Lp(clj). The measurable property of Upf will
be proved first. Let U be any open set in (E Since a
translation is a homeomorphism of (f sy h+U is open inQ
Since f is measurable, Uﬁf is measurable. Consider

the following :
p
logell, = gtuﬁfmlpdi

(i +5)1Paz
i P
flePa: = el <veo.
2 D

So that Uﬁfin(CF) and “Uﬁf”p -l ”f“p .

To prove the remainding condition, let § > 0©
be given. Since C({?) is dense in LP(L?), there exists
a sequence {fn} of continuous functions converging to f
in TP, and so there exists n such that for all

nz g , £ - fn”p < E/3 .

We have
Uy (£ - £y ) (£) = (£~ fno) (x - 1)

- f(X+1) - £, (x+1)
0
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= Uﬁf(f) - Uﬁfno(;;)
= (Ugf - _Uﬁfno) (%)

0 0

By the triangle inequality, it follows that

”Uf-Uhf“ 5 “Uﬁf-Uﬁ fn0||p+ HUB £, - Ug
0 0
||UH0 fn0+ Uy pr
= s
o We - fn0H . HUﬁ %, - U anH ,

Since f_ < C(L_r]), it follows by Theorem 2.4 that

o}
lim ”U : - U.’% ‘ = 0. Using the property
lfi—-alio h D, ho o, Lb
of IP - normed and property of integration, we obtain
HUﬁfn - Uy £, (] "= ﬂUﬁfn (%)= Us £ (£)|Pax
0 o %o P & o) o] n_o
< . ; D ‘
—  Sup |U-f (x) - U, £ (x)l de
X cm h n, h0 ng q_'
= Huy.e ue £ 1
. « D .
h n, h0 no
Hence lim ||U-f - 0. £ ” = 0
- - Ho h n, ho n,op

That is, there exists g = O such that for all

. . . s . 4
ie @, -kl < g oamplies |lugr - v, 1 Hpé Ce

0
So that for any { > 0, we can choose n > O such that

fn

¥
i

o'l

for all h {F, ll’i—HOl < :{ implies “Uﬁf-Uﬁ f“p“ir.-

-0
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Therefore lim I‘Uﬁf - Uﬁ f'l = 0. Thus the Theorem
ﬁ——aﬁo 0 P
is now proved.
«> ;
6. Theorem. L é?) is not homogeneous under
the norm | .”Do
Proof. By counter example, let
F 3 iR_){Oll}
defined by :
F(x) = 1 if x - [x] ¢ [0, %)
0 it x- [x] & (3, 1)

Then F is a 1 = periodic function over ﬂ{.

Observe that lim “Uﬁf "f”oo does not converge to OC.
h—o0

Hence L @?) cannot be homogeneous,

7. Definition Let AM) be the set of all
continuous complex valued function f over such that
= 'cn(f)l is a convergent series, where cn(f) is

nézZ

the fourier coefficient of f.

8. Theorem. A@?) is a linear space under the

natural pointwise addition and scalar multiplication.
k |
Proof. For any f, g in A@?),{ >3 o (f)i}
n= -k =°

k
and { & § [cn(g)l} are bounded sequences. And so
nﬂ-

k
{ E Icn(f - g)|} is a2 bounded sequence.
n= =k
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Which implies n%zlcn(f+g)’ = n% icn(f)l*“n?zbn(g)l

is a convergent series. Thus f+g is in A®G).
For any complex number of and for any f in
AL, ¢ £ is in A@). 1In fact,

= lc (o(f)|= |°’\‘ z c(f), . Since ch (f)'
ng7Z " ng7 nt g ®

is a convergent series, '°<’ = [cn(f)l is a convergent
n

series. Hence it now follows easily that A(Y) is z linear
space ,

Set HfHA(«;) 4\ |cn(f),.

n¢7
Then it can be easily seen that the mapping f— ”fHA([?)

defines a norm over A(Y).

9, Theoremn. Under the above norm, A(CF) is a

homogeneous Banach space .

Proof. First we will show that A(Y) is a Banach
space, Given any § > 0, Let {f(k)} be a Cauchy sequence
in A(Y). There exists an integer N such that, for all
k, k' 2 N, [ £()_ f(k')HfE . Fix any n in /Z , since

lcn(f(k)) - Cn(f(k'))' & Hf(k)_ f(k')“ A(EF)< v
for all k, k' > N, {cn(f(k)LL is a Cauchy sequence int,

which is complete. There exists pLE)E { such that

cn(f(k))——% cn(f) as k—oe. By uniqueness, it
follows that cn(f) is the n=th Fourier coefficient of f

in A(EF)- Next we proceed to show that lim ”fk- f”A(?): 0.
k—> o
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Since for any m, we have ';_1 Icn(i‘(k)) - cn(f(k‘))|<,£.
= -m (k)
By letting k' tend to v , we get g 'cn(f) - cn(f)I«:E;
= -m
so that “f(k) - f”= = lcn(f(k)) - cn(f)": § for
n= =

all k2 N. This completes the proof .
Now we will show that A(P) is a homogeneous space.

Let £ &£ AM) ana n¢P . Consider

cn(Uﬁf) - LUpf Er>
A4
-2ifln
= )r f(x+h) e xdx
0]
1 -2iTn(x=-h)
= ) e dx
(6]

- <&, Uy ==

- <, E (-1) En>
@0 BBy ()
- c, (£) E_(1) ;

il

And so

[l Uﬁf“A(c]j) _ szcn(Uﬁf),

nf

ng

zzlcn(f)l - llfllﬂ(;,)

Hence A([?) satisfies conditions (1) and (2) of being a

homogeneous spaces,



To prove the remainding condition, given any £ = 0

since Ic (f)l converges, there exists N such that
ng¢Z

s |/' ck(f)| 2 ;/2 . For any n, E  is continuous. And

so for each lni{N, there exists ’qn) 0 such that for

]H - ﬁo‘ < qn’ implies that |En(l"1) - En(lf'lo),< ¢

2TTE T o)
Let'rlzm_in{ Y‘lnlln‘<N}. Then for any h{ %5,
|5 -5 | < implies |E (B)-E(5)]< 2I|f!1€1@)

for any ln l< N. And so

€ | o (ust - g f)l SLE | o) () - B ()

lxl<n ki<
< [l ]
A&
Y AG)
— 3
2
Consequently, for any ﬁ‘iﬁ_‘], h - ho ‘4 Tl .
we have HU-f-—U-fII = ilc(U-f—U.fH
8 hew INGe) 770 h i,
_ lc(Uf u, D)+ = lep(ues - v £)]
|k1<N o k| >N 0

€ L4 i o
2 2 &
Therefore A(T) is a homogeneous space

This completes the proof
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