CHAPTER 0

INTRODUCTION

In this thesis, we are primarily concerned with
some questions in Harmonic Analysis on%, 7 andm,
respectively the 1- dimensional torus, the integers and
the reals. As 1is well known, Harmonic Analysis onEF is
just the usual Theory of ﬁourien Series while Harmonic
Analysis on ﬂlis the ordinary Theory of Fourier Integrals.
Of course we are consideringcﬁltogether with the Lebesgue
measure andEF together with the measure induced by the
Lebesgue measure ofﬁRxand;Z_together with the counting
measure, Recall that if f§ Llé?), its Fourier transform £

is defined to be the function

n

Py = J2®) E() a9 (n £2).
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The central problem is to determine whether, and in what

sense, the Fourier series
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represents f.

1f £¢LNZ ), we define, by analogy, its
Fourier transform ¥ by
Bz) - [fee) R a
Z
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The problem is then to determine whether, and in what sens:@
the integral
[20) B.(5) ai

represents f.

E o f‘EI}(ﬁR), we again define its Fourier

transform by

() = ‘ff(x)e"ixtdm(x)
®

where the measure is the Lebesgue measure divided by
V/21T- The problem is then to determine whether and in

what sense the integral

f%‘m e % Pan( )

represents T,

over ¥, the answer to the problem is that the
integral represents f a.e. . Over / , the answer is tha’

the integral represents f everywhere,

Although satisfactory answers to the central
problem are available in the case ofEF[, we have not dealt
with these. Instead we intended to illéstrate the
importance and usefulness of the so-called stationary
operators on homogeneous spaces. Let ;:be the set of all

complex valued functions on; « A normed subspace HCC ‘6’

is said to be homogeneous if




H, : £ € H implies Ust (x—3£(xX +1))is in H,

=

for all K¢ EP

H, : ”Uth - ”f” , for all nel,
H3 : ﬁ]_._j:glﬁ “Uﬁf - Uﬁof” = 0 for any h'o'i:?.
o

Examples of homogeneous spaces include the space
I:Pd?) for 12p< + oc . L® (L'[j) is not a homogeneous
space. An operator P mapping a homogeneous space H into

itself is said to be stationary if

P(Uxf) =/ up(er)
for all h¢ @,

Although we had intended to illustrate the
importance of stationary operators on homogeneous, we are
short of our original intention, 'However, we do give a
complete characterization of continumous linear stationary
operator on Lzﬁ?): there are in one - to - one corresponder
with the bounded sequences of complex numbers. As concre-::
examples of continuous linear stationary operators on
other familiar homogeneous spaces, we offer the convolution

operators,
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