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APPENDIX A

A Stress-strain'Relations for Plane Stress of Orthotropic

Materiall3]

The stress-strain relations for orthotropic' laminae can

" be written in matrices as N

.

0‘.7 QU Q2 Qs 0 0 0 [ £,
O Q2 Q2 Qa3 O 0 0 €,
O3 Qi3 N S 0 €3 :
il S8 : (4.1)
0 @ /. /70 Qe O 0 Y23 :
T | 30 /8 R 0  Qss 0 Ya, I
Ti2 0 0 0 G\ Qesl | 12

&L - Y, ) ; - 0 #

A plane stress state is defined by
0'5 = ~0, Aoy 0, Ty = 0 "

Therefore, the stress-strain relations above is reduced for plane

streés as
- ~ r- ~ - -~
i N ER Qy Q2 O €y '
o POy Q2 Qa2 O €3 | . : (a.2)
T e Q Y ‘ :
| 12 i 66, ~.12J

where the Qai’ the~so-calied reduced s_tiffnesé, may be written in

terms of the engineering constants as
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T = vy

B Y1362 - v En

" T = Yy 1 = ¥y

(4.3)
2

Qqy =

= T = ¥y

Qoo = G2

The Poisson’s ratio, % = = €i/€, is for transverse strain in

the j-direction when stressed in the i-direction.

A.2 Resultant Moments for Orthotropic Material[3]

The implications of the Kirchhoff or the Kirchhoff-Love
hypothesis on the laminate displacements u, Vv, and w in the
x-, y~-, and z~-directions being that the.displacement, u, at any

point =z through the laminate thickness is
W = U= 2ZW,, : - : (A.4)

where 1, is the displacement of a point 6n the.reference_plane

in the x-direction.
By similar reasoning, the displacement) v; in the y-direction is
V = Vo= ZW, . (A.5).

For small strains(linear elasticity), the strains are defined in [

terms of displacements as

€, = Exx ® Wygx = = ZWyuy
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E2 = Eyy =V o= = ZW,, : (A.6)

Yl? .- .ny = Uy + v!x,. | 22\7,,),

From Eq.(A.2), stresses, in»‘tezjms of dispiacements, are

ZE]
Y12 Vo1

Oy, = Oxx = Que]"' Q12€2 o (w’x'x + Vglw’yy)
1

zE2

02 = Oyy = Q€1 + Qr22€2 R R (woyy * V]éwsxx) ) (A°7)

Yi2 ¥

Tz = Ty = GipYip o= = 262w,

The moment resultants acting on a laminate are obtained by .
integz"ation of the stresses in each layer or lamina through the

laminate thickness,

iy
Mox O :
by ' ; |
My| . = [ Loyl vzdz (a.8)
: 25 : : ‘o ,
T Mxy Txy
That is,
hrg (
Mux = f Oux 2d2

hy, .
2 2
a9
f -——L-1 - (Woex + vmw,,,,)dz
whipy Viava

B :
T 121 - vyyv,) (Wome + vy Way)

= = D, (Wyx + .vmw,,y)



Similarly,

MYY

Myy”

where Dx =
D, =
ny -

Therefore,

E,h

Dy (W wyy T vuw ’xx)

Duy¥ sxy

3

12(1

> 5251)

Eq n’

12 (1

Gt
6

= " "m)

22

—'53- (waux f D] w’yy)

1
_}%Z_ (Dy"’yy + _Dl wsxx)

122

_55- nyw Xy

" 63

(A.9)
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APPENDIX B
GALERKIN'S METHOD [15]

This method was developed by“I.G. Bubnov and applied by
B.G. Galerkin - for the series solution of some problems of
engineering mechanics. Consider the variation of the following

equation,

. ffL-nw-dx-dy N . ' "_""“(B-.1-.)

A
in which the quantity 'L is the expression in term of w - and
their derivatives. The most effective way to‘integrate the
fundamental differential equations of the theory of flexigle
plates is to represent the defiectidn‘ w(x,y) in thé form of a

series
n
Ve ANETUMY NG TAY . Elciﬁi (B.2)

where 7, are the selected quantities, independent of each other
and are functions of the coordinates x and Yy,

are some parametric quantities to be determined.

Making use of expression (B.2), ow is expressed in terms of the

variation of the parameters c{

ow = Z":l B 56; (B.B)
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" Substitute series (B.3) into expression (B.1), then

65

_i fAfL-r,iac,-di-dy' = 0 | ‘ e (B.4)

iml

But the variations dc, are arbitrary, conseqﬁently,'equation(B.4)
is satisfied if each equation of the following type is separately

satisfied
ffL‘f/ldX'dy = o ;\ i ‘1,.2, '.oooi n - (B'S)
A

After integration with resbect to x 'and ¥ we obtain a set of'
algebraic equations containing the unknown parameters éi,H’The
number of these equations is equal to n. Solving this system 6f
equations, the parameters di are found. Ih buckliﬂg problem, L
is the buckling equation and the determination of ‘ci is '

indeterminate which results in a set of equations whose eigen

-.value is the critical buckling.load,
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APPENDIX C

|

Appendix C. shows ‘the flow chart anfl the computer progranm

used in the computations where

:
UN = v,

AN = n

AK = k

Al = f :

AL = «a

ALAMDA(N‘,L‘) = A(n,a)



DIMENSION ANN(11),
ALAMDA(11,6)

Fig. C.1 Flow chart

cBﬁifN AL J
UN L 005
M =1

'
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( runcrron x(8) )

WRITE  HEADINGS
(AS INDICATED BY M

)/ K [} = -ALOG(AL)

ﬁo J '11 y 11 .51‘—————

J-A
AJ =35

WRITE AJ,AK

~AN = N-1
ANN(N) = AN

DOL =1,8

L
AL = 75

l

-——————;7/WRITE-A3N(N).
ALAunagu,ﬁ)

ALAMDA(N,L)--—%Q

Cq—>Cy = f£,(AL,UN)
(AS INDICATED BY M)

§

P = g(AL,AK)
Q = h(AL,AK)

COMMON AL

‘n,- F(C’s,5"s,X(B))

D,= G(C’s,S"s,X(B))

S Sy,= f;(AT,AK,P,Q,C’a)l

]
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5533 ATHIKCM BANGVIWAT
FIND ThHE CFPITICAL LCALS FGR UNSYMMETRIC BUCKLING PLATES.
DIMENSICN ANNUL1)sALAMCA(11,8)

CCMMCN AL
UN = ﬂ':: 1 .
Moo= 1

ARITEL2,250)

GG TC 142

ARITE(3,2¢6Q)

66 TC 146G

ARITE(2,217£)

30 TC 140

NRITE(3,280)

DC 243 J=1,11,5

Al = 3 : O RIS LSRN SN, e

Ad = (AJ-1.)/10.
. DC_243.K=1,6 __ SR T T P . - N

IF(K.ECe3) GC TC 350

IF(K.EC5) CGC TSRS - £

AK = K 3

SC .30 _1¢£0 - e
AK=K

AK. = AKL1Ge. 2. Z7/] i S e A

ARITE(3 )29") AJ) AK

DL 230 N=1,11

AN = N

AN = A!\-lo o

ANNIN) = AN

OC. 280 LaleB 0 O N <
AL = L
AL = AL/1C

GO TC (172 .13,,1' =fifis mL

CO-=1l.

Cl = -Cuﬂz.*(AL**8~z.*AL**L+2 *AL**Z ; )/(AL**S 34 *AL**G

s 1IN +3-4AL**’-AL**¢) :

C2 = =Cix(3.*L#%3-4, L~*6+1.)/(AL**u—2 SALARG6HALIIL)—C
% 1% (2 HALX¥6=3 #AL**w+l Y/LAL%RE=2 X ALNK4+AL%%2)

C3 "= =COx{AL®%8=1.)/ (AL¥*8=ALN*E)=CL¥(ALF*E~1a)/(ALYRE~ A
e L*#4)—C’*(AL K hm] o )/ LALHI4=AL¥A2)

C4. = =CL=Cl-C2-C32

5 TC 210 -

co =1, :

Cl = =Ll# 2% ({13e+UNIFAL¥HLD=(33,+#34FUN)*ALR38+({18.+42%U
g NIFALFHE4( L4042 FUNIFIALF¥4=( 15+ 3. FUN)RAL#* 2+ {2, +#UN

Lok JI/Z0 L3 a+UN)HALIRIC- (4444, *UN)*AL**E*(CG.*é.*UV)*A

x L““’—(’9°+4° UNDFALFH4+ (5. +UNIFALRFR2)

C2-= =COH (3 FALT#G=4 xALR%6+ 143/ (AL*%8=2. *AL**6+AL*%4)—Cx
#* 1*(2.*AL**6-3.*£L**%+1.)/(AL**& 2eHALFFLHALER2)

C3 = =COom(AL*8=1, ) /{ALZKE~ALFHE)=CLA{AL*XE-1)/{ALXRE—~A
* L334 )=C2% ALK G=14) / (ALX¥4=AL%¥%2) ;
C4 = =C.=-Cl=-C2-C23

o0 TC 210 .

G o B Y i : i i i i PO S LT ) o
ClL = b.*c.»(( +UN)*AL**IO-(15.+3.*UN)$AL#*S+(14.*2.*UN

68
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YRALARECH( 18,42 JHUN)FAL¥%4= (3343 FUN)#AL A%+ (13, +UN
PI/ZC(So+UNIHAL**1T=(28.%40 *Uh)*AL**B*(‘ﬂ.+u.*UNJ*AL
A= {44+ 4 MUNDFLL¥% 4+ (134 +UNDRALR*2)
—CC*(AL**R—#.*#L**ij.)/(AL**S—Z.*AL**&‘AL#*4)-Cl*(
ALARE=3 % AL¥ 4242, ) JLALR*E=2, % AL*X4+ALR32)
~COH(AL*%*8=14) 2 (AL**8=AL%%E)=CLl¥*(AL##E-1.) /(AL%*E-A
L*%4)=C2x(AL¥%4-14)/ (AL#¥4~AL2%2)

~LE=C1~C2~£3

6 TC 210
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i

(2]
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n !I " Il g ouonn

el s oo o &

ChuruhunhLuununnon

#% % % 3%

* 5 % %

1'
0% 2o ((35a+1lo¥UN®UNZA2)HALEX]IC=(105,+48.*UN+3,.2U
AR )AL 12Cat320 ”JK*é-*bN**Z)”’L**C*(126o032-*
UN+2 o BUN#U2 )RAL¥%4=( 165 ¢ 48 o FUN+3FUN®22Z2 )HAL 3% 24( 26
0o+ 160 *UN+UN%%2) ) /((GCE0+18 2 UN#UNF¥2 ) *AL#210-(30UB.+7
2 PUNF G HUNKN2 )FALRHE+ (486 +108 o FUNHCLHUNKI2)HALNXE
~(2303e 472 ¥UN#4 SR2UNSH2 )HALFF34+(65.+18«FUNFUNF =2 ) *AL
*Rz)
"Lu*((l3.+J.*UN)*AL*~8‘(28.+4 *UN) ¥AL**6+(13.+UN) )/
((SetUND)FALAHB - {224+ 2 FUN)IFALI*E+( 13 +UNDFAL%¥*4)~C1
*((léo*Zo”UN)*bL**6~(27o*3.*UNI*AL**4*(13.+UN))/((9
e UM IPALHRE~[2Z e+ 2 FUND) AL ¥ ®4+ (13, +UN)HALEX2)
~COR AL 8 =1 )/ LAL**8~AL¥%E )=C1* (ALF¥¥E—~1) /{ALF*E-A
La¥g)=C2%(AL*%4=1a)/ (AL*X4=8L*22) . ’
-CC—-C1-C2~L3
~(le=AJ#AL*¥(AK#+1a))/(le=AL%¥[(24.%AK))
AL X (LAK+1o V¥ (ALKT{AK=10)=AJ)/ (Lo=RAL**(2,%AK))
w2 MANY R 242 W B ANKKZEAKKK 2= ANKHGHAKERZ )
“CLA(2aRANNE2+Z o HANUKZHRAKF X Z=ANBX4XAK*3 2 )

CZ*(72.-8.*AK**2*18.#AN**ZfZ.#Ah**Z#AK**Z*AN**4*AK”,Wm‘

*2)
CE3M(L22e=28«#AKTR 250 o FAN*#2=2 J*ANF R ZHAKF X 2+ANF* 4% A
K332 )

C4H(2352e= 48 ¥AKF¥2=-C 8o ¥ AN¥K2 =2 s ¥ANFH 2B AKH¥ 2+ AN RLHR

AKAXxZ)

CORAN®H2XAKHP =IO S R U1 S5 SO SO INA U0 VN S (2 1, 1

~CURANXER2EARKRQ
ClA(ANA#2%AK=2 e ¥AK=2) %P L
~CLA(ANMRERAK=2 «2AK424 ) *C
CZH(AN#*%2HAK=4 % AK=~124 ) *P

—C2A(AN*H2RAK=4 o HAK+1 24 ) %0

C"’*(Al\%*’*AK 6 *AK—,J;,.)?P,_ e s i = o - s oo <

CE’(AN**2*AK-6.*AK+3C.)*C

CAMLANFN2HAK =B o ¥AK=5C0 ) #P
“CAM(ANHH2KAK-3 o #AK#5C & ) *
SOACLAX( =36 )¢ (S1*CO+SOA¥CLI*X{~=1.)+(S2*CO+S1%C1+ST*C
213X (1 )+(S32CC+S23CL+S1#C2+SO*C3I*X (3. ) +(S4*CC+53»
CLl4S2%C2+4S1*(34SC*C4)*X(5.)+(S4*CL+S2#C2+52*(3+#351*C _
413X (T2 )4 1S4%C2+SIHC3+522C4)#X(9. )+ {S4#(34524C4) * X
113454%C4%X(1z) v
SEHCNHX(AK=2 4 ) #56%C0%¥X (= AK= 2 )+ (ST*CL+SS*C1)*X{AK)*

(SENC 14 SEXC L IEX(—AK)+(SSHCO+STHLL1+S5#C2)#X(AK+2)+(

S10%CI+Sa*C1+SE*( 2) ¥ X(=AK+2a )+ (S11*CC+SS*CL+ST*C2+S.
L B5EC3IEXLAK +4 o) +(S12*%CO+S103CL #5833 L24SE#(2) X (~AK+4. -
)¢ (S13#CO+S11*CL1+SG*C2+ST*C3+S55*%C4 ) *X(AK+6.)+(514*C
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G4S1ZHCLeS102CZ+SBFCZ#SEHCA) X -AK+64 ) #(S13%CL+S511*
C2455*C34ST2C4 ) X(AK+83)+(S14*C1+512*Cz+S10*C3+S582C
1) AX(=AK+8. ) +(S12%C2+5112C3+SS*C4 )X (AK+1D, ) +(S14%*C
2HSL1ZACI+S10%C4) ¥ X(~AK+1C4 )+ (S13%C3+¢S11%C4)%X{AK+12

R % W OR W

| Ca%X{=AK+14.)

IE1D2-EGala GO -IE 220" - = . 5 ol cergtii e eiRs
\LAMBAIN, L)==D1/C2 -

6C TC 230

20 ALAMODA(NsL) = 0o
39 CUNTINUE T SO LI TR TN bl DA
ARITEL2,3050)
ITE(3,320) (ANNIN) o (ALAMDA(N L) 3L=1438)3N=1,11)
240 CONTINUE '
M = M+l ——l ot ) o et A N R S
IF{M.ECe5) STCP
B0 . T0431005310522003268 M e
250 FORMATL//740X9 YCRITICLL/ ALBADS FCR UASYWMtTRIC EUCKLIhb'/:

%4 3%, YOF PCLAR QRTHOTRCPIC ANAULAR PLATES.Y 3//20X.YCASE?,
%9 : BGYH EDGES ARE CLAMPERS*,//) - :

26) FORMATHL//4CX o "CRITICAL LEADS FCR.OUNSYMMETRIC BUCKLING'/,
40Xy *CF PCLAR ORTHCTRCPIC ANNULAR PLATES.® 9//20Xs°*CASE",

_ sz INNER COGE IS /SIMPLY. SUPPORIZD',/27X,*CULIER EDGE. 1'%,

%95 CLAMFECS',/27) \

270 FORMATU(//40X3 ' CRITICAL LCADS FCR UNSYMMETRIC BUCKLING'/,
*439X9"OF PCLAR/ORTHCTRLPIC ANNULAR PLATES.® 9/7/20Xs*CASE?,
#9 : TNNER EDGE/IS - CLAMPED' /27X, 'CUTER EDGE 1S SIMPLY ¢,
*CSYPPCRTIECe",7/)

%40X,YOF PCLAR ORTHCTRCPIC ANNULAR PLATES.' /720X, *CASE",
#*9 3 BOIH EDSRES ARESIMPLY SUPPBLRTIED.',//) i :

299 FURMAY(////7723%,*PRESSURE RATIC & PI/PO = " 3F5.15/28X,
*'RIGIDITY RAINE. 2 K= 398C.1y7)

300 FQRW&T(ﬂJX.'LAAJA : CRITICAL LCAD PA#AMETFR',/ch,'*',

*42Xe b /B',/ 2)\'”' X)""'s-IXg'G.l'st"Océ':8)‘1'0 3' 8Xs

9008 g 6Ny 005, 8Xy8006%38Xs " 3.7"38X2Ce 804/ 10Xs45( 1% f))‘mm

310 FCRMATUIDXgF 40 92X s 2% 1%e8F Y edd = R
STUP )
ZND . i : e e e

FUNCTICN SUBPROGRAM

FUNCTICN  X(B) ;
CCAMON AL | B g S , , |
IF(3) 3204330 ’QC

320 X .= {1o=AL®RBY/B
RETURN

230 X = nLCu(AL) : ; R
RETU :
ZND 5 A

)4 E14ACTS12HC4)HX(~AK+]12, ) #S13*(4F X (AK+14.)+514%

283 FORMAT(//40X,'CRITICAL _LCADS. FCR._UNSYMMETRIC.. dUuKLIAb'I:“”NM
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