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Symbols 

 a z coordinate of focal points of ellipses 

 b minor semi-axis of spheroid 

 c major semi-axis of spheroid 

 d horizontal distance between p and o 

 f force per unit area (electrostatic stress) 

 g gravitational acceleration 

 l arc length measured from spheroid pole 

 i, j, n, m integer indices 

 r radial coordinate of spherical coordinates 

 x, y, z Cartesian coordinates, x is sometime used as a variable 

 Bn,m (n, m)th-order spheroidal multipole 
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 Ln,m real-number potential coefficient 

 E electric field 

 E0 externally applied electric field 

 EL lifting electric field 

 ER rotating electric field 

 Fe electrostatic force (Coulomb force) 

 Fg gravitational force 

 F0, F1, F2 quantities used for normalizing force 

 Q induced charge when particle is in contact with electrode 

 Qi charge amount on particle 

 Q0, Q1, Q2 quantities used for normalizing charge 
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 N number of spheroidal harmonics used in expansion 
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 S surface area 

 Te electrostatic torque  

 Tg gravitational torque 
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surface 



 

CHAPTER I                                                                                      
INTRODUCTION 

 

1.1 Overview of gas insulated systems 

A half century has passed since a gas insulated system was first introduced in the 
electric power system. Nowadays, gas insulated systems are widely used in the 
transmission and substation systems due to their advantages over the atmospheric 
air insulated systems such as high operational reliability and safety, compactness, 
and non-flammability. Examples of gas insulated systems are gas insulated 
switchgears, gas insulated transmission lines, and gas insulated transformers. They are 
often used in urban areas due to their compactness. In practice, the gas insulated 
systems are now operating with rated voltage up to 1000 kV. The common gas 
pressure in the systems was from 0.3 to 0.5 MPa. Schematic diagram of a gas 
insulated system is shown in Figure 1.1. 

 

Figure 1.1. Schematic diagram of gas insulated systems. 

 Most gas insulated systems use SF6. SF6 has saliently insulating properties 
such as high dielectric strength, about 3 times greater than that of conventional air at 
the same pressure, good arc-interruption properties, and good characteristics of heat 
transfer. However, the dielectric strength of SF6 is very sensitive to electric field 
concentration which possibly results from the roughness of electrode surface, 
contaminating conducting and non-conducting particles, or spacers. Also, SF6 is a 
greenhouse gas with a long atmospheric life time. Relatively small leakage of SF6 into 
atmospheric can cause a significant impact on the global climate change. However, a 
substituting gas or a gas mixture which has suitable characteristics compared to SF6 
has not yet been found. The optimal use of SF6 achieved by minimizing the 
apparatus size is then preferable for the environmental aspect. 
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 In general, the insulation strength of gas insulated systems is governed by the 
gaseous insulation and the structure of the systems. The main causes, which may 
contribute to the reduction of the insulation strength, are metallic particle 
contamination, spacers, electrode-surface roughness. The discharge may develop 
into a complete breakdown in gaseous dielectric. In operation, the partial discharges 
are detected by a monitoring system to observe if the discharge magnitude exceeds 
a threshold value. 

 It is found that most of the failures in gas insulated systems are caused by 
the particle contamination [1]. Its effect on the insulation performance of the 
systems depends on various factors such as particle size, shape, material, gas 
pressure, and the waveform of the applied voltage. The loss in the dielectric strength 
of the particle contaminated systems can exceed 50% and becomes more seriously 
with further increasing gas pressure [2, 3]. 

1.2 Particle contamination 

 Manufactures of gas insulated equipments ensure that before shipping, all 
components of the equipments are free from solid foreign particles. However, the 
particles are inevitably present in the practical equipments [4]. The most common 
causes are mechanical vibrations during shipment and service, thermal expansion, 
and contraction at expansion joints machined imperfectly, etc. The particles found in 
actual gas insulated systems are mostly smaller than 0.5 mm, however; particles 
longer than 2 mm were also collected [5]. They have a variety of geometrical profiles, 
rather elongated and needle. An increase in the length of the particles extremely 
reduces in the breakdown strength of the systems, whereas an increase in the 
particle width is not a dominant factor [6, 7]. 

 The contaminating particles can be classified as conductor and dielectric ones. 
The behavior of conducting particles is simpler than that of dielectric ones under 
electric field. A conducting particle gains charges when it makes a contact with an 
electrode. The charged particle tends to move between electrodes by the Coulomb 
force. A dielectric particle is subject to the dielectrophoretic (DEP) force and the 
Coulomb force which exists when the particle is charged. The DEP force tends to 
drive a dielectric particle toward the region of higher field. The particles intensify 
electric field significantly in their vicinity, as generally explained for composite 
dielectric systems in [8]. Therefore, they may cause corona discharge or complete 
breakdown in the gaseous dielectric. In addition, the conducting particles may adhere 
to spacers, resulting in flashover along the spacer surface [4, 9]. Unlike the 
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conducting particles, the dielectric ones do not reduce significantly the dielectric 
strength of the gas insulated systems unless their surface accumulates charges from 
the gaseous medium [3, 10, 11]. 

 Size reduction of the gas insulated systems is on the way. A stronger field 
strength accompanying with decreasing space for particle manipulation makes the 
control of the contaminating particles more important. 

1.3 Literature review 

As mentioned in the previous section, conducting particles have adverse effects on 
the gas insulated systems. To further increase the reliability of gas insulated systems, 
extensive laboratory investigations have been conducted on the effects of 
conducting particles on the insulation strength of the systems. The investigations can 
be classified as follows: (i) particle-initiated corona discharge and breakdown, (ii) 
behavior of the particle movement, and (iii) methods of particle deactivation. The 
investigations are mostly carried out in air and SF6 with various pressures under the 
application of AC or DC voltage. In the investigations, sphere and cylinder (wire) were 
usually used to represent the profile of the actual particles in gas insulated systems. 
Some researchers used prolate spheroidal particles for the investigation on the 
particle-initiated discharge and breakdown. Material of the particles used in the 
investigations was aluminum, copper, or stainless steel. The used spherical particles 
usually had a radius between 0.25 mm and 1 mm. Other particles with width from 
0.1 mm to 1 mm and length from 1 to 10 mm were usually used. The end of the 
wire particles might be in hemisphere, right cut, slanting cut, or conical profile. 

1.3.1 Particle-initiated discharge 

Corona discharge initiated by foreign conducting particles can cause the deterioration 
of spacers or develop into a complete breakdown in gaseous dielectric. Besides, the 
methods detecting the existence of the particles are generally based on the activity 
of the corona discharge. Thus, many studies have been done to clarify the 
characteristic and mechanism of the particle-initiated discharge. The studies might be 
divided into two categories based on the position of the particles. 

 First, the particles are in contact with an electrode or electrically floating in 
gaseous dielectric in the absence of spacer. The results from the studies indicate that 
the corona discharge depends strongly on the shape, the length, and the location of 
the particles. For the same distance of an electrode gap, the corona inception 
voltage is smaller for longer particles and sharper ending profiles [12, 13]. When the 
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particle is in contact with an electrode, the corona inception voltage is smaller in 
comparison with the case that it is separated from the electrode [14, 15]. If the 
particle exists in the vicinity of a negative electrode, the inception voltage increases 
considerably with the separation between the particle and the electrode. If the 
particle is near a positive electrode, a stable corona never occurs [14]. Hara et al. [15-
18] investigated the mechanism of the corona discharge by increasing the applied 
voltage until the breakdown took place and observing the corona current waveform 
and light emission produced by the discharge. They found that for a floating particle, 
negative and positive coronas might appear simultaneously at both ends of the 
particle. 

 Second, the particles are near or on the spacer surface. For the former case, 
the effect of the distance between the particle and the spacer on the corona 
inception voltage is negligible [9]. For the latter case, the corona inception voltage 
depends on the shape of the spacer, the geometrical profile of the particles, and the 
location on the spacer of the particles [4, 19, 20]. The corona inception voltage 
reduces significantly with the particle length, and minimal when the particle is in 
contact with the electrode compared with other cases of the separation. 

1.3.2 Behavior of particle movement 

Movement of a conducting particle in gas insulated equipments may result in space 
changes which play an important role on the characteristics of the corona discharge 
and breakdown inside the equipments. Besides, the clear understanding of the 
particle movement is applicable to the investigation of methods deactivating the 
particles. Thus, considerable efforts have been made to study experimentally and 
theoretically the movement of conducting particles under electric field. However, 
most of the studies are restricted to the behavior after the particles are lifted from 
an electrode. 

 When a conducting particle lies on a grounded lower electrode of a parallel 
electrode configuration under an applied electric field, the particle is charged to be 
at the zero potential. The particle is lifted from the electrode surface by the 
electrostatic force when this force is greater than the gravitational force. The particle 
then moves to the upper electrode. When it makes an impact on the upper 
electrode, the charge polarity on the particle is reversed. Subsequently, the particle 
moves back the lower electrode. The configuration of a conducting particle in 
contact with a grounded plane under external field was examined as an important 
ground to determine the field strength, the lifting electric field, that lifts the particle 
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from the plane [21, 22]. Theoretically, the lifting electric field was determined from 
the balance between the electrostatic force and the gravitational force. For a 
spherical particle, the electrostatic force was analyzed by Felici [23] and by Hara and 
Akazaki [24]. For a wire particle, the force was estimated by using the model an 
infinitely long cylinder or a hemispheroid when the particle lies or stands on the 
plane, respectively [25].  

 The movement of conducting particles between two electrodes is greatly 
influenced by the waveform of the applied voltage [26, 27] and the particle shape 
[25, 28]. Under DC voltage, the particle crosses the electrode gap after lifting from 
the grounded electrode because the electric field direction does not change. 
However, under AC voltage, the particle plays a random-like behavior due to the 
interaction of the induced charge and the continuously changed field. The particle 
may repeat up-and-down movement on the lower electrode. The height of the 
particle movement increases with the applied voltage. If the applied voltage is 
sufficiently large, the particle can approach the upper electrode. Note that the 
particle movement is also affected by the applied voltage frequency [29]. For the 
effect of the particle shape, an elongated wire particle is more mobile than a 
spherical one due to larger charge-to-mass ratio. Also, the movement of the wire 
particles is more complicated than that of the spherical particles and depends 
heavily on the corona discharge at their ends [25, 30], . With presence of the corona 
discharge, a wire particle may exhibit either a precessional motion or a firefly 
phenomenon around a negative electrode. The processional motion consists of two 
kinds of rotation about its own axis and that about the vertical axis [31]. During this 
motion, there exists a microdischarge between the particle and the electrode [31]. 
The firefly phenomenon is the “dancing” about in dynamic equilibrium [32]. 

 Hara and Sakai et al. investigated the movement of sphere and wire particles 
in nonuniform electric field produced by non-parallel plate electrode configurations 
without or with spacers. They found that the spherical particles may move along an 
electrode surface toward the higher-field region by the electrical gradient force and 
then lift from the electrode [27]. The wire particles in the precessional motion or the 
firefly phenomenon may also move toward the higher-field region and then trigger a 
complete breakdown [33]. Their results [21, 34] indicate that when approaching the 
spacers, the spherical particles hardly adhere to the spacer. For the wire particles, 
they can more easily adhere to the spacer for the case of without steady corona 
discharge on the particles than for that of presence of steady corona discharge. 
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 The studies on the particle movement show that the different behaviors in 
the movement of elongated conducting wire particles result from the degree of the 
corona discharge on the particles. However, the mechanism of the behaviors has not 
been fully explained based on force and torque. In addition, conducting particles in 
practical gas insulated systems have a variety of geometrical profiles, not limited to 
be spherical or cylindrical. The movement of non-spherical particles under electric 
field is still unclear. 

1.3.3 Methods of particle deactivation 

The elimination of foreign conducting particles in actual gas insulated equipments is 
nearly impossible while even one particle can initiate a complete breakdown in 
gaseous dielectric. Hence, methods which prevent the harmful effect of the particles 
are necessary. Various methods have been proposed to deactivate the particles in 
gaseous dielectric, and some are in current use. 

 The common method that is currently employed by manufactures is 
electrostatic particle traps [35]. The philosophy of this method is to provide 
designated low field areas in the gaseous-dielectric volume. When the particles 
move and enter these areas, they can be safely trapped and contained. The goal in 
designing the trap consists of efficiently capturing the particles and preventing their 
subsequent escape. The popular type of the particle trap is slot traps on or above 
the inner surface of the enclosure. Figure 1.2 shows an example of the common 
particle trap that is slotted metallic cylinders mounted around a spacer above the 
enclosure surface [36, 37]. The effectiveness of a particle trap depends on the slot 
width and the number of slots per length unit. The movement of the particles in the 
electric field also affects the trapping [36]. The weak point of the particle trap is to 
allow that the particles move under electric field stress until they have been trapped 
[38]. Khan et al. [39] suggested a new configuration of particle deactivation based on 
the particle movement in the nonuniform field regions around various shaped 
spacers. The trapping methods are effective with spherical particles but not much 
ineffective with wire particles particularly elongated ones [39, 40]. Phansiri and 
Techaumnat [41] investigated theoretically and experimentally the trap of spherical 
particles by using the DEP force. The investigation results confirm the applicability of 
the DEP force for trapping; however, the performance deactivation still depended on 
the initial position of the particle. Not that, coated electrodes may be used to 
prevent the particle movement in gas insulated systems [42-45]. However, the field 
control becomes more complicated in the configurations of coated electrodes. 
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Figure 1.2. Schematic diagram of a common particle trap mounted around a spacer 
[36, 37]. 

1.4 Objectives and scope of dissertation 

 The objectives of this dissertation are (i) to analyze the electromechanics of 
conducting and dielectric non-spherical particles on a grounded plane under external 
electric field and (ii) to investigate the effects of the particle profile and corona 
discharge on the movement of non-spherical conducting particles under electric field. 

 The non-spherical particle is approximated as prolate spheroidal one for the 
analysis. Prolate spheroidal and wire particles are used for the experimental study. 
The particle size in the experiments was between 2 and 4 mm. 

1.5 Dissertation outline 

This dissertation is organized as follows: 

 Chapter II presents the theoretical background of the studies in this 
dissertation. This chapter first gives the formulae of the maximal field, induced 
charge, and electrostatic force for simple configurations of a cylinder, sphere, or 
hemispheroid. The formulae of the lifting electric field for conducting spherical and 
cylindrical (wire) particles are also given. Next, this chapter explains principle 
characteristics of positive and negative corona discharges in a typical point-to-plane 
electrode system. 

 Chapter III introduces the asymmetric (AS) and three-dimensional (3D) 
configurations of the analysis and the method of multipole images in prolate 
spheroidal coordinates, which is applied to the electric field calculation. The 
procedure of the calculation in an iterative manner and the calculation formulae of 
induced charge, force, and torque on the particles are presented. The analytical 

Enclosure 

Conductor 
Spacer Trapping slot  
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solutions for isolated conducting and dielectric prolate spheroids under electric field 
are also given for reference. 

 Chapters IV and V present the analytical results for the AS and 3D 
configurations, respectively. The author focuses on the relationship of the electric 
field, induced charge, force, and torques on the geometrical and electrical 
parameters of the configurations. For the case of a conducting spheroid lying on an 
electrode in a 3D configuration, the effects of the material and geometry of the 
spheroid on the electromechanical behavior of the spheroid are considered in detail. 

 Chapter VI presents the details of the experimental setup, procedures, and 
test particles used in this dissertation. 

 Chapter VII presents and discusses experimental results of the lifting electric 
field and the movement behavior of spheroidal and wire particles. The experimental 
results are compared with the theoretical prediction. For the wire particles, the 
author considers the effect of applied voltage magnitude and initial orientation of 
the particles on the electrode on the movement of the particles. The effect of 
corona discharge on the particle movements is discussed based on the force and 
torque estimated by using the prolate spheroid model. 

 Chapter VIII summarizes the main results obtained from the analysis and the 
experiment in this dissertation. 



 

CHAPTER II                                                                                       
THEORETICAL BACKGROUND 

 

2.1 Electrostatic behaviors in simple configurations 

Configurations of a conductor in contact with a grounded plane under electric field 
are useful in studying the movement of small particles and have various electrostatic 
applications. Felici [23] treated the configurations shown in Figure 2.1. Solutions of 
those configurations are explained here as a reference for the subsequent chapters. 
Figure 2.1a shows the configuration of a hemicylinder in the two-dimensional (2D) 
condition and a hemisphere in the axisymmetric (AS) condition. Similarly, Figure 2.1b 
presents the configuration of a cylinder or a sphere. The cylindrical and spherical 
conductors have radius R. Figure 2.1c shows the AS configuration of a hemispheroid 
with major semi-axis c and minor semi-axis b. The conductors are subject to external 
electric field E0. The background medium surrounding the conductor has permittivity 
E (= 0 for vacuum or a gaseous dielectric). 

 

Figure 2.1. Configurations of a conductor in contact with a grounded plane under 
electric field. 

 The presence of the conductor distorts the electric field from E0. The field is 
highly intensified near the tip (the top pole) of the conductor. Under the external 
electric field, the conductor acquires charge Q from the plane. The interaction 
between Q and the electric field results in the Coulomb force Fe (the electrostatic 
force) on the conductor. This force tends to elevate the conductor from the plane, 
irrespective of the direction of the external field. The charge and force vary 
proportionally to the surface area of the conductor.  

 For the configurations in Figure 2.1a and 2.1c, the electric field can be simply 
obtained in the cylindrical, spherical, or prolate spheroidal coordinates by applying 

E0 

(a) Hemicylinder or hemisphere 

E0 
R 

(b) Cylinder or sphere 

E 
R 

E0 
c 

b 

(c) Hemispheroid 
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the theory of images. The charge and force can be then calculated from the 
obtained values of the electric field. For the configuration in Figure 2.1b, Felici 
applies the classical image method which uses point and dipole charges (zero and 
first-order multipoles) to satisfy the boundary conditions on the grounded plane and 
the conductor surface. The electric field and force can be then determined from the 
charges. The following sections present the analytical solutions in a closed form for 
the configurations in Figure 2.1. 

2.1.1 Hemicylinder or cylinder 

For the 2D configurations, the charge and force are presented per unit length. For the 
configuration of a hemicylinder on a grounded plane, the expressions of the maximal 
field Emax, the induced charge Q, and the Coulomb force are [23] 
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2.1.2 Hemisphere or sphere 

For the configuration of a hemisphere on a grounded plane [23],  
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For the configuration of a sphere on a grounded plane [23], 
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where   is the Riemann zeta function defined as [46] 
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In term of the surface area S = 4R2, we may write 0645.1 SEQ E and 
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2.1.3 Hemispheroid 

For the configuration of a hemispheroid on a grounded plane, the maximal field at 
the hemispheroid tip is [47] 
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 For this configuration, Felici [23] gave approximate formulae to estimate the 
charge and force on the hemispheroid for b << c, 
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Recently, K. Zhou and S. Boggs [48, 49] derived exact formulae for the charge and 
force on the hemispheroid. They are  
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Figure 2.2 shows the variation of the charge and force in equations (2.8) and (2.9) 
with the axis ratio c/b from 2 to 10. The charge and force are normalized by ESE0 
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and ESE0
2, where S is the surface area of the hemispheroid, respectively. We can see 

from the figure that the approximate values in equation (2.8) are greater than the 
exact ones in equation (2.9) when c/b ≥ 2. The difference reduces with increasing in 
c/b. Note that the difference is smaller 10% as c/b ≥ 5. 

  

(a) Induced charge (b) Electrostatic force 

Figure. 2.2. Induced charge and electrostatic force on the hemispheroid. 

2.2 Lifting electric field of spherical and wire particles 

Let consider a conducting particle lying on an electrode under electric field. If the 
electrostatic force Fe overcomes the gravitational force Fg, the particle is lifted from 
the electrode. Fe depends on the magnitude of external field and the geometrical 
parameters of the particle whereas Fg is a function of material and volume of the 
particle. Thus, for a specific particle, we can determine the strength of external field 
which lift the particle from the condition 

 
ge FF  . (2.10) 

This field strength is referred as the lifting electric field EL. 

2.2.1 Spherical particles 

Consider a conducting spherical particle with radius R located on an electrode under 
electric field in a gaseous medium. The gravitational force of the particle is 

  gRFg  3

3

4
 , (2.11) 

where  denotes the mass density of the particle, and g is the gravitational 
acceleration. The electrostatic force on the particle is determined by using equation 
(2.4c), where E = 0. Therefore, the lifting field EL can be determined as 
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The relevant quantities in equation (2.12) are in SI unit. The equation indicates that 
EL varies as a function of square root of mass density and radius of the particle.  

 We consider aluminum, stainless steel, and copper, which have mass density 
of about 2700, 7850, 8960 kg/m3, respectively, as materials of the particle. They 
represent three typical materials of metallic particles in gas insulated systems. Figure 
2.3 presents the lifting field for the particles with radius varied from 0.01 to 1 mm on 
logarithmic scale. It is clear from the figure that the field strength of 5 kV/cm can lift 
the particles having radius smaller than 0.1 mm from the electrode. 

 

Figure 2.3. Lifting field of spherical particles as a function of the particle radius. 

2.2.2 Wire particles 

Consider a wire particle with radius R and length L on the electrode. The gravitational 
force of the wire particle is 

  gLRFg  2 . (2.13) 

As the electrostatic force on the particle depends on its orientation with the 
electrode, two basic orientations are treated. First, when the particle lies horizontally 
on the electrode, the electrostatic force is estimated by using the model of an 
infinite cylinder in equation (2.2c) [50], 

 2

0043.1)( RLEF lye  . (2.14) 
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Second, when the particle stands vertically on the electrode, the model of a 
hemispheroid with the approximate solution in equation (2.8b) is applied to evaluate 
the force on the particle [50]. That is, 
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 Therefore, the lifting field corresponding to the two described orientations 
can be calculated as 
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Equation (2.16a) implies that (EL)ly varies as a function of R , similar to the case of 
the spherical particles. The R  relationship does not hold for (EL)stand in equation 
(2.16b). Note that (EL)ly is independent of the particle length. The lifting field in (2.16) 
is directly proportional to the square root of mass density. As an example, Figure 2.4 
presents the values of (EL)ly and (EL)stand for aluminum particles. The particles have 
radius in range from 0.01 to 1 mm, and length of 2 and 4 mm. The dotted line in 
Figure 2.4 represents the lifting field of spherical particles for comparison. It can be 
seen from the figure that (EL)stand is always smaller than (EL)ly, i.e., (Fe)stand > (Fe)ly. 
(EL)stand increases with increasing in radius but with decreasing in length. However, the 
effect of the radius is more dominant in comparison with that of the length. 
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Figure 2.4. Lifting field for lying and standing aluminum wire particles with different 
lengths. 

 Theoretically, a wire particle lying on an electrode will be departed from the 
electrode in the horizontal orientation when (Fe)ly > Fg. However, due to the 
difference of ending profiles of a wire particle, the stresses at two ends are not 
homogeneous. Therefore, either end of the particle may raise first. For this respect, 
Higashiyama et al. [22] observed the initial movement of wire particles with different 
ending shapes. That is, one end was cut perpendicularly, whereas the other end 
might be in conical or angle-cut shape. The particles were cut from copper wires 
having 0.1 and 0.25 mm in diameter. The length of the particles varied in a range 
from 1 to 4 mm. For the angle-cut particles, the authors changed their initial 
placement condition on the electrode to make different field strength at the particle 
ends. The results from observation are shown in Figure 2.5. We can see from the 
figure that the particles usually moved initially at a sharper end. They believed that 
the shaper end generally experienced a stronger lifting force than the other end. 

 

Figure 2.5. Probability of initial stand-up from different lying conditions [22]. 

30% 70% 19% 81% 86% 14% 
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 For the lifting electric field, the authors compared the experimental results 
with theoretical values estimated by equation (2.16a) for a lying wire particle. The 
comparison indicated that the experimental values were always greater than 
theoretical ones. The difference was about 6% and 40% for the particles having 0.25-
mm and 0.1-mm diameters, respectively. 

2.3 Characteristics of corona discharge 

Corona discharge is generally an electrical discharge phenomenon in a gaseous 
medium at a nonuniform electric field region [51-53]. The corona discharge occurs 
when the field strength in the region is higher than the critical field for collisional 
ionization of the gaseous medium, but not high enough to cause a complete 
breakdown or an electric arc to nearby objects. It is usually observed at conductors 
having small radius of curvature such as long power transmission lines, protrusions 
on electrode surface, or floating metallic filamentary wires. The corona discharge 
belongs to the general class of the glow discharge. Corona discharge is used in many 
various applications, however, it has unwanted effects on electric power systems. For 
example, power losses, audible and radio-frequency noises near transmission lines, 
and insulation damages of gas insulated apparatuses may result from corona 
discharge. 

 The volume involved in a corona discharge can be generally subdivided into 
an ionization region and drift regions. The former relates to the high electric field 
region around a conductor, which is known as a discharge electrode [54] or an active 
electrode [55]. The latter is the lower electric field regions between the former and 
nearby objects. Figure 2.6 shows the volume of the corona discharge of a typical 
point-to-plane geometry. In the ionization region, the initial free electrons, produced 
generally by ultraviolet radiations and cosmic rays, obtain high kinetic energy by the 
high electric field. The energy is strong enough to ionize neutral atoms and 
molecules of gaseous medium by collision, which results in new electrons and 
positive ions. The new electrons are then accelerated and collide with other neutral 
particles to generate further electron and positive ions. The repetitive ionization 
process forms electron and ion avalanches. Charged particles in this region move 
towards electrodes and are neutralized at the electrodes. In the drift regions, due to 
the low electric field the collisional ionization does not occur. 
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Figure 2.6. Ionization and drift regions of a typical point-to-plane corona discharge. 

 The characteristic of corona current is dependent on movement of ions 
produced in the ionization region through the drift region. The corona discharge is 
also associated with glows (light emission) and sounds. We can detect the corona 
discharge from current pulses by using current transformers or detecting resistors, 
light pulses by using photomultipliers, sound by applying ultrasonic detectors, or 
electromagnetic noise. 

 Corona discharge is usually classified according to its polarity, positive or 
negative. The polarity is referred to that of the charge on the discharge electrode. 
The characteristics of the positive and negative corona discharges are significantly 
different from each other because of the unequal mobilities of the electron and 
positive ions. The mobilities lead to different space-charge and field distribution, as 
to be explained in the following sections. 

2.3.1 Positive corona 

For the positive corona discharge, the electrons produced in the ionization region 
move towards the discharge electrode and form electron avalanches, as shown in 
Figure 2.7a. By contrast, the positive ions move away from the discharge electrode. 
Due to their high mobility, the electrons rapidly approach the electrode and are 
neutralized here. Thus, positive-ion clouds are formed in front of the electrode, and 
move slowly towards the drift region, as illustrated in Figure 2.7b. The electric field 
E+ produced by the positive ions reduces the electric field in the discharge-electrode 
side and increases the field in the opposite side. Therefore, the ionization process in 
front of the discharge electrode is weakened by the positive ion clouds. This causes 
the difficulty for positive corona inception. 
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 In general, when the voltage applied to the discharge electrode exceeds a 
critical (onset) value, the positive corona discharge starts burst pulses. With increasing 
the voltage, there is a transition of the burst pulses to onset streamer, glow corona, 
and finally to spark discharge [56, 57]. 

2.3.2 Negative corona 

For the negative corona discharge, the electrons move away from the discharge 
electrode, forming electron avalanches with the head towards the nearby electrodes, 
as shown in Figure 2.8a. The electrons rapidly leave the ionization region. The 
electrons may attach to molecules to form negative ions in the drift region or drift to 
the nearby electrodes and are neutralized there. On the other hand, the positive 
ions in the ionization region move towards the discharge electrode. Because of their 
low mobility, positive-ion clouds having high density are formed in front of the 
discharge electrode (see Figure 2.8b). These ions distort considerably electric field. 
The electric field between the positive-ion and electron clouds decreases 
significantly, resulting in the restriction of the ionization region. By contrast, the 
electric field near the discharge electrode increases, enhancing ion generation by 
collision. This creates favourable conditions for the inception of the negative corona. 
Therefore, in the same electrode configuration the inception voltage is lower for the 
negative corona than for the positive corona. 

 The current waveform of the negative corona is a series of Trichel pulses, 
characterized by very short rise times (as short as 1.3 ns [58]), short durations (tens of 
ns [59]), and separated by much longer inter-pulse periods (tens of s [59]). The first 
pulse in the series is always greater than that of subsequent pulses [54, 60]. The time 
interval between the first two pulses is usually longer than that between other 
pulses in the steady state. The characteristics of the Trichel pulses are very regular in 
oxygen and air but irregular in other electronegative gases (attaching) such as SF6. P. 
Sattari et al. [54] carried out experimental and numerical studies on negative corona 
discharge of point-to-plane configuration in air under various conditions. The results 
show that the average value of corona current does not much depend on external 
resistance. The period of Trichel pulses decreases with increasing the applied voltage 
magnitude. The Trichel pulse corona changes to the continuous negative glow 
corona and finally to spark discharge when the applied voltage increases [56].  
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Figure 2.7. Mechanism of positive corona. 

 

Figure 2.8. Mechanism of negative corona. 

2.4 Corona discharge in the presence of elongated particles 

Conducting particles in gas insulated systems are small and have irregular shapes. 
They are major sources producing corona discharge in the systems as the electric 
field significantly enhances around the particles, especially near their ends. To 
investigate experimentally the characteristics of corona discharge in the presence of 
the particles, the configuration of a conducting elongated particle located within 
parallel-plate electrodes has been usually used. The lower electrode is grounded 
while the other is connected to high voltage. The particle may be a wire particle or a 
prolate spheroidal one. The particle is placed parallel to the electric field with 
various positions in the electrode gap. The corona discharge on the particle is 
observed under the condition that the applied voltage increases gradually or is fixed.   

When the particle is in contact with an electrode in Figure 2.9, it acts as a 
protrusion of the electrode. Thus, at the upper end of the particle in Figure 2.9, the 
negative corona occurs under positive voltage application and vice versa. For a 
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floating particle between two electrodes, as shown in Figure 2.10, the particle is 
polarized under the external field. Positive and negative charges are induced on the 
tip facing the cathode and the anode, respectively. Thus, bipolar corona discharges 
may take place on the particle. 

 

Figure 2.9. Monopolar corona discharge on particles in contact with the lower 
electrode for different voltage polarities applied to the upper electrode. 

 

Figure 2.10. Bipolar corona discharge on floating particles between electrodes for 
different applied voltage polarities. 

2.4.1 Corona current and inception voltage  

Higashiyama’s group [14] observed corona discharge on a copper wire particle under 
the positive DC voltage in atmospheric air. The wire particle had 0.25 mm in diameter 
and 6 mm in length. Both ends were rounded to hemisphere. The particle was 
separated from the lower electrode by distance  in an electrode gap of 20 mm. 
When  = 0 and 14 mm, the particle was in contact with the lower and upper 
electrodes, respectively. The experimental results of the magnitude of corona 
current flowing through the lower electrode and the corona inception voltage for 
different distances are shown in Figure 2.11.  
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(a) Corona current versus applied voltage. 

 

(b) Corona inception and breakdown voltage. 

Figure 2.11. Corona discharge of a copper wire having 6 mm in length and 0.25 mm in 
diameter for different distances  between the particle and lower electrode[14].   

As shown in Figure 2.11a, the corona inception voltage was lower when  = 0 
(negative corona) than when  = 14 mm (positive corona). The corona current 
increased gradually after the corona onset. The negative corona current ( = 0) was 
much greater than positive one ( = 14 mm) at the same voltage. When  = 0.2, 0.5, 
and 2 mm, the corona current increased suddenly at the corona onset. This was a 
result of the superposition of the Trichel pulses and positive streamer pulses 
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occurring simultaneously at both ends. For Figure 2.11b, when the particle was closer 
to the lower electrode (or the cathode electrode), the corona inception voltage 
increased considerably with . When the particle was closer to but not in contact 
with the anode (8 mm <  < 14 mm), the stable corona never occurred. Instead, a 
complete breakdown through the particle took place without the corona. This means 
that a particle near a positive electrode can promote a spark discharge or breakdown 
between electrodes. 

2.4.2 Corona discharge mechanism  

Hara et al. [15] investigated experimentally the corona discharge on aluminum 
elongated particles under a 60 Hz AC voltage in atmospheric air. Two kinds of the 
particles were used in the experiment. The first was a particle of 10 mm in length 
with an end in conical profile and other end in hemispherical profile. The radius of 
the conical and hemispherical ends was 0.1 mm and 0.5 mm, respectively. The 
second was prolate spheroidal particles having the same major-to-minor axis ratio of 
10. The spheroidal particles had the major axis varied in the range from 5 mm to 12 
mm. The particles were placed parallel to the electric field in the experiment. For 
the conical-hemispherical particle, the conical tip was set to be faced the grounded 
electrode. The authors observed the pulses of the corona current and light emission 
for various values of the distance  and the applied voltage in an electrode gap of 
45 mm. From the observation, the authors classified the mechanism of the corona 
discharge on the particles under the floating condition into three types. 

For the conical-hemispherical particle, when the applied voltage was near the 
corona inception voltage, corona discharges occurred only at the conical tip. In each 
half cycle, only positive corona or negative corona appeared when the polarity of 
the conical tip became the positive or negative, respectively. Therefore, for each full 
cycle of the applied voltage, the charge on the particle was neutralized. This 
discharge mechanism was referred as Mechanism I. When the applied voltage 
increased, in the positive half cycle, the positive corona developed at the conical tip 
while the negative corona took place simultaneously at the hemispherical tip. Hence, 
the resultant current waveform was a superposition of the positive streamer pluses 
and the Trichel pulses. On the other hand, in the negative half cycle, only the 
negative corona occurred at the conical tip. In this case, the discharge mechanism 
was referred as Mechanism II. When the applied voltage further increased, the 
positive and negative corona discharges appeared simultaneously at both tips in both 
half cycles of the applied voltage, referred as Mechanism III.  
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For the prolate spheroidal particles, the simultaneous existence of positive 
and negative corona discharges at both ends was always observed in both half cycles 
of the applied voltage when the corona discharge appeared. This was known as the 
Mechanism III. 

Figure 2.12 presents the corona discharge mechanism of the particles for 
different distances. For the conical-hemispherical particle in Figure 2.12a, the 
Mechanism I seemed to be dominant when the particle was near the grounded 
electrode. The Mechanism III is dominant when the particle at the middle of the 
electrode gap for both particle types. 

 

(a) Conical-hemispherical particle 

 

(b) Prolate spheroidal particle 

Figure 2.12. Corona discharge mechanism of conical-hemispherical and prolate 
spheroidal particles with the length of 10 mm [15]. 
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To understand the particle-initiated corona mechanism in the interference of 
monopolar corona discharges at both tips of the particles, the authors evaluated 
quantitatively the electric field change due to the flow of space charges into the 
particles. They used only the prolate spheroidal particle for the evaluation. The 
electric field Ex along the major axis of the particle with charge Qi under external 
field E0, as shown in Figure 2.13, was given by following expression [15], 
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E0 was the electric field when Qi = 0, Ei was the electric field component produced 
by Qi, and x was the distance along the major axis defined in Figure 2.13. Qi 
represented the charge amount of the electron flow produced by the positive 
corona or that of the positive-ion flow produced by the negative corona into the 
particle. Qi was estimated by integrating the corona current pulses. 

 

Figure 2.13. Charged prolate spheroidal particle parallel to the external field E0. 

 It was found from the field evaluation that the positive corona occurring at a 
positive end increased significantly the electric field at the other negative end. This 
might trigger a negative corona there. On the other hand, the increase of the electric 
field by the negative corona was rather insignificant. Therefore, the consecutive 
occurrence of many negative corona discharges might be necessary to neutralize the 
electrons produced by the positive corona in the particle. 
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CHAPTER III                                                                                             
ANALYTICAL METHOD FOR PROLATE SPHEROIDAL PARTICLES  

 

This chapter presents a three-dimensional configuration of a conducting or dielectric 
prolate spheroid under external electric field and calculation method for the analysis 
of this dissertation. In the configuration, the spheroid is in contact with or separated 
from a grounded plane. The method of multipole images and the multipole re-
expansion for the prolate spheroidal coordinates are applied to the electric field 
calculation. The induce charge, electrostatic force, and electrostatic torque on the 
spheroid are then determined from the calculated field. For the special case in 
which the configuration is axisymmetric about the major axis of the spheroid, the 
formulae of the re-expansion coefficient and the force can be derived directly from 
the multipole images and are expressed in a closed form.  

3.1  Prolate spheroidal coordinates 

Prolate spheroidal coordinates (, , ) are a three-dimensional orthogonal 
coordinate system that results from rotating the elliptic coordinates about the major 
(longer) axis of the ellipses, as shown in Figure 3.1. With the focal points of ellipses 
located at ±a on the z-axis, the relationship between the prolate spheroidal 
coordinates and the Cartesian coordinates (x, y, z) is expressed as follows: 
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where  ≥ 1, −1 ≤  ≤ 1, 0 ≤  < 2. When a approaches 0, the spheroidal 
coordinates becomes the spherical ones. In the spheroidal coordinates,  = constant 
corresponds to the surface of a prolate spheroid whose major semi-axis c and minor 
semi-axis b are equal to aand 2 1a   , respectively. The surface of this spheroid 
is expressed in the Cartesian coordinates by 
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where c2 − b2 = a2.  

The scale factors (metric coefficients) in the spheroidal coordinates can be 
calculated from (3.1) as [47] 

http://en.wikipedia.org/wiki/Orthogonal_coordinates
http://en.wikipedia.org/wiki/Coordinate_system
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where the subscripts indicate the coordinates. The unit vectors are [61]
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In addition, the gradient operator  and Laplacian 2  can be written as [62] 
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Figure 3.1. Prolate spheroidal coordinates. 
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3.2  Configuration of analysis 

Figure 3.2a shows a three-dimensional configuration of a prolate spheroid for the 
analysis. The configuration is a conducting or dielectric prolate spheroid centered at 
o above a grounded plane under external electric field E0. The major axis of spheroid 
makes tilt angle  with the grounded plane. When = 90º, the configuration is 
geometrically symmetric about the major axis, as shown in Figure 3.2b. The 
separation between the lowest point p on the spheroid surface and the grounded 
plane is defined as .  That means that when  = 0 the spheroid is in contact with 
the plane at p. For a conducting spheroid, it is at a grounded potential when  = 0 
and electrically floating when  > 0. Both uncharged and charged conditions are 
considered for the electrically floating spheroid. For a dielectric spheroid with 
permittivity S, an uncharged condition is applied. 

 

Figure 3.2. Conducting or dielectric prolate spheroid above a grounded plane under 
external electric field E0. 

 The surface area S and the volume V of the spheroid are determined by [63] 
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For the configurations in Figure 3.2, the electric field on the spheroid is independent 
of b and c values, provided the axis ratio c/b and the ratio /c are constant. By 
contrast, the induced charge, electrostatic force, and electrostatic torque vary 
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proportionally to the surface area and the volume, respectively, for the same ratio 
c/b.  

 The horizontal distance d and vertical distance h between the lowest point p 
and the center o are a function of b, c, and  as follows: 
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 Two Cartesian coordinates having the origin at o shown in Figure 3.3a are 
used for the calculation. First, (X, Y, Z) are the global coordinates where the external 
field is in the +Z direction. Next, (x, y, z) are the local coordinates in which the z axis 
is the major axis of the spheroid. (x, y, z) are obtained by rotating (X, Y, Z) about the 
Y (or y) axis by 90º−. That is, 
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Prolate spheroidal coordinates (, , ) are applied to (x, y, z) to present the 
spheroid surface where  =(=c/a), as shown in Figure 3.3b. 

 

Figure 3.3. Coordinates used for the calculation. 
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where Pn,m is the associated Legendre function of the first kind of order n and degree 
m. Lc

n,m and Ls
n,m are real-number potential coefficients. The potential ext induces 

charges on the spheroid surface. The induced potential ind due to these charges 
can be expressed in the form of multipole expansion, 
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where Qn,m is the associated Legendre function of the second kind of order n and 
degree m. Note that Qn,m() vanishes as    ∞. Therefore, the resultant potential 
in the exterior of the spheroid ( ≥ ) is 

 indext   . (3.14) 

For the configuration in Figure 3.2, the field is symmetric with respect to the plane  
= 0º. Hence, all Ls

n,m and Bs
n,m are zero, and we may simplify the potential expression 

as 
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where Bn,m is an (n, m)th-order spheroidal multipole at the origin. 

3.4 Image schemes of a prolate spheroidal multipole 

3.4.1 Grounded plane 

Consider a multipole Bn,m at the point o, which is at height H above a grounded 
plane, as shown in Figure 3.4. The multipole direction (z axis) makes angle  with 
the plane. The potential due to Bn,m is 

  mPQB mnmnmnB cos)()( ,,,  (3.16) 

To satisfy the zero potential condition on the grounded plane, we place a multipole 
image B'n,m at o′ corresponding to coordinates (x', y', z') below the plane by the same 
distance H (see Figure 3.4). The magnitude B'n,m of the image is 
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Figure 3.4. Image B'n,m of a multipole Bn,m by a grounded plane. 

3.4.2 Conducting prolate spheroid 

Let consider a multipole Bn,m outside a conducting prolate spheroid centered at o. 
We re-expand B about o in coordinates (, , ) associated with the spheroid in 
the form of local expansion as 
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where Li,j is the re-expansion coefficient. Li,j can be determined from [47], 
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and for j ≠ 0, 
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 Define multipole B'i,j located at the spheroid center o as the images of the 
multipole Bn,m.  The resultant potential  outside the spheroid ( ≥ ) is 
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If the spheroid is grounded, the magnitude of the multipole images is calculated 
from the condition = 0 at 
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If the spheroid is electrically floating and has total charge Q, equation (3.21) holds for 
i ≥ 1 and the relationship between Q and B'0,0 is used for i = 0 as [64] 
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3.4.3 Dielectric prolate spheroid 

Consider a multipole Bn,m outside a dielectric prolate spheroid centered at o. 
Similarly to the case of a conducting prolate spheroid, we first re-expand the 
potential of Bn,m about o in the form of local expansion of equation (3.18). The 
electric field produced by Bn,m induces polarization on the spheroid, resulting in 
surface charges. We use B'i,j located at the spheroid center o as the images of these 
charges. Resultant potential outside the spheroid surface is a sum of the potentials 
resulting from Bn,m and B'i,j. 

 The potential  outside the spheroid can be expressed in the form of 
equation (3.20), i.e.,  
    
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jijijijiji jPQBPL
,

,,,,, )cos()()()(  .  

The potential  inside the spheroid can be written in the form of local expansion 
about the spheroid center o,  
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where Mi,j are the potential coefficients. 

 The boundary conditions on the spheroid surface ( = ) are 
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where S and E are permittivity of the spheroid and the ambient medium, 
respectively. B'i,j and Mi,j can be determined from Li,j as follows: 
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and for i > 0 
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where  = S/E, and the prime notation denotes the first order derivative of the 
associated Legendre functions.  

3.5 Calculation procedure 

The method of multipole images in the prolate spheroidal coordinates is applied to 
the electric field calculation in an iterative manner [64] for the configurations in 
Figure 3.2. The calculation procedure is presented in Figure 3.5. The calculation 
begins with the expression of the potential 0 due to E0 in the prolate spheroidal 
coordinates about the spheroid center o ( = 1 and  = 0). 
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where H = h +  (see Figure 3.2a), and 
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 From the boundary condition on the spheroid surface, we determine the 
induced multipole Bn,m located at o from Ln,m. For a grounded conducting spheroid, 
we use equation (3.21). That is, 
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1,0 1,0 0 1,0 0 0( ) ( ) sinB P Q a E      , (3.29) 

 
1,1 1,1 0 1,1 0 0( ) ( ) cosB P Q a E      .  

When  > 0 (electrically floating spheroid), both equations (3.21) and (3.22) are 
applied. For a dielectric spheroid, we use equation (3.26a) to compute Bn,m. To 
calculate the electric field inside the spheroid, equation (3.26b) can be used to 
determine Mi,j. 

 Next, image B'n,m by the grounded plane is applied at o′ to satisfy the zero-
potential condition on the plane by using equation (3.17). Then, we re-expand 
potential by B'n,m about o by using equations (3.19a) and (3.19b). Numerical 
quadratures are used to evaluate these equations. 

Afterward, we calculate image multipoles to satisfy again the boundary 
condition on the spheroid surface. The image application and the re-expansion are 
repeated until the potential on the spheroid converges. After the convergence, we 
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have two series of multipole images which represent the induced charge on the 
spheroid and that on its image with respect to the grounded plane. 

 

Figure 3.5. Iterative calculation scheme. 

3.6 Calculation of charges, electrostatic force, and torque 

Induced charge and electrostatic force are determined from the electric field on the 
spheroid surface. For the potential in equations (3.14) and (3.15), the electric fields 
on the surface in the  and  directions are 
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The derivative of the associated Legendre functions can be determined from the 
recurrence formula as [47] 
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3.6.1 Induced charge 

Density f of the free charges induced on the surface of a conducting spheroid is 
determined as 

 out

Ef E  . (3.32) 

For a dielectric spheroid, density b of the polarization charges (bound charges) on 
the spheroid surface is determined from [65], 

  inout

b EE   0 , (3.33) 

where E
n is taken inside the spheroid. 

 The total charge Q on the spheroid can be calculated directly from the 
monopole B0,0 of the image multipoles by [64] 

 
0,04 aBQ E . (3.34) 

Q is always equal to zero for the dielectric spheroid. 

3.6.2 Electrostatic force 

The electrostatic force Fe is determined by integrating the Maxwell stress over the 
surface S of the spheroid, 
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where  aaaE
outoutoutout EEE  . Note that for a conducting spheroid, equation 

(3.35) reduces to 
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As the electric field energy is invariant with respect to the X and Y positions of the 
spheroid in the configuration of Figure 3.2a, Fe vanishes in the X and Y directions. For 
 = 0, Fe is always in the upward direction for a conducting spheroid but in the 
downward direction for a dielectric spheroid, regardless of electric field direction. 
Therefore, the force tends to lift a conducting spheroid from the grounded plane but 
attach a dielectric spheroid to the plane. 

 The force per unit area f on the surface of conducting and dielectric 
spheroids is determined as  
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where  = f for the conducting spheroid and  = b for the dielectric spheroid, 
and out

E is the electric field produced by the charge at the current position, 
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 We can also calculate Fe from f as 
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3.6.3 Torque 

Torques on the spheroid about the spheroid center o and the lowest point p 
(contact point when  = 0) are considered in the dissertation. The electrostatic 
torque Te,o about o is determined from the force per unit area f as 

   
S

ZXe SXfZfT d ,o , (3.40) 

where the subscripts X and Z indicate the components of f. Positive torque is 
referred to the + direction, as shown in Figure 3.6. Similarly, the electrostatic 
torque Te,p about p is 
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 As the line of the gravitational force Fg passes through o, the torque of Fg 
about o is equal to zero and the gravitational torque Tg,p about p is  

 dFT gg p,
. (3.42) 

Therefore, the total torques on the spheroid about o and p are 

 
oo ,, etot TT  , (3.43a) 

 
ppp ,,, getot TTT  . (3.43b) 

Note that when the spheroid is in contact with the plane ( = 0), there is also a 
normal force at the contact point p, but it does not produce torque about p. 
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Figure 3.6. Calculation of torques on the spheroid. 

3.7 Axisymmetric calculation 

For the special case of  = 90º, the configuration in Figure 3.2 becomes 
axisymmetric about the major axis of the spheroid and the m ≠ 0 harmonics vanish 
[47]. In this case, the formulae of the re-expansion coefficient and electrostatic force 
on the spheroid can be expressed in a closed form. 

3.7.1 Re-expansion coefficient 

Consider an nth-order unit harmonic 
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expanded in the coordinates (x', y', z'), where the position vector is denoted as r'. The 
image charge representing )(rn  is a line charge at ' = 1 having charge density 
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where z's is the position vector of the charge (' = 1, ' = 's) on the image line. 

 We want to re-expand )(rn  about the origin o of the coordinates (x, y, z), 
which is at distance 2H above o', as shown in Figure 3.7, in the following form: 
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where Lk,n is the coefficient of the re-expansion. 

 Using the orthogonal property of the Legendre polynomials, it can be 
concluded from (3.46) that 
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In equation (3.47), ||r' – z's|| is the vertical distance along the axis. Hence, 
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By expanding equation (3.48) in term of (s, 's) about (s = 0, 's = 0), we obtain 

 























0 0
1 !!

)!(

)2(

)1(11

i j

j

s

i

sji

i

s ji

ji

aHa


zr
. (3.49) 

Substituting equation (3.49) into equation (3.47), we can obtain the re-expansion 
coefficient as a sum, 
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where 
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In,j is nonzero if n + j is even and j ≥ n [66]: 
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Figure 3.7. Origins of two coordinates (x, y, z) and (x', y', z') separated by distance 2H. 
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3.7.2 Electrostatic force 

The electrostatic force Fe can be calculated directly from multipole images based on 
the interaction between electric field and the multipoles in spherical coordinates 
[67]. The spheroidal multipoles Bn are transformed into spherical multipoles Bj

sph as 
[47], 

 







0

,

1

2 n

njn

j
sph

j BI
a

B . (3.53) 

sph is defined as the external potential, which is the sum of 0 and B'. It can be 
expressed in the spherical coordinates (r, ) as 
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where Lj
sph is the potential coefficient. sph in (3.54) is obtained by transforming 

multipoles B'n into B'n
sph

 by using equation (3.53) and re-expanding their potentials 
about the spheroid center o in the form of local expansion [68]. Fe can be expressed 
as [67] 
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3.8 Isolated prolate spheroid under external electric field 

This section considers the case in which the separation between the spheroid and 
the plane is so large that the influence of the plane is negligible. Figure 3.8 shows 
the configurations in which the major axis of the spheroid is parallel or normal to E0. 
The analytical solutions of the maximal field for these configurations are well known 
[8, 69-71]. 

 

Figure 3.8. Two principal orientations of spheroid with reference to E0. 
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 The position of the field maximum Emax on the spheroid surface is indicated 
in Figure 3.8. For the conducting spheroid parallel to E0, 
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for the conducting spheroid normal to E0, 
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where 
220

bc

c


  defined in equation (2.7). Note that equation (3.56a) is also the 

maximal field for a hemispheroid on a grounded plane under external field. When 
c/b  1, Emax in equation (3.56) converges to 3E0, which is the solution for a 
conducting sphere. When c/b ∞, Emax becomes singular in equation (3.56a) but 
2E0 in equation (3.56b) which corresponds to the case of a conducting cylinder. 

 For the dielectric spheroid, Emax is in the form [71] 
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where K is a function of 0. When the major axis is parallel to E0, 
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When the major axis is normal to E0, 
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When c/b   1, Emax in both orientations converges to [3/(+ 2)]E0. When c/b  
∞, K becomes 0 in equation (3.58a) and 0.5 in equation (3.58b). From equation (3.57), 
the maximal field becomes E0 and [2/(+ 1)]E0 for the spheroid parallel and 
normal to E0, respectively. 

 Figure 3.9 shows the maximal field normalized by E0 as a function of c/b from 
1 to 10 for the parallel and normal orientations. The field is given for the dielectric-
constant ratio  = 2, 5, and 10 in the cases of the dielectric spheroid. The maximal 
field on the conducting spheroid is presented by the dashed line in the figures. It is 
clear from Figure 3.9 that the maximal field increases with c/b in the parallel 
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orientation but decreases with c/b in the normal orientation. For the same axis ratio 
c/b, the maximal field is greater for higher .  

 

(a) Parallel to E0 

 

(b) Normal to E0 

Figure 3.9. Maximal electric field on an isolated spheroid parallel or normal to 
external field E0. 



 
CHAPTER IV                                                                                                      

ANALYTICAL RESULTS OF AXISYMMETRIC CONFIGURATION  
 

This chapter presents the analytical results of the axisymmetric configuration in 
Figure 3.2b. The configuration is a conducting or dielectric spheroid, which may be in 
contact with or separated from a grounded plane under external electric field. The 
major axis of the spheroid is parallel to the external field. The charged condition is 
taken into account for the conducting spheroid separated from the plane. The 
multipole image method described in Chapter III is applied to the field analysis. The 
closed-form formula in equation (3.55) is used for the calculation of the electrostatic 
force on the spheroid. For the conducting spheroid, the calculation results are 
presented for the wide range of the axis ratio c/b between 1 and 32. The 
characteristic of the calculation accuracy with the order of harmonics has 
investigated. In this dissertation, the author utilizes up to 200th harmonics for the 
conducting spheroid with 1 ≤ c/b ≤ 32 and 500th harmonics for the dielectric 
spheroid with 1 ≤ c/b ≤ 4 and 1 ≤  ≤ 6. Note that it is more difficult to realize high 
accuracy in the cases of dielectric spheroid than conducting spheroid. Details of the 
calculation accuracy are given in Appendix A. 

 For presenting calculation results, we define l as the arc length measured 
from the top pole of the spheroid and L as the arc length between the top and 
bottom poles, as shown in Figure 4.1. Figure 4.2a plots the normalized l/L, as a 
function of   from the pole for the spheroids having different c/b values. The area 
obtained by rotating l around the z-axis is defined as Sl. Figure 4.2b presents the 
ratios of Sl to the total surface area S, which are independent of the spheroid size, as 
a function of the normalized arc length l/L for different c/b values. 

 

Figure 4.1. Arc from the top pole having length l and forming surface area Sl of 
revolution.  

Arc length l 

Surface area Sl 

L S 
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(a) Arc length l 

 

(b) Surface area Sl 

Figure 4.2. Normalized arc length and surface area of spheroids having different c/b 
values. 

4.1 Conducting spheroid 

4.1.1 Spheroid in contact with a grounded plane 

a) Electric field 

 Figure 4.3 shows the distribution of electric field along the spheroid surface 
for c/b = 1, 2, and 4. In the figure, the electric field is maximal at the top pole (l/L = 
0) and zero at the bottom pole (l/L = 1). Since the field is very high on the upper 
half of the spheroid, almost all of the induced charge and electrostatic force on the 
spheroid are distributed on the upper half. Figure 4.4 shows the variation of the 
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maximal field Emax for c/b = 1 to 32. The maximal field is significantly intensified with 
increasing c/b. 

 

Figure 4.3. Distribution of electric field along the spheroid surface. 

 

Figure 4.4. Maximal field as a function of the axis ratio c/b. 

 The following empirical formula, obtained by curve fitting, may be used for 
estimating the maximal field magnitude: 
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This expression has a similar form to the approximation of the electric field at the 
contact point of an uncharged conducting spheroid on a solid dielectric [72]. The 
estimation by equation (4.1) is presented by the symbols in Figure 4.4. Table 4.1 
shows the error of the estimated values in comparison with the maximal field by the 



 44 

calculation results. It can be seen from Table 1 that the error is smaller than 1% for 
the c/b ratio up to 32. 

Table 4.1. Comparison of the maximal field with the approximation by equation (4.1). 

c/b 
Emax/E0 Error 

(%) Calculation Equation (4.1) 

  1        4.21        4.24 0.71 

  4      21.7      21.6 0.46 

  8      60.4      60.6 0.33 

16    183    184 0.55 

32    587    582 0.85 
 

b) Induced charge and electrostatic force 

 Figures 4.5a and 4.5b present the charge Ql and force Fl on the surface Sl as a 
function of l/L. Ql and Fl are calculated by using numerical quadratures, and 
normalized by the total charge Q and total force Fe on the whole spheroid, 
respectively. As shown in Figure 4.5a, about 80% of the net induced charge resides 
on the upper half of the sphere and spheroid, for example, 77% for c/b = 32. For 
higher c/b, a higher portion of the induced charge is located around the top pole. It 
is clear from Figure 4.5b that the force on the lower half is negligible for all cases of 
c/b. For high c/b, the force in the vicinity of the top pole becomes predominant. For 
instance, 90% of the total force acts on 5% surface area around the top pole (at l/L 
≈ 0.1, see Figure 4.2b) when c/b = 32. 

 The calculation results of the total charge Q and total force Fe are presented 
by the curves in Figure 4.6 as a function of the axis ratio c/b. The charge and force 
are normalized respectively by Q0 = ESE0 and F0 = ESE0

2. Figure 4.6 indicates that 
the charge and force increase with c/b. When c/b increases from 1 to 8, the charge 
and force increase by about two times. It is worth noting that the characteristics of 
the normalized charge and force are very similar to each other. Based on the 
calculation results, the following empirical formulae are proposed to evaluate the 
normalizing factors of the total charge and force on a spheroid in range c/b = 1 to 
32: 
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The approximated charge and force values by equations (4.2) and (4.3) are presented 
by symbols in Figure 4.6. Table 4.2 shows the errors of the approximated charge and 
force with the calculation results. We can see from the table that the error by the 
approximation is smaller than 2% for the considered range of c/b. 

 

(a) Induced charge 

 

(b) Electrostatic force 

Figure 4.5. Induced charge and electrostatic force on the surface area Sl as a function 
of l/L. 
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Figure 4.6. Total charge and force on the spheroids having the same surface area. 

Table 4.2. Errors of the total charge and total force by the approximation in 
equations (4.2) and (4.3). 

c/b 
Q/Q0 Fe /F0 

Calculation 
Error (%) by  

equation (4.2) 
Calculation 

Error (%) by  
equation (4.3) 

  1     1.65 1.09     1.37 1.90 

  4     2.98 0.47     2.71 0.18 

  8     4.38 1.55     4.06 1.85 

16     6.81 1.20     6.42 1.25 

32   11.1 1.41   10.6 1.78 
 

 Figure 4.6 confirms the dependence of the charge and force on a spheroid on 
its axis ratio and surface area. To examine the effect of the shape and size of 
spheroids, the author compares the charge and force between spheroids having the 
same minor axis 2R0 (Figure 4.7a) and those having the same major axis 2R0 (Figure 
4.7b). The spheroid is longer in the former case and slender in the latter case with 
increasing c/b. The charge and force are normalized by 

  Q1 = 4ER0
2E0 and  

 F1 = 4ER0
2E0

2, respectively.  

Figure 4.7a shows that for the same minor axis, the charge and force increases 
significantly with increasing c/b. For instance, the charge and force on the spheroid 
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with c/b = 4 is approximately six times of that on the sphere (c/b = 1). On the other 
hand, for the same major axis in Figure 4.7b, the charge and force decrease with 
increasing c/b. The decreasing rates of the charge and force are remarkable for c/b 
between 1 and 4, about 60%. 

 Figure 4.8 presents the ratio Fe/QE0, which is independent of the spheroid size. 
The figure shows that the force ratio on the spheroid is greater than that on the 
sphere, Fe = 0.832QE0, and increases with c/b. This is because that for higher c/b the 
attractive force between the induced charge on the spheroid and its image with 
respect to the grounded plane is smaller (since the induce charge tends to distribute 
more near the top pole). Figure 4.8 also indicates that the force is still smaller than 
QE0 by about 5% for the axis ratio up to 32.  

 

(a) In the same minor axis 

 

(b) In the same major axis 

Figure 4.7. Total charge and total force on the spheroids having the same minor axis 
and major axis a function of c/b. 

2R0 

2R0 
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Figure 4.8. Ratio of the force to QE0 as a function of c/b. 

c) Hemispheroid approximation 

 The force on a prolate hemispheroid standing on a grounded plane under an 
external electric field has been studied analytically and numerically [49]. The exact 
solution of the charge for the hemispheroid was also presented and compared with 
an approximate formula [48]. This section compares my calculation results with 
those approximated by using a hemispheroid model. The hemispheroidal model is 
presented in Figure 4.9, where the major semi-axis is 2c. Two cases of the minor 
semi-axis bH, bH = b and 2b, are considered. The author expects that the former 
model works for slender spheroids because the results in the previous section show 
that the electric field is very small on the lower-half surface of these spheroids. 

 

Figure 4.9. Hemispheroidal approximation for a prolate spheroid. 

 The difference of the maximal electric field by the approximation is given in 
Figure 4.10. For bH = b, the approximation is always greater than the analytical values. 
The difference is larger than 37% for c/b = 1 and increases with c/b. On the other 
hand, for bH = 2b, the approximation is always smaller than the actual values. The 
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difference is between 20% and 40% for the range of c/b. Therefore, neither case of 
bH is appropriate for evaluating of the maximal field. 

 Figure 4.11 presents the differences of Q and Fe by the hemispheroid 
approximation when bH = b. The differences are smaller than 15% for c/b = 1 and 
decrease with c/b. This approximation can estimate Q and Fe with a difference 
smaller than 10% for c/b > 3. The charge and force by the approximation are smaller 
than the analytical results. With increasing c/b, the difference of Emax increases in 
Figure 4.10; however, the region of high electric field is more restricted. Therefore, 
the difference of Q and Fe becomes smaller with increasing c/b in Figure 4.11. Note 
that the comparison when bH = 2b is not presented here because the differences of 
Q and Fe (with the analytical results) are much larger than those when bH = b. 

 

Figure 4.10. Difference of Emax by the hemispheroidal approximation in comparison 
with the results by the multipole image method. 

 

Figure 4.11. Differences of Q and Fe by hemispheroidal approximation when bH = b in 
comparison with the results by the multipole image method. 
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4.1.2 Uncharged spheroid above a grounded plane 

In this section, a spheroid located above the grounded plane by distance or 
separation  is considered. The spheroid is assumed to be uncharged. Under the 
external field, a potential difference exists between the spheroid and the grounded 
plane. With decreasing , the electric field can be highly intensified at the bottom 
pole of the spheroid. 

a) Electric field 

 Figure 4.12 presents the distribution of electric field along the spheroid 
surface when /c = 0.1. The positive field magnitude is referred to the direction 
outward from the spheroid. It is clear from the figure that the electric field is stronger 
for higher c/b. The field enhances significantly at the two poles. The field maximum 
is always at the bottom pole (l/L = 1). Figure 4.13 presents the maximal field 
magnitude Emax at the bottom pole as a function of the normalized distance /c 
from 0.01 to 10. The figure indicates that the maximal field increases significantly 
with decreasing /c from 0.1 to 0.01. 

 

Figure 4.12. Distribution of electric field along the spheroid surface for different c/b 
ratios when /c = 0.1. 
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Figure 4.13. Magnitude of maximal field at the bottom pole as a function of /c. 

b) Critical separation 

 As mentioned in the previous section, the electric field at the bottom pole of 
the spheroid is enhanced significantly on an uncharged spheroid located near the 
grounded plane. This may result in the partial discharge inception near the bottom 
pole. For the case of a sphere, the discharge threshold in the gap was estimated by 
using the Paschen curve for a uniform field [73]. For the spheroid, due to the field 
nonuniformity in the gap, the application of the Paschen curve may be inappropriate. 
For approximation, the author compares the maximal field Emax on a spheroid with 
the critical field stress Ec of a gaseous medium surrounding the spheroid to observe 
the variation of the critical separation c of the partial discharge onset. This 
estimation is applied to different axis ratio c/b values. 

 As an example, Ec = 30 kV/cm is used for the atmospheric air. Figure 4.14 
illustrates the determination of c when E0 = 4 kV/cm. Three curves in Figure 4.14 
represent the maximal field on the spheroid for c/b = 1, 2, and 4 from Figure 4.13 
and the horizontal line represents Ec. c is determined from the intersection 
between the Emax curves and the Ec line. For example, c = 0.12c and 0.26c for c/b = 
1 and 2, respectively. For c/b = 4, c becomes infinite because Emax is always higher 
than Ec. This means that the partial discharge occurs at the bottom pole for any 
separation under this E0 value. (For c/b = 4, the partial discharge also occurs at the 
top pole as the top-pole field is greater than Ec.) 
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Figure 4.14. Variation of the maximal field on the spheroids under E0 = 4 kV/cm and 
the critical field stress Ec with separation . 

 Figure 4.15 presents the relationships of the critical separation c for the 
partial discharge onset and the external field E0, varied from 0.1 kV/cm to 10 kV/cm, 
for c/b = 1, 2, 4, and 8. Needless to say that with decreasing E0, c becomes smaller. 
For c/c > 1, the influence of the plane is negligible; hence, the external field E0 for 
the partial discharge hardly depends on c. For smaller c/c ratio, the relationships 
in Figure 4.15 become approximately linear in the logarithmic scale. That is, 

 kc
E

c
0


, (4.4) 

where k = 1.16, 1.19, 1.21, and 1.59 for c/b = 1, 2, 4 and 8, respectively. We can 
modify Figure 4.15 for other background medium by scaling the abscissa with the 
ratio of the critical field strength Ec corresponding to the medium. For example, E0 in 
the figure is scaled by 9 times when the medium is SF6 at 0.3 MPa whose Ec is about 
270 kV/cm. However, it should be noted that the estimation based on Ec does not 
consider the physical discharge mechanisms. For a very small gap, the microdischarge 
process may play an important role on the determination of the discharge onset [74]. 
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Figure 4.15. Relationship between the critical separation for the partial discharge 
onset and the external field for different axis ratios. 

4.1.3 Charged spheroid above a grounded plane 

This section considers a charged spheroid located above the grounded plane. Qi is 
defined as the charge amount on the spheroid.  The spheroid possibly acquires Qi by 
the contact treated in Section 4.1.1 or by the discharge explained in Section 4.1.2. In 
the former case, the spheroid is fully charged to mount Q which is the total induced 
charge on the spheroid in contact with the grounded plane. The value of Q varies 
with the axis ratio, as already presented in Figure 4.6. 

a) Fully charged spheroid Qi = Q 

 As an example, Figure 4.16 presents the electric field distribution along the 
spheroid surface of the axis ratio c/b = 2 for different /c values. It is clear from 
Figure 4.16 that the field magnitude near the bottom pole (l/L = 1) increases with 
increasing . This increase reflects the redistribution of charges to the area. However, 
the electric field hardly changes with  on the upper half. The maximum field is at 
the top pole (l/L = 0), similarly to the case of the grounded spheroid in Section 4.1.1, 
as the electric field direction due to charge Q is in the same direction with the 
external field E0 at the top pole but in the opposite direction with E0 at the bottom 
pole. 

 Figure 4.17 shows the electrostatic force on the spheroid for the variation of 
/c from 0.01 to 10. The force is normalized by the product QE0. The figure implies 
that the normalized force increases with /c and is greater for higher c/b. The force 
converges well to QE0 when /c ≥10. 
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Figure 4.16. Electric field distribution on the surface of a fully charged spheroid with 
c/b = 2. 

 

Figure 4.17. Force on the fully charged spheroid as a function of /c. 

b) Spheroid with Qi ≤ Q 

 As mentioned in Section 4.1.2, when an uncharged (Qi = 0) spheroid 
approaches the grounded plane, the significant enhancement of the electric field at 
the bottom pole may trigger a partial discharge at the pole. When the discharge 
occurs, space charges flow into the spheroid, as described in Chapter II. These 
charges increase the electric field at the top pole but reduce that at the bottom 
pole. This results in that the position of the maximal field transfers to the bottom 
pole to the top pole when the charge amount increases. In addition, the partial 
discharge at the bottom pole becomes more difficult to sustain with increasing 
charge because the electric field is reduced at the bottom pole.  E is defined as the 
field reduction at the bottom pole in comparison with the uncharged condition, 
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where Ei is the field strength at the bottom pole when the spheroid has the charge 
amount Qi. 

 Figures 4.18a and 4.18b present the field reduction  E as a function of Qi/Q 
varied from 0 to 1 for the spheroids with c/b = 2 and 4, respectively. The results in 
the figures are given for the cases of /c = 0.01, 0.1, 1, and 10. It can be seen from 
the figures that the reduction increases linearly with Qi/Q for all values of /c and 
c/b. The reduction is larger for smaller /c and does not depend much on the axis 
ratio c/b. For Qi/Q = 1, the reduction is greater than 60% when /c = 10 and 
approximately 100% when /c = 0.01. 

 

(a) c/b = 2 

 

(b) c/b = 4 

Figure 4.18. Reduction of the electric field at bottom pole for different /c values. 
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 Figure 4.19 presents the result of the electrostatic force on the spheroids with 
variation of Qi at different /c values. The positive force is referred to the force 
repulsing the spheroid from the plane. As shown in Figure 4.19, when /c > 1, the 
force is positive for the considered range of Qi, except Qi = 0. This means that 
charged spheroids tend to move away the plane when /c > 1. When /c ≤ 1, the 
force changes from positive value to negative one with decreasing Qi. For example, 
at /c = 0.1, the force is negative when Qi/Q < 0.18 for c/b = 2 and when Qi/Q < 
0.12 for c/b = 4. In other word, at this /c if the charge loss is greater than 82 and 
88% for c/b = 2 and 4, respectively, the spheroids are still attracted to the plane by 
Fe. Hence, when a spheroid is near the plane, it may move up or down with charge 
Qi less than Q. 

 

(a) c/b = 2 

 

(b) c/b = 4 

Figure 4.19. Force on the spheroids at different /c values as a function of Qi/Q. 
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4.2 Uncharged dielectric spheroid 

4.2.1 Spheroid in contact with a grounded plane 

Figures 4.20a and 4.20b show the distribution of the normal electric field along the 
spheroid surface as a function normalized arc length l/L for  = 2 and 4, respectively. 
The figures show that the behavior of the electric field along the surface of a 
dielectric spheroid is similar to that of an uncharged conducting spheroid near the 
plane in Figure 4.12. That is, the field strength enhances considerably at the two 
poles and is always maximal at the bottom pole (l/L = 1). The top-pole field is 
slightly greater than the maximal field of an isolated spheroid presented in Section 
3.8. In Figure 4.20, with increasing , the field distribution becomes more nonuniform 
near the bottom pole. 

 

(a)  = 2 

 

(b)  = 4 

Figure 4.20. Normal electric field along the spheroid surface. 
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Figure 4.21 presents the maximum of the electric field at the bottom pole as 
a function of c/b from 1 to 4 for  = 2, 4, and 6. It is clear from the figure that the 
maximal field increases with the axis ratio c/b. The increase is more remarkable for 
larger . Figure 4.21 indicates that the maximal field for  = 2 and 4 may approach a 
limiting value when c/b > 4. Note that for the case of the isolated dielectric spheroid 
(without the grounded plane), the maximal field converges to E0 as c/b∞. 

 

Figure 4.21. Electric field maximum at the bottom pole as a function of c/b. 

 Figure 4.22 shows the magnitude of the attractive fore between the dielectric 
spheroid and the grounded plane. The force in the figure is normalized by ESE0

2. It is 
obvious from the figure that the effect of  on the normalized force is similar to that 
on the maximal field. That is, for the same c/b, the force is greater than for larger . 
For  = 2 and 4, the normalized force reduces gradually with increasing c/b from 1. 
For  = 6, the normalized force increases slightly with c/b to the maximum and 
reduces rapidly when c/b ≥ 2. 
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Figure 4.22. Normalized electrostatic force on the dielectric spheroids for different  
values as a function of c/b. 

4.2.2 Spheroid above a grounded plane 

This section considers the configuration of an uncharged dielectric spheroid located 
at a distance  above the grounded plane. This configuration is identical in electric 
field to that of two identical dielectric spheroids separated by a distance 2. When  
approaches 0, the calculation result in this section converges to that in the previous 
one. 

 Figures 4.23a and 4.23b present the maximal field Emax at the bottom pole of 
the spheroid with c/b = 1, 2, and 4 for  = 2 and 4, respectively. The field is plotted 
as a function of the normalized separation /c varied from 10−4 to 10 on the 
logarithmic scale. Figure 4.23 indicates that Emax is nearly constant with /c 
decreasing from 10 to 1 but increases significantly with decreasing /c from 0.1 to 
0.001. Theoretically, as /c0, Emax in Figure 4.23 converges to the maximal field at 
the contact point between the spheroid and the plane presented in Figure 4.21. 
However, even at /c = 10−4, Emax is still considerably lower than the limiting value, 
especially for c/b = 4 and  = 4 in Figure 4.23b (Emax/E0 = 20 when  = 0). 
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(a)  = 2 

 
(b)  = 4 

Figure 4.23. Maximal electric field at the bottom pole as a function of /c for two  
values. 

 The variation of the electrostatic force on the spheroids with the separation 
 is presented in Figure 4.24. We can see from the figure that for the same /c the 
normalized force is greater for smaller c/b and higher . The force on the sphere (c/b 
= 1) approximately zero when c/b ≥ 3. This means that the effect of the grounded 
plane on the force is negligible in this c/b range. The force increases remarkably 
when the separation /c decreases from 1 to 0.01. With /c = 10−4, the force well 
reaches the limiting value for the ranges of c/b and . Hence, as /c 0, the force 
more rapidly approaches the limit in comparison with the maximal field. 
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(a)  = 2 

 

(b)  = 4 

Figure 4.24. Magnitude of the electrostatic force on the spheroids as a function of 
/c. 

4.3 Summary 

In this chapter, the multipole image method is applied to the analysis on 
electrostatic behavior of the conducting and dielectric spheroids in the axisymmetric 
configuration. The main results are summarized in the following paragraphs. 

 For a conducting spheroid on the grounded plane, the maximal field at the 
top pole increases nonlinearly with the axis ratio of the spheroid. The charge and the 
force are compared between the spheroids of the same surface area, the same 
minor axis, or the same major axis. Empirical formulae are proposed to approximate 
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the maximal field, charge and force with the errors smaller than 2% for the axis ratio 
between 1 and 32. It is found that the hemispheroidal model can estimate the 
charge and force on the spheroid with a difference smaller than 10% when c/b > 3. 

 For an uncharged conducting spheroid separated from the grounded plane, 
the maximal field at the bottom pole increases significantly with decreasing /c from 
0.1. The relationship between the external electric field and the critical separation of 
the spheroid where the partial discharge takes place is investigated. This relationship 
is approximately linear on the logarithmic scales when the normalized separation 
/c approaches zero.  

 For a charged conducting spheroid above the grounded plane, under the fully 
charged condition, the maximal field at the top pole hardly varies with the 
separation from the plane. The force on the spheroid increases gradually with the 
separation and converges well to the product of the charge and the external field 
when /c ≥ 10. The effect of the charge amount on the electric field at the bottom 
pole and the force is considered. It is found that the bottom-pole field reduces 
linearly with increasing the charge amount. When /c >1 the force tends to drive a 
spheroid away from the plane even the spheroid has a slight charge. When /c ≤ 1, 
the direction of the force depends on the charge amount. 

 For the dielectric spheroids having the same c/b, the maximal field at bottom 
pole and the normalized force are greater for larger . For the same , the slender 
spheroids have larger maximal field. However, the force reduces with c/b, except c/b 
close to 1 when  > 4. The field and force increases significantly with decreasing /c 
less than 1. With decreasing /c close to 0, the force converges more rapidly than 
maximal field. The force magnitude is less than that on a conducting spheroid in the 
same configuration. 



 
CHAPTER V                                                                                                   

ANALYTICAL RESULTS OF THREE-DIMENSIONAL CONFIGURATION  

 

This chapter presents the analytical results of the three-dimensional configuration in 
Figure 3.2a. The configuration is a conducting or dielectric spheroid which may be in 
contact with or separated from a grounded plane under external electric field. The 
major axis of the spheroid makes a tilt angle with the plane. The analysis focuses on 
the role of the tilt angle on the force and torque on the spheroid, which are the 
fundamentals of particle behavior in various applications. The method of multipole 
images is applied to the electric field calculation. The electrostatic force and torque 
are determined. For the conducting spheroid, the cases of the grounded and charged 
floating spheroid are considered. For the dielectric spheroid, only the case of the 
uncharged spheroid in contact with the plane is taken into account. The calculation 
results in this chapter are obtained by using the maximal harmonic order not higher 
than 20 and 40 for the conducting and dielectric spheroids, respectively. 

5.1 Conducting spheroid in contact with a grounded plane 

5.1.1 Electric field 

Figures 5.1a and 5.1b show the distribution of electric field along the spheroid 
surface on the y = 0 plane when  = 0º, 15º, 45º, and 90º for c/b = 2 and 4, 
respectively. The electric field is plotted as a function of the normalized arc length 
l/L, where l is arc length measured from the lower pole and L is the arc length 
between two poles. For c/b = 2 in Figure 5.1a, when  = 0º, the electric field is 
more or less uniform on a wide range of l/L. With increasing , the field distribution 
becomes more non-uniform on the surface. The field maximum Emax increases and 
takes place near the upper pole. The position of Emax moves to the top pole as 
increases to 90º. For larger axis ratio c/b = 4, the field behavior in Figure 5.1b is 
similar to that for c/b = 2, but the field is more non-uniform and Emax is significantly 
higher for the same . The position of Emax is clearly noticeable even when  = 0º. 
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(a) c/b = 2 

 
(b) c/b = 4 

Figure 5.1. Distribution of electric field along the spheroid surface on the y = 0 plane 
with different tilt angles for two c/b values. 

 Figure 5.2 presents the maximal field as a function of  for c/b = 1, 2, 4, and 
6. As c/b = 1 corresponds to the case of a sphere, the calculation result is a constant 
of the tilt angle . The figure clearly shows the field enhancement on the spheroids 
with increasing . When the spheroid stands on the plane ( = 90º), the field is 
intensified by 3, 6.5, and 10 times from that in the lying position ( = 0º) for c/b = 2, 
4, and 6, respectively. 

 

 

 

l 

L 
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Figure 5.2. Maximal field as a function of angle  for different c/b ratios. 

5.1.2 Induced charge 

Figure 5.3 presents the variation of the net induced charge Q with the tilt angle  for 
the spheroids having the same minor semi-axis b = b0. Q is normalized by  

 Q2 = 4Eb0
2E0. (5.1) 

As shown in Figure 5.3, at any angle the charge is larger on the spheroid having 
higher c/b, i.e., longer one. The charge on the spheroid is minimal at  = 0º, and 
increases nonlinearly with  to the maximum at 90º. The ratio of the maximal to 
minimal charges is 1.5, 2.4, and 3.1 times when c/b = 2, 4, 6, respectively. 

 
Figure 5.3. Induced charge on spheroid having the same minor semi-axis as a function 

of . 
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5.1.3 Electrostatic force 

Figure 5.4 shows the electrostatic stress along the spheroid surface on the y = 0 
plane for 0º, 15º, 45º, and 90º when c/b = 2. The stress vectors are presented 
on the same scale for Figures 5.4a−d. Figure 5.4 indicates that the force on the 
spheroid is governed by the stress on the upper half. The stress becomes 
concentrated near the higher pole when > 0º. Figures 5.4b and 5.4c imply that the 
force produces a torque rotating the spheroid about the contact point in the 
increasing- direction.  

    
(a)  = 0º (b)  = 15º (c) = 45º (d)  = 90º 

Figure 5.4. Electrostatic stress along the surface on the y = 0 plane of the c/b = 2 
spheroid for different tilt angle . 

Figure 5.5 presents the normalized electrostatic force Fe on the spheroids 
having the same minor semi-axis b = b0 as a function of the tilt angle . Fe is 
normalized by  

 F2 = 4Eb0
2E0

2. (5.2) 

It is clear from Figure 5.5 that the variation of the force with  is similar to that of 
the charge with  in Figure 5.3. That is, the force is minimal at  = 0º and increases 
nonlinearly with  to the maximum at 90º. The force is stronger on the longer 
spheroid. 

Figures 5.6a and 5.6b show the minimal force Fmin when  = 0º and the 
maximal force Fmax when  = 90º in relation with c/b from 1 to 10, respectively. The 
minimal force in Figure 5.6a increases linearly with c/b. On the other hand, Figure 
5.6b presents Fmax on the logarithmic scales, as Fmax is highly intensified with 
increasing c/b ratio. The following empirical formulae, obtained by curve fitting, may 
be used for estimating the minimal and maximal forces: 
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Figure 5.5. Electrostatic force on the spheroids having the same minor semi-axis. 

 
(a) Minimal force 

 
(b) Maximal force 

Figure 5.6. Variation of the normalized minimal and maximal forces on the spheroids 
having the same minor semi-axis with axis ratio c/b. 
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The approximated values are shown as the symbols in Figure 5.6. Equations (5.3) and 
(5.4) give Fmin and Fmax with error smaller than 1% for c/b between 1 and 10. 

5.1.4 Electrostatic torque 

Figure 5.7 shows the electrostatic torque Te,p about the contact point p on the 
spheroids having the same minor semi-axis b0 as a function of . Te,p is normalized 
by T0 = F2b0. Te,p is zero at  = 0º and 90º due to the symmetry of configuration in 
Figure 3.2. Figure 5.7 shows that Te,p is always positive for  between 0º and 90º, i.e., 
in the increasing- direction. Maximum of Te,p is approximately at  = 45º. Quadratic 
(parabolic) relationships are plotted in comparison with calculation results in Figure 
5.7, and only small difference can be seen for > 45º. For the same , the torque 
is greater on the spheroid having larger c/b (longer spheroid). 

 Figure 5.8 shows the variation of the maximal torque Tmax with c/b from 1 to 
10 on logarithmic scales. When c/b ≥ 2, we may approximate Tmax by 

   6.2

0 6.0 bcTTmax  . (5.5) 

The approximated values by equation (5.5) are compared with the calculation results 
in Figure 5.8. 

 

Figure 5.7. Electrostatic torque about p on the spheroids as a function of . 
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Figure 5.8. Maximal electrostatic torque about p on the spheroid in relation with c/b. 

5.1.5 Electromechanical behavior with gravitational effects 

This section deals with the electromechanical behavior of the conducting prolate 
spheroid in contact with the plane when the gravitational force Fg is taken into 
account. Fg does not only restrain the spheroid from lifting motion, but also 
contributes to torque Tg,p about the contact point p. For  = 0º or 90º, the spheroid 
is lifted from the grounded plane without rotation if Fe is greater than Fg. For other  
values, the behavior of the spheroid is more complicated due to nonzero total 
torque Ttot,p that includes the gravitational torque. 

a) Total torque on spheroid 

  As an example, consider aluminum spheroidal particles having the same b = 
0.25 mm and different c. Figure 5.9 presents Tg,p on the aluminum particles as a 
function of  for c = 0.5, 1.0, and 1.5 mm. As Fg is constant for a particle, Tg,p 
magnitude follows the characteristic of d defined in equation (3.9). We can see from 
Figure 5.9 that Tg,p increases with increasing  from 0º, and reaches the peak at 
considerably smaller than 45º and then decreases to zero at 90º. The angle of 
maximal Tg,p reduces with increasing the particle length. 

 Figure 5.10 shows the total torque Ttot,p on the aluminum particle of b = 0.25 
mm and c = 1 mm for E0 = 2, 3, 4, and 6 kV/cm. For small E0 = 2 kV/cm, Tg,p is 
predominant over Te,p for the range 0º < < 90º, resulting in negative Ttot,p 

(reducing- direction). On the other hand, for large E0 = 6 kV/cm, Te,p is predominant 
and Ttot,p is positive. For intermediate E0 values, Ttot,p is negative at small  and 
becomes positive when  is greater than critical tilt angle c. The critical angle in 
Figure 5.10 decreases when E0 increases from 3 to 4 kV/cm. 
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Figure 5.9. Gravitational torque about the contact point p on aluminum spheroidal 

particles having b = 0.25 mm. 

 
Figure 5.10. Total torque on an aluminum spheroidal particle of b = 0.25 mm and c = 

1 mm as a function of  for different E0 values. 

b) Classification of electromechanical behavior 

 From the aforementioned results, we can deduce that for tilt angle 0º < < 
90º, the conducting spheroidal particle may be subject to (i) total torque about 
contact point whose direction depends on field strength and (ii) lifting force if the 
field is strong enough. Figure 5.11 presents the critical field ER and EL of the 
aluminum particle having b = 0.25 and c = 1 mm (c/b = 4) for the rotating (Ttot,p = 0) 
and lifting (Fe = Fg) conditions, respectively, as a function of . 



 71 

 Assume that an aluminum particle is at angle 0, possibly caused by 
mechanical operation or disturbance, the electromechanical behavior may be 
classified as follows: 

1. E0 < ER(0): the particle is rotated by Ttot,p to the lying orientation ( = 0º). 
2. ER(0) < E0 < EL(0): the torque Ttot,p rotates to increase . 

2a.    If E0 < EL(90º): the particle obtains the standing orientation ( = 90º) 
without lifting. 

2b.     If E0 > EL(90º): the particle rotates and then lifts. 
3. E0 > EL(0): the particle is lifted from the plane and may be rotated as E0 

> ER(0). 
 The regimes of electromechanical behavior explained above are indicated in 
Figure 5.11 by the circle numbers. Note that the particle can be rotated from the 
lying position ( = 0º) with little mechanical disturbance when E0 > ER(0º), by which 

 0
,


d

dTtot p . (5.6) 

Moreover, if ER(º) is greater than EL(90º), the particle is then lifted from the 
electrode when  reaches a critical angle between 0 and 1, where EL(1) = ER(0º). 
It is noticed that the minimum field that can lift the particle is EL(90º). The ER and EL 
characteristics imply that this minimum field EL(90º) can lift a particle making angle 
0 ≥ 2, where ER(2) = EL(90º). Figure 5.11 shows 1 and 2 for the aluminum 
spheroidal particle (b = 0.25 mm and c = 1 mm). 

 
Figure 5.11. Critical electric field ER for rotating and EL for lifting the aluminum 

spheroidal particle having b = 0.25 mm and c = 1 mm. 
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c) Effect of the major-to-minor axis ratio of the spheroidal particle 

 Figure 5.12 presents the characteristics of ER and EL of an aluminum particle 
for b = 0.25 mm and different c/b values. The figure shows that ER(0º) < EL(90º) for 
the small axis ratio c/b < 1.45 (sphere-like particle). For larger c/b values, ER(0º) > 
EL(90º). That is, a wire-like particle tends to be lifted from the plane after rotated 
from the lying position by the electric field. 

 The critical angles 1 and 2 are calculated for the particles having b = 0.1, 
0.25, and 0.5 mm. Figure 5.13 presents 1 and 2 as a function of c/b for the 
particles. It is clear from the figure that the angles mainly depend on the axis ratio 
not the minor axis. With c/b increasing from 1.45, 1 decreases but 2 increases. 

 

  
(a) c/b = 1.2 (b) c/b = 1.45 

  
(c) c/b = 2 (d) c/b = 6 

Figure 5.12. Rotating and lifting field of aluminum spheroidal particles having the 
same b = 0.25 mm for different c/b values. 
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Figure 5.13. Angle 1 and 2 as a function of axis ratio c/b for the aluminum particles. 

d) Effect of the material of the spheroidal particle 

 Next, consider the effect of the material of the particle on the characteristics 
of the rotating field ER and the lifting field EL. The stainless steel is considered here 
as an example. The calculation results of ER and EL for a particle having b = 0.25 mm 
and c = 1 mm (c/b = 4) are presented by symbols in Figure 5.14. The field in the 
figure is normalized by square root of mass density. The figure also shows the 
calculation results of ER and EL for an aluminum particle having the same size for 
comparison. It is obvious from Figure 5.14 that the characteristics of ER and EL with 
respect to  are independent of the mass density of the particle. This is because 
that ER and EL are a function of the square root of the mass density, as derived in 
Appendix B.  

Figure 5.15 shows the 1 and 2 values calculated for the spheroidal 
particles having b = 0.25 mm for the aluminum and stainless-steel materials. We can 
conclude from Figures 5.13 and 5.15 that the critical angles 1 and 2 are 
independent of the mass density and the size of the particle, provided the axis ratio 
c/b is invariant. 
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Figure 5.14. Rotating and lifting field of aluminum and stainless-steel spheroidal 

particles with b = 0.25 mm and c = 1 mm. 

 
Figure 5.15. Angle 1 and 2 for spheroidal particles having b = 0.25 mm with 

different materials. 

e) Lifting and rotating electric field for lying condition ( = 0º) 

 Figure 5.16 shows the lifting field EL at  = 0º as a function of axis ratio c/b 
varied from 1 to 10 for aluminum particles having b = 0.1, 0.25, and 0.5 mm. As 
shown in Figure 5.16, EL increases gradually with c/b. The lifting field increases by a 
factor of about 1.4 when c/b increases from 1 to 10 for all three b values. For c/b > 
10, EL in Figure 5.16 apparently approaches an upper limit. EL is greater for bigger 
particle. Note that we can modify Figure 5.16 for other material by scaling the 
ordinate with the square root of ratio of the particle mass density to 2,700 kg/m3. 
Figure 5.17 shows the ratio ER/EL at  = 0º of the particles with c/b between 1 and 
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10. The ratio increases gradually with c/b, and is between 0.86 and 0.92 for the 
considered range c/b. The ratio in Figure 5.17 does not depend on the minor semi-
axis b. 

 
Figure 5.16. Lifting field EL at  = 0º of aluminum particles with different b. 

 
Figure 5.17. Ratio of ER to EL at  = 0º of aluminum particles with different b. 

5.2 Fully charged conducting spheroid above a grounded plane 

This section considers the variation of the electrostatic force and torque on a floating 
conducting spheroid with tilt angle  and separation . For any separation , the 
charge amount on a spheroid at tilt angle I is assumed to be that on the spheroid 
in contact with the grounded plane at the angle I, referred as “the fully charged 
condition”. The variation of the charge amount on a grounded spheroid with I was 
already presented in Figure 5.3. As the spheroid is separated from the plane, the 
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torque about the spheroid center o (center of mass) is considered. Note the 
gravitational torque about o is zero; therefore, the total torque about o is 
contributed only from the electrostatic torque. The effect of the charge reduction on 
the force and torque is discussed in Chapter VII. 

 Figures 5.18a and 5.18b present the variation of the force with respect to  
varied from 0º to 90º for c/b = 2 and 4, respectively. The force is normalized by F2 in 
equation (5.2). The calculated force is given for normalized separation /c = 0.1, 1, 
and 10. Besides, the case of the grounded spheroid ( = 0) is shown by the dotted 
line for comparison. As shown in Figure 5.18, the variation of the force with  for the 
floating spheroid ( ≠ 0) is similar to that of the grounded spheroid ( = 0). The 
difference between the curves in the figures does not depend much on . Figure 
5.18 indicates that the force enhances a little with the increase of the separation. 

 
(a) c/b = 2 

 
(b) c/b = 4 

Figure 5.18. Electrostatic force on fully charged spheroids with different . 
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 The calculation result of the torque Te,o for c/b = 2 and 4 is shown in Figures 
5.19a and 5.19b, respectively. The torque is normalized by T0 = F2b0. It is clear from 
Figure 5.19 that for any value of , Te,o varies roughly as a parabolic function of tilt 
angle  and maximal at  about 45º. This behavior is similar to that of the torque 
Te,p about the contact point p of a grounded spheroid presented in Figure 5.7. The 
maximum of Te,o is much smaller than that of Te,p. As shown in Figure 5.19, the 
torque is greater for larger separation and higher c/b. 

 
(a) c/b = 2 

 
(b) c/b = 4 

Figure 5.19. Electrostatic torque about the spheroid center o on fully charged 
spheroids with different separations for two c/b values. 
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5.3 Uncharged dielectric spheroid in contact with a grounded plane 

As presented in Appendix A, the use of a large number N of harmonics is necessary 
to obtain the high accuracy in the calculation result for the dielectric spheroid, 
especially for high axis ratio c/b and dielectric-constant ratio . However, the 3D 
calculation for dielectric spheroids has been done by using N less than 50. Therefore, 
only the case of c/b = 2 and   = 2, in which the results converge well with N ≤ 50, 
is given here. 

5.3.1 Electric field 

Figure 5.20 shows the magnitude of the electric field Eout along the spheroid surface 
on the y = 0 plane in the exterior of the spheroid when  = 0º, 15º, 45º, and 90º. 
The electric field is plotted as a function of the normalized arc length l/L. The 
electric field in Figure 5.20 is maximal at l/L = 0.5, 0.3, 0.1, and 0 for  = 0º, 15º, 45º, 
and 90º, respectively, which are the contact point p between the spheroid and the 
plane. It is clear from Figure 5.20 that the maximal field increases with . When  = 
90°, Eout maximum is about 0.4 times of that for the grounded conducting spheroid 
having the same c/b ratio (in Figure 5.1a). 

 
Figure 5.20. Distribution of electric field along the spheroid surface on the y = 0 

plane in the ambient-medium side. 

5.3.2 Electrostatic force  

Figure 5.21 presents the distribution of the electrostatic stress along the spheroid 
surface on the y = 0 plane for  = 0º, 15º, 45º and 90º. We can see from Figure 5.21 
that the force is governed by the stress on lower half. The force is considerably 
concentrated around the contact point p, especially for higher .  

l 

L 
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 In contrast to a conducting spheroid, a dielectric spheroid adheres to the 
grounded plane by the electrostatic force, irrespective of external field direction. The 
normalized electrostatic force on the dielectric spheroid is given in Figure 5.22. The 
force in Figure 5.22 is maximal at  = 0° and decreases with  to the minimum at 
90º. This is opposite to the behavior of the force on a conducting spheroid (see 
Figure 5.5). In comparison with the conducting spheroid having the same size, the 
average magnitude of the force on the dielectric spheroid in Figure 5.22 is smaller by 
about 50 times. The maximal-to-minimal force ratio approximately has the same 
value, 1.7. 

  
 

 
(a)  = 0º (b)  = 15º (c) = 45º (d)  = 90º 

Figure 5.21. Electrostatic stress along the spheroid surface on the y = 0 plane for 
different tilt angles. 

 
Figure 5.22. Variation of force magnitude on the dielectric spheroid with . 
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5.3.3 Electrostatic torque 

Figure 5.23 presents the normalized electrostatic torque Te,p about the contact point 
p as a function of . The torque in Figure 5.23 is positive. This means that the 
spheroid tends to rotate in increasing- direction, similarly to the case of the 
conducting spheroids. The positive values of the torque can be verified by the 
distribution of the stress in Figure 5.21. That is, for  = 15º and 45º in Figure 5.21, 
the torque about p resulted from the stress near higher pole becomes predominant. 
The torque in Figure 5.23 is maximal at  about 45º. The maximal value is about 80 
times smaller than that of the conducting spheroid with the same size. 

 
Figure 5.23. Electrostatic torque on the dielectric spheroid as a function of 

 To consider the effect of the gravitational force on the electromechanical 
behavior of the dielectric spheroid, a Teflon spheroidal particle with b = 0.5 mm and 
c = 1 mm is taken into account here as an example. The Teflon has the mass density 
of about 2,200 kg/m3 and the permittivity of about 2. Figure 5.24 shows the total 
torque Ttot,p on the particle for E0 = 20, 40, 60, and 100 kV/cm. Note that, 100 kV/cm 
is hardly to find in practical equipments. It is considered here for reference. We can 
see from the figure that the variation of the torque with  and E0 is similar to that in 
Figure 5.10 for a conducting spheroid. Ttot,p in Figure 5.24 is negative for E0 = 20 
kV/cm, and positive for E0 = 100 kV/cm. For E0 values up to 60 kV/cm, the torque is 
negative when  is smaller than a critical tilt angle. Figure 5.25 presents the critical 
field ER for the rotating condition (Ttot,p = 0). Hence, the stable orientation of the 
particle on the plane is either lying or standing position. 
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Figure 5.24. Total torque on a Teflon spheroidal particle with b = 0.5 mm and c = 1 

mm as a function of  for different E0 values. 

 
Figure 5.25. Critical electric field ER for rotating the Teflon spheroidal particle having b 

= 0.5 mm and c = 1 mm. 

5.4 Summary 

This chapter applies the method of multipole images to the analysis on 
electromechanics of a conducting or dielectric spheroid in a three-dimensional 
configuration. The results obtained from the analysis can be summarized as follows: 

 For a grounded conducting spheroid, the maximal field takes place at or near 
the higher pole of the spheroid for nonzero tilt angles. The electrostatic force on the 
spheroids having the same minor axis increases nonlinearly with major axis and . 
The force is minimal and maximal when the spheroid lies and stands on the plane, 
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respectively. Empirical formulae are proposed to estimate the minimal and maximal 
forces with error smaller than 1% for the major-to-minor axis ratio between 1 and 10. 
The electrostatic torque is in the increasing- direction, and it is magnified with 
increasing  from 0 to about 45°, and then reduces to zero at  = 90°. The torque 
variation may be estimated by a quadratic relationship. When the gravitational force 
of a spheroidal particle is taken into account, its electromechanical behavior can be 
classified into three regimes, depending on the externally applied field and the tilt 
angle. The presence of the electrostatic torque enhances the probability of a 
spheroidal particle to be lifted from the grounded plane by the electric field. 

 For a fully charged conducting spheroid above the grounded plane, the 
variation of the electrostatic force and torque about the center o with respect to  
is similar to that when the spheroid is in contact with the plane. The force and 
torque increase with increasing the separation between the spheroid and the plane. 
However, the increase is not quite significant. The torque about the center o of the 
floating spheroid is smaller than that about the contact point p of the grounded 
spheroid. 

 For the uncharged dielectric spheroid with c/b = 2 and  = 2 in contact with 
the plane, the electric field is maximal at the contact point p for all  values. The 
force is maximal at  = 0º, and reduces nonlinearly with  to the minimum at  = 
90º. The torque about p always tends to rotate the spheroid to the standing position. 
The magnitude of the force and torque is significantly smaller in comparison with the 
conducting spheroid having the same size.  



 
CHAPTER VI                                                                                                    

EXPERIMENTAL SETUP AND APPARATUS 

 

In this dissertation, the author experimentally studied the movement behavior of 
conducting prolate spheroidal and wire particles with different ending profiles under 
a uniform electric field. Besides, the lifting electric field and the corona discharge 
triggered by the particles were also measured. This chapter presents the 
experimental setup, apparatus, and samples. The experimental procedure is also 
explained in this chapter. 

6.1 Test particles 

Metallic particles in actual gas insulated equipments have a variety of sizes and 
shapes. These particles are possibly produced in the manufacturing process or in the 
operation. The shape of the conducting particles commonly found in the 
equipments was non-spherical, rather elongated or needle. In this dissertation, 
prolate spheroidal and cylindrical (wire) particles are used in the experiments. The 
experimental results on the prolate spheroidal particles were used for comparison 
with the analytical results in Chapter V. The wire particles are supposed to produce a 
higher degree of field intensification than the spheroidal ones. Therefore, they are 
more susceptible to corona discharge. 

6.1.1 Prolate spheroidal particles 

Prolate spheroidal particles were made to a special order (Mitsuwa Science Factory). 
The particles were made from aluminum. Two sizes of the particles were used. The 
major axis of the particles was 4 mm. The minor axis was 1 mm for the small 
particles and 2 mm for the large particles, as shown in Figure 6.1. Three samples 
were used for each size. Table 6.1 shows the geometrical and electrical parameters 
of small and large particles. The ER, EL, and Emax/E0 values are determined by the 
analysis in Chapter V. Under the standing orientation ( = 90º), the maximal field at 
the top pole of the small particle was greater than that of the large particle by a 
factor of about 2.5 times. 
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(a) Small particle (b) Large particle 

Figure 6.1. Two kinds of prolate spheroidal particles used in this dissertation. 

Table 6.1. Details of the spheroidal particles. 

Parameter Symbol Small particle Large particle 
Minor axis (mm) 2b 1 2 
Major axis (mm) 2c 4 4 
Axis ratio c/b 4 2 
Surface area (mm2) S 10.1 21.5 
Volume (mm3) V 2.1 8.4 
Mass (mg) m 5.7 22.6 
Rotating field when  = 0º (kV/cm) ER 7.2 8.9 

Lifting field at when  = 0º (kV/cm) EL 8.0 10.1 
Maximal field ratio at top pole when 
 = 90º 

Emax/E0 21.7 8.8 

 

6.1.2 Wire particles 

Wire particles were cut from aluminum wires of diameter 0.5 mm (AL-011385, Nilaco) 
by diagonal pliers. The length of the particles was 2 and 4 mm. The particle ends 
were (i) left unfurnished to be sharp, (ii) rounded by sandpaper, or (iii) coated with a 
dielectric. Figure 6.2 shows the images of the particles ends. The rounded ends are 
shown in Figure 6.2a. For the uncoated sharp ends, the particles were cut with two 
slanting angles, as shown in Figures 6.2b and 6.2c. The ending profiles in Figure 6.2c 
are sharper than those in Figure 6.2b, and hereafter we refer to the profile as “very 
sharp end”. Under an applied voltage, the degree of corona discharge (if exists) at 
the particle ends is supposed to be lowest at the rounded end and highest at the 
very sharp end. Also note that the field at the tips also depends on the particle 
orientation on the electrode. Comparing the orientations in Figure 6.3, the electric 
field is higher at the sharp ends when the tip is well separated from the electrode 
(Figure 6.3a) than when the tip is in contact or close to the electrode (Figure 6.3b). 

1 mm 1 mm 
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The dielectric coating was applied to the particle end for suppressing the corona 
discharge there. The dielectric material was a kind of varnish obtained from a local 
supplier. The images of the coated ends are given in Figures 6.2d and 6.2e. The 
dielectric coating is thicker in Figure 6.2e, and is supposed to suppress the corona 
discharge more efficiently. This ending profile is referred as “thickly-coated end”. The 
average thickness at the tip was about 0.05 mm and 0.15 mm for Figure 2d and 2e, 
respectively. A preliminary experiment was carried out to estimate the attractive 
force between the coating layer and electrode (including coating weight). The force 
was about 7.3 N (equal to the weight of 1.4-mm long aluminum wire particles). 

Table 6.2 summarizes the combination of the particle ends used in the experiments. 
The particle types (such as R-R, S-S, etc.) are referred to the particles hereafter for 
convenience. The particles can be classified into two main categories: uncoated 
particles and particles with dielectric coating at one (rounded) end. 

     

     

     
(a) Rounded end  (b) Sharp end  (c) Very sharp end (d) Coated end (e) Thickly-coated end 

Figure 6.2. Images of particle ends (not on the same scale). 

 
Figure 6.3. A wire particle with different orientations on an electrode. 
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Table 6.2. Types of wire particles used for experiments. 

Particle type Description Profile 
R-R Two rounded ends  
S-S Two sharp ends  
R-S Rounded end and sharp end  
R-SS Rounded end and very sharp end  
C-R Coated end and rounded end  
C-S Coated end and sharp end  
CC-S Thickly-coated end and sharp end 

 
 

6.2 Experimental setup 

Figure 6.4 shows the schematic diagram of the experimental setup for the 
observation of the particle movement and for the measurement of the corona 
discharge. The major components were a DC high voltage power source, an 
electrode system, and observation and measurement equipments. The high-voltage 
(HV) electrode was connected to the power source through a 10 M  resistor. The 
potential at the HV electrode was measured by using a resistive voltage divider. The 
other electrode was grounded. To measure the corona discharge on the particle, a 
50   resistor was connected in series with the grounded electrode. The movement 
of the particle between the electrodes was recorded with a digital video camera with 
a frame rate of 1000 fps. The video images were subsequently transferred to a 
computer for analyzing the particle behavior. All experiments were carried out in air. 
The pressure used in the experiments was mostly atmospheric one. In some cases, 
the pressure was 0.2 MPa pressurized by using a test chamber. 

 
Figure 6.4. Schematic diagram of experimental setup. 
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6.3 DC high voltage sources 

The magnitude of the applied voltage was up to 20 kV. The DC high voltage was 
generated from: (i) a function generator associated with a high voltage amplifier, (ii) a 
HV test transformer connected to a rectifier circuit, or (iii) a DC high voltage generator. 

6.3.1 Combination of a function generator and a HV amplifier 

The DC applied voltage was generated by using a function generator (AFG3021B, 
Tektronix) and a high-voltage amplifier (610E, Trek). The function generator could 
generate arbitrary electrical waveforms with a frequency 0−25 MHz and peak value 
up to ±10 V. The amplifier magnified the input signal to 0 to ±10 kV with output 
current from 0 to ±200 A. These equipments were applied to the experiments 
about the movement of the wire particles.  

6.3.2 Combination of a HV test transformer and a rectifier circuit 

For the experiments on the spheroidal particles, the voltage greater than 10 kV was 
needed. For this case, the DC voltage was obtained by using a 220/100 kV, 50 Hz 
high-voltage test transformer and a 2-stage, Cockcroft–Walton rectifier circuit, as 
shown in Figure 6.5. An AC voltage was applied to the transformer through a control 
panel and an autotransformer. These equipments could deliver a voltage up to 100 
kV for both polarities with rated current of ± 50 mA.  

6.3.3 ±100 kV DC high voltage power supply 

The corona discharge was measured at the high voltage laboratory of the University 
of Tokyo, Japan. The voltage was applied by using positive and negative DC high 
voltage power supplies (MODEL-502, Nissin). The rated voltage and current are 100 
kV and 5 mA, respectively. 
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             (a) HV test transformer          (b) Two-stage CW multiplier 

 

 
(c) Circuit diagram 

Figure 6.5. DC voltage obtained by using a HV test transformer and a two-stage CW 
multiplier. 

6.4 Electrode systems 

Two electrode systems with different arrangements were utilized for observation of 
the particle movement and measurement of the corona discharge on the particles. 

6.4.1 Electrode system used for observation of the particle movement 

For the observation of the particle movement, the electrode system was composed 
of two parallel stainless-steel plates of 40 mm in diameter and 15 mm in thickness, 
as shown in Figure 6.6. The edges were rounded to prevent excessively high electric 
field. The high-voltage electrode was suspended from a z-axis stage (ZSG880, Misumi), 
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which had 26 mm travel distance. The grounded electrode was set on a xyz-axis 
stage (XYZLN60, Misumi), whose travel distances were ±9, ±10, and +26 mm in the x, 
y, z axis, respectively. The particle movement was observed with the gap distance 
between the electrodes of 9, 10, or 18 mm, which could be adjusted through the 
stages. 

 For the experiments using pressurized air, the electrode system was set inside 
a test chamber described in Section 6.5. 

 

 

 

 

 

(a) Electrode-system setup (b) Parallel electrodes 

Figure 6.6. Electrode system for observation of the particle movement. 

6.4.2 Electrode system used for measurement of the corona discharge 

Figure 6.7 shows the electrode system used for the measurement of the corona 
discharge in atmospheric air. The upper electrode was a copper disc with diameter of 
110 mm. It was supported by three cylindrical Polyoxymethylene (POM) spacers 
located on the lower electrode. The lower electrode was made from aluminum, and 
consisted of two concentric parts separated by a thin Polyethylene-terephthalate 
(PET) sheet. The inner part, called as the central electrode, was a cylinder with 10 
mm in thickness and 20 mm in diameter. The outer one was a block composed of a 
plate and a hollow cylinder. Note that the plate had a hole at its center, and the 
diameter of this hole was that of the PET sheet. The hollow cylinder of the outer 
part resulted in a void space between the lower electrode and the grounded plane. 
This space was covered by a closed conducting surface. In this space, a 50   
resistor was connected between the inner and outer parts (see Figure 6.7b). In 

60 mm 

z-axis stage 

xyz-axis stage 
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addition, a conducting wire was connected between the inner part and the center 
core of a coaxial cable connector installed on the outer part. With this connection, 
the obtained signal at the cable connector was the voltage signal across the resistor. 
In the corona measurement, the test particle was placed on the central electrode 
(the inner part).  

 The electrode system in Figure 6.7 eliminated unwanted corona discharges at 
the electrode edges. The corona measurement was performed with a gap distance of 
10 mm, set by the spacer height. 

 For the measurement of the corona inception voltage, the wire particle was 
kept in standing orientation on the central electrode by using a silicone rectangular-
parallelepiped piece (3×2×0.5 mm3), as shown Figure 6.8. 

  
(a) Image of electrode-system setup (b) Bottom view of lower electrode 

 

 
(c) Schematic diagram of electrode-system setup 

Figure 6.7. Electrode system for measurement of the corona discharge on the particle.  

50 Ω 

To high voltage 

10 mm 

20 mm 

Cable connector 

Upper electrode 

110 mm 

Lower electrode 

140 mm 

POM spacer 

20 mm 

PET sheet 

Test particle 

Cable connector 

HV electrode 

Spacer Resistor 
Conducting wire 



 91 

 
Figure 6.8. Wire particle kept vertically on the grounded electrode. 

6.5 Test chamber 

For the experiments under pressurized air, the electrodes were contained in a steel 
chamber, as shown in Figure 6.9. The chamber had an inner diameter of 250 mm and 
a height of 230 mm. Two glass windows of diameter 60 mm were installed at the 
middle of the wall for illumination and for observation. The top and bottom plates 
of the chamber were 10-mm thick and 340-mm diameter stainless-steel. The top 
cover was removable. It had a hole with diameter of 40 mm at the center, sealed by 
a rectangular-parallelepiped block of epoxy resin on the lower side of the cover. 
Rubber O-rings were used to prevent the leakage of the air. The inlet and outlet of 
air and the port of the pressure measurement were installed on the chamber wall 
(see Figure 6.9). 

 A stainless-steel rod plugged through the block was used as a conducting 
wire. The upper electrode was connected to the lower end of the conducting rod. 
The lower electrode was set on the xyz-axis stage mounted on the chamber base. 
The gap was set equal to 10 mm in the experiments. The experiments with the 
chamber were carried out with air at 0.2 MPa gauge pressure at room temperature 
and humidity. 

6.6 Observation and measurement equipments 

6.6.1 Observation equipment 

The photographs or images of the test particles were taken by a charge-coupled 
device (CCD) camera (902H2 SUPREME, Watec) with a fixed-focus telecentric lens (GT-
TC2-65, Generex) and by a stereo microscope (EMT-1, Meiji) with 10 or 20 time 
magnification. The Meiji microscope and another one (VMT-2F-M, Olympus) with 10 
or 20 time magnification were used to examine the profile of wire particles. 

 To observe the behavior of the spheroidal and wire particles under electric 
field, a digital video camera was used to record the particle trajectory with a frame 
rate up to 1000 fps. The video images exported to a computer for analysis. 

G.E. 

Wire particle Silicone piece 
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 Most of the experiments used the digital camera (EX-ZR200, Casio) having 
frame rates between 30 and 1000 fps. An external LED light was used to enhance the 
images at the electrode system. A few tests of the movement of wire particles, 
performed at the University of Tokyo, used a high-speed camera (V311, Phantom) 
having the frame rate up to 500,000 fps. For this camera, the use of the external light 
was unnecessary at 1000 fps. 

  
(a) Image of test chamber (b) Top view when the cover was removed 

 
(c) Schematic diagram 

Figure 6.9. Test chamber for experiments in pressurized air. 
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6.6.2 Measurement equipment 

Measurement of corona discharge used the electrode system with a central 
electrode, presented in Figure 6.7. Corona current pulses on the particles were 
measured through a 50   resistor connected in series with the grounded electrode. 
The voltage waveform was measured by a 4-channel, 1-GHz digital oscilloscope (DPO 
4104, Tektronix). The oscilloscope was synchronized with the high-speed camera 
through the trigger output signal of the oscilloscope. The minimum trigger level of 
the oscilloscope was set to be less than 10 mV (equivalent to 200 A) to detect the 
corona pulses. 

6.7 Experimental procedure 

In the experiments, test particles and the electrode surface were cleaned by ethanol, 
and by a hair dryer or waiting for about 3 minutes under room temperature. The 
cleaning was done before each test for observation of the particle movement and 
every ten tests for the measurement of the corona inception voltage. 

 For observation of the particle movement, a particle was placed on the lower 
(grounded) electrode in lying orientation. The applied voltage was then increased 
gradually with the rate of about 0.5 kV/s until the particle moved for observation 
under lifting voltage. The movement of the particle was detected by eyes through 
the monitor of the digital camera or that of a computer connected to the high-speed 
camera. Some observation was made under a specified applied voltage, i.e., 8 or 9 kV. 
Note that when using the chamber, the chamber was opened after each test to reset 
the particle position for the next test. 

 For measurement of the corona inception voltage, a particle was placed on 
the central electrode in standing orientation. The applied voltage was increased 
gradually with the rate of about 0.5 kV/s until the corona discharge was detected by 
using the trigger mode of the oscilloscope. 



 
CHAPTER VII                                                                                              

EXPERIMENTAL RESULTS AND DISCUSSION 

 

This chapter presents the experimental results of the movement behavior of prolate 
spheroidal and wire particles described in Chapter VI. The experiments are carried 
out in air with DC positive and negative voltage applied to the upper electrode. The 
author focuses on the lifting electric field and the lifting behavior of the particles. For 
the spheroidal particles, the experimental results are compared with the analytical 
prediction.  For the wire particles, the electrostatic force and torque on the particles 
are analyzed by using a prolate spheroidal model for various arrangements. The 
charge amount on the particles is varied in the analysis to reflect the charge losses 
due to corona discharge. 

7.1 Prolate spheroidal particles 

The experiments on the spheroidal particles were done in the atmospheric air with 9 
mm or 18 mm gap between electrodes under positive voltage application. The 
particle movement was observed by gradually increasing the applied voltage. Two 
sizes of the particles were used for the experiments as explained in Section 6.1.1.  

7.1.1 Movement behavior 

From the recorded images, it was found that the particle might move initially at 
either end or at both ends. The behaviors of the particles may be classified into 
three main patterns. For the first movement pattern, the particle moved initially at 
an end. Then, it rotated on the electrode, and departed from the electrode at a tilt 
angle, mostly between 35º to 65º. Figure 7.1 shows the diagram and images of the 
first pattern. After the departure, the particle continued rotating while moving to the 
upper electrode, as shown in the rightmost image in Figure 7.1b. The second pattern 
was similar to the first one, but the particle fell after departure, as shown in Figure 
7.2. The last pattern is shown in Figure 7.3. The particle was lifted parallel from the 
electrode. Afterward, it began rotation while moving up to the upper electrode. 
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(b) Images (in a temporal sequence) 

Figure 7.1. Diagram and images of the first movement pattern. 

 

    
(b) Images (in a temporal sequence) 

Figure 7.2. Diagram and images of the second movement pattern. 

Figure 7.4 presents the incident rates of the movement patterns of the small 
and large particles in the 9 mm and 18 mm electrode gaps. It is clear from the figure 
that the particles mostly moved initially at an end (first and second patterns). In 
particular, the large particle did not exhibit the third pattern in the 18 mm gap. After 
the initial movement at an end, the particles always immediately lifted to the upper 
electrode, except the small particles in the 18 mm gap. In this case, the incident rate 
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of the falling phenomenon after departure was 17%. The probability of the initially 
parallel movement was greater for the electrode gap of 9 mm than for that of 18 
mm for both particle sizes. 

 

    
(b) Images (in a temporal sequence) 

Figure 7.3. Diagram and images of the third movement pattern. 

 
 

Figure 7.4. Incident rates of the movement patterns. 

7.1.2 Lifting electric field 

Figures 7.5a and 7.5b present the measured lifting electric field for the small and 
large particles, respectively. The maximum, minimum, and average values are given 
on the graphs. The figures indicate that the average lifting field was slightly smaller 
for shorter electrode gap. This might be due to the effects of the image charges 
induced on the upper electrode. However, the difference was rather insignificant. The 
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average lifting field was 8.15 kV/cm for the small particle and 9.75 kV/cm for the 
large particle. 
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(a) Small particle 

0

2

4

6

8

10

12

E
L
(0)

E
R

(0)

9 mm 18 mm

 E
le

ct
ri

c 
fi

el
d

 (
k

V
/c

m
)

 
(b) Large particle 

Figure 7.5. Measured lifting electric field of the particles in 9 mm and 18 mm 
electrode gaps. 

7.1.3 Discussion 

The 3D analysis of the electrostatic force and torque on a conducting spheroid has 
been presented in Chapter V. Figure 7.6 shows the characteristics of EL and ER for the 
small and large particles used in the experiments. Note that ER( = 0º) is the critical 
field that rotates the particle if there is a small disturbance on . ER(0º) < EL(0º) in 
Figure 7.6. Hence, if the angle slightly deviates from 0, the particle rotates on the 
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electrode and is then lifted from the electrode at  = 1 when E > EL(1). From 
Figure 7.6, 1 = 15º for the small particle and 37º for the large particle. 

 
(a) Small particle 

 
(b) Large particle 

Figure 7.6. Characteristics of lifting electric field EL and rotating electric field ER of the 
particles used in the experiments. 

As shown in Figure 7.4, the particles rotated on the lower electrode in most 
cases. Only for the small particle in the 9 mm electrode gap, the incident rate of the 
parallel lift (third pattern) was about 30%. Thus, the theoretical lifting-field was not 
EL(0º) but was ER(0º). The EL(0º) and ER(0º) values for the small and large particles are 
plotted as the solid and dotted lines in Figure 7.5 for comparison. From the figure, 
we can see that the average values of the measured lifting field were larger than 
ER(0º). The difference between the average lifting field and ER(0º) was between 10% 
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and 15%. In the experiments, when a particle moved initially at both ends, it was 
lifted at field strength greater than EL(0º) by about 8%. Therefore, the lifting field 
obtained from the experiment agreed quite well with calculation values. The 
discrepancy might result from the surface force between the particle and the lower 
electrode. 

The departing angle obtained from the experiment was between 35−65º for 
both particles, which was greater than theoretical ones. This difference may be 
explained based on the displacement of the particle center in the vertical direction 
as follows. At  > 1, the Coulomb force exceeds the gravitational force, lifting the 
particle center in the vertical direction. At the same time, the total torque at  > 1 
also rotates the particle in the increasing- direction. The rotation raises the height 
of the particle center. If the vertical displacement of the particle center is greater 
due to the rotation than due to the translation, the particle does not separate from 
the lower electrode. 

After departure from the electrode, corona discharge might take place at the 
upper pole of the particles due to field enhancement. At that time, the induced 
charge on the particles reduced, as mentioned in Chapter II. This resulted in the 
reduction of the Coulomb force on the particles. When the Coulomb force became 
smaller than the gravitational force, the particle fell on the lower electrode. However, 
the second movement pattern was observed only in the cases of the small particles 
in 18 mm gap, where the field is supposed to be larger than that in the cases of large 
particles. Further study is needed to clarify this behavior. 

7.2 Wire particles 

The experiments on the wire particles were done with the electrode gap of 10 mm 
under both negative and positive polarities of the applied voltage. Types of the wire 
particles were shown in Table 6.2. The particle end was in rounded, sharp, or very 
sharp profile. Dielectric coating was applied to an end of some samples (see Figure 
6.2). The experiments were carried out in the atmospheric air, except for Section 
7.2.5 that the pressurized air was used. 

7.2.1 Lifting electric field 

The lifting electric field was measured for two types of 4 mm uncoated particles, i.e., 
particles with rounded ends (R-R), and particles with a rounded end and a sharp end 
(R-S). The R-S particles were placed on the grounded electrode in two different 
manners (orientations). For the first orientation, the tip of the sharp end was on or 
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very close to the electrode. For the second orientation, the tip was at the highest 
position, separated from the electrode. The electric field at the tip was stronger in 
the latter orientation. 

The average value of the measured lifting field was 7.3 kV/cm for the R-R 
particles. For the R-S particles, the lifting field was 7.4 kV/cm when the tip was on 
the electrode and 7.0 kV/cm when the tip was separated from the electrode. The 
theoretical value of the lifting electric field is 7.2 kV/cm for an infinitely long 
conducting cylinder on a planar electrode. Hence, the measured values deviate 
slightly from the theoretical prediction. 

7.2.2 Initial movement 

The initial movement was defined as the first motion on the grounded electrode 
under the voltage application. The initial movement was at either end first or at both 
ends simultaneously. For example, the R-S particles may exhibit an initial movement 
at the rounded end, at both ends (parallel lift), or at the sharp end. The initial 
movement was discussed here for the 4 mm uncoated particles. For the particles 
having a sharp end, orientations with tip on the electrode and with tip separated 
from the electrode were used to investigate their influence on the behavior. The 
initial movement was observed under application of a gradually increasing voltage or 
a fixed voltage magnitude 8 kV or 9 kV for both positive and negative polarities. 

a) Under gradually increased voltage 

Figure 7.7 presents the initial movement of the R-S particles when the voltage 
was gradually increased. The results are grouped by the initial orientations and the 
voltage polarities. Figure 7.7a indicates that when the tip was on the electrode 
surface, the particle often moved initially either at the rounded end or at the sharp 
end. On the other hand, when the tip was highest from the electrode surface in 
Figure 7.7b, the sharp end was almost raised first. The behavior in Figure 7.7b agreed 
well with the results obtained in [22]. The initial movement at both ends was 
seldom observed. Figure 7.7 does not show a dependency of the initial movement 
on the applied voltage polarity. 

For the R-R particles, probability of the initial movement at both ends was 
30% and 26.7% under negative and positive voltage application, respectively. The 
results imply the consistency of the rounded profiles of the particles. 
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Figure 7.7. Probability of initial movement of the 4 mm R-S particles when the 

applied voltage was gradually increased. 

b) Under 8 kV or 9 kV applied voltage 

Figure 7.8 presents the result of the initial movement for the R-S and R-SS 
particles under 8 kV application separately for each combination of the initial tip 
orientation and voltage polarity. The initial movements are presented using the 
patterns as shown in the inset. From Figure 7.8, the initial movement of the R-S and 
R-SS particles has the same behavior for the same orientation and voltage polarity. 
When the tip was on the electrode in Figure 7.8a, the probabilities of the movement 
patterns were close to each other under the negative voltage polarity, and the 
probability of the initial movement at both ends was smaller under the positive 
voltage application. When the tip was separated from the electrode in Figure 7.8b, 
the sharp end was mostly raised first, irrespective of the voltage polarity. 

The initial movement of the R-S and R-SS particles when the tip was 
separated from the electrode was further investigated under stronger field by using 9 
kV voltage application. The results are shown in Figure 7.9. The figure indicates that 
the R-S and R-SS particles had the similar behavior of the initial movement under 
both voltage polarities. The initial movement at the sharp end was still dominant. 
However, the movement at both ends had clearly higher probability in comparison 
with Figures 7.8c and 7.8d. 

Voltage 

polarity 3.3% 50% (+) 46.7% 96.7% 3.3% 

30% 10% (−) 60% 96.7% 3.3% 

(a) On electrode surface (b) Highest from electrode surface 
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                 (a) Tip on the electrode  
                     under negative voltage 

        (b) Tip on the electrode 
            under positive voltage 

  
         (c) Tip separated from the electrode  
                   under negative voltage 

(d) Tip separated from the electrode  
under positive voltage 

Figure 7.8. Probability of initial movement of the 4 mm R-S and R-SS particles under 
8 kV voltage application. 

  
             (a) Negative voltage               (b) Positive voltage 

Figure 7.9. Probability of initial movement of the 4 mm R-S and R-SS particles under 
9 kV voltage application when the tip was separated from the electrode. 

The initial movement of the R-R and S-S particles did not depend much on 
the voltage polarity. The results of the initial movement are presented in Figure 7.10. 
The probability of the initial movement at both ends was 28% for the R-R particles 
and 23% for the S-S ones under 8 kV voltage application. The probability was larger 

At rounded end 

At both ends 

At sharp end 

At rounded end 

At both ends 

At sharp end 
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when the voltage was increased to 9 kV, especially for the R-R particles. From the 
results in this section and in Section 7.2.1, where the applied voltage was usually 
smaller than 8 kV, the particles tended to have a higher probability of the initial 
movement at both ends with stronger applied electric field. 

  
                      (a) Under 8 kV               (b) Under 9 kV 

Figure 7.10. Probability of initial movement of the 4 mm R-R and S-S particles. 

7.2.3 Subsequent movement of uncoated particles 

The behavior of the particles after their initial movement is referred as “subsequent 
movement”. The observation of the subsequent movement was done mainly for the 
applied voltage of 8 kV and 9 kV to investigate the effect of the corona discharge. For 
the particles having a sharp end, the tip of the sharp end was placed separated from 
the grounded electrode to obtain high field intensification under 9 kV voltage 
application. Under 8 kV, both initial orientations of the tip were used. 

The previous section explains a variety of the initial movements, which 
directly contributes to the subsequent movement. In addition, the initial movements 
affected the variation of the particle charges and the degree of corona discharge, 
which also had an effect on the subsequent movement. Therefore, this section 
discusses the subsequent movement separately for each kind of the initial 
movement. 

The number of occurrences of the initial movements of uncoated particles 
under both voltage polarities is presented in Tables 7.1 and 7.2 for 8 kV and 9 kV 
voltage applications, respectively. 

 

 

 

 

At both ends 

At an end 
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Table 7.1. Number of occurrences of initial movements for uncoated particles under 8 kV. 

Voltage polarity (−) (+) 

Initial movement 
Particle type 

At 
rounded 

end 

At 
both 
ends 

At 
sharp 
end 

At 
rounded 

end 

At 
both 
ends 

At 
sharp 
end 

2 mm R-S 14 11 35 10 20 30 
4 mm R-S 14 12 34 17 5 38 
4 mm R-SS 14 11 35 17 5 38 
4 mm S-S  13 47  15 45 
4 mm R-R 44 16  42 18  

 
Table 7.2. Number of occurrences of initial movements for uncoated particles under 9 kV. 

Voltage polarity (−) (+) 

Initial movement 
Particle type 

At 
rounded 

end 

At 
both 
ends 

At 
sharp 
end 

At 
rounded 

end 

At 
both 
ends 

At 
sharp 
end 

2 mm R-S 0 9 21 0 6 24 
4 mm R-S 3 10 17 3 7 20 
4 mm R-SS 2 1 27 1 5 24 
4 mm S-S  9 21  13 17 
4 mm R-R 10 20  8 22  

 

a) Under negative voltage 

After initial movement at the sharp end 

After initial movement at the sharp end, uncoated particles rotated about the 
lower end. During the rotation, they might also slide on the electrode. The particles 
departed from the lower electrode at a tilt angle between 20º to 55º, as illustrated 
in Figure 7.11a. They also continue rotation while moving to the upper electrode. We 
refer to this behavior as “immediate lift”. In other cases, electrical discharge occurred 
between the upper or lower particle tips and the electrodes after departure, as 
shown in Figure 7.11b. These cases are referred as “lift and breakdown”. 

Figure 7.12 shows the incident rates of the immediate lift and the particle-
induced breakdown for each particle type. We can see from the figure that the 2 mm 
particles always immediately lifted to the upper electrode, whereas the 4 mm 
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particles exhibited both kinds of the behaviors. For each applied voltage magnitude, 
the incident rate of the lift and breakdown behavior of the 4 mm particles increased 
in the following order: R-S, R-SS, and S-S particles. 

 
Figure 7.11. Typical behaviors of uncoated particles after initial movement at the 

sharp end under negative voltage. 

  
                            (a) 8 kV                        (b) 9 kV 

Figure 7.12. Incident rates of the subsequent movement under negative voltage after 
initial movement at the sharp end. 

After initial movement at both ends 

After initial movement at both ends, particles might rotate one of its ends up. 
When the rounded end was rotated up, all particles exhibited immediate lift. When 
the sharp end of the S-S particles was rotated up, the breakdown took place with 
the incident rate about 38% under 8 kV and 33% under 9 kV applied voltage. These 
incident rates were considerably lower than those of the corresponding cases in 
Figures 7.12a and 7.12b. For other kinds of particles except the S-S ones, however, 
breakdown did not take place even when their sharp end was rotated up. 

After initial movement at the rounded end 

When the particles initially moved at the rounded end, they were lifted 
immediately to the upper electrode without breakdown. 

#1 

Lifted 

#1 

20º−55º 20º−55º 

BD 

(a) Immediate lift (b) Lift and breakdown 

Immediate lift 

Lift and 

breakdown 
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b) Under positive voltage 

After initial movement at the sharp end 

Under positive voltage, the behavior after the initial movement differed from 
that under negative voltage. After departing from the electrode, some particles fell 
on the lower electrode. Subsequently, the particles either (i) bounced on the 
electrode and lifted again to the upper electrode or (ii) rotated on the lower 
electrode. These kinds of behavior are referred as “lift after falling” and “rotation 
after falling”, respectively. Their approximate trajectories are illustrated in Figures 
7.13a and 7.13b, where the dotted arrows indicate the sequence of movements. For 
the immediate lift, the tilt angle at which the particles departed from the lower 
electrode was between 30º and 55º. 

 
Figure 7.13. Movements of uncoated particles that fell on the lower electrode after 

departure. 

   
                              (a) 8 kV                          (b) 9 kV 

Figure 7.14. Incident rates of the subsequent movement of uncoated particles after 
initial movement at the sharp end under positive voltage. 

Figure 7.14 presents the incident rates of the classified behaviors under 8 kV 
and 9 kV positive voltages. The figure shows similar tendencies of the incident rates 
for 8 kV and 9 kV. The immediate lift was always observed for the 2 mm particles, 

#1 

Lifted 

#1 

30º−55º 
30º−55º 

(a) Lift after falling (b) Rotation after falling 

Immediate lift 

Lift after falling 

Rotation after 

 falling 
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but seldom seen for the 4 mm particles. For the 4 mm particles, the rate of rotation 
after falling increased in the order of R-S, R-SS, and S-S particles. In particular, the 
rotation after falling was predominant for the 4 mm S-S particles. For the lift after 
falling, the incident rate varied reversely to this order. 

After initial movement at both ends 

Similarly to the cases of negative voltage application, the particle behavior is 
considered separately based on which end is rotated up after the initial movement. 
When the rounded end was rotated up, the immediate lift was usually observed. 
The incident rates of lift after falling were only 8.7% under 8 kV and 0% under 9 kV 
applied voltages, whereas the rotation after falling was not observed. 

Figure 7.15 presents the incident rates when the sharp end is rotated up after 
the initial movement. The results are similar to those in Figure 7.14 (after initial 
movement at the sharp end) as the 2 mm particles were always immediately lifted, 
and the 4 mm particles exhibited both immediate-lift behavior and lift-and-falling 
behavior. Except the case of the 4 mm R-S particles (second column in Figure 7.15a), 
the incident rates of the rotation after falling and the lift after falling increased in the 
same order of particles types as those in Figure 7.14. In comparison of Figures 7.14 
and 7.15, the incident rate of rotating after falling was lower in Figure 7.15 for the 
same particle ending profiles. 

   
                            (a) 8 kV                              (b) 9 kV 

Figure 7.15. Incident rates for the uncoated particles under positive voltage when the 
sharp end is raised after initial movement at both ends. 

After initial movement at the rounded end 

After the initial movement at the rounded end, the 2 mm particles (with a 
rounded end and a sharp end) were always lifted to the upper electrode. The 4 mm 
particles (including the particles with both rounded ends) mostly exhibited the 

Immediate lift 

Lift after falling 

Rotation after 

 falling 
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immediate lift. There were only 1.3% and 33.3% incident rates under 8 kV and 9 kV 
applied voltages for the lift after falling. No rotation after falling was observed. The 
tendency of particle behavior in this case was similar to that when the rounded end 
was rotated up after initial movement at both ends. 

7.2.4 Subsequent movement of coated particles 

The coated particles were initially placed such that the tip of the uncoated end in 
sharp profile had both orientations on the grounded electrode. However, for a 
coated particle, the tip might not be located perfectly at the highest or lowest 
position due to non-symmetrical shape of the dielectric coating. The number of 
occurrences of the initial movement for 8 kV and 9 kV voltage applications is 
presented in Tables 7.3 and 7.4, respectively. 
Table 7.3. Number of occurrences of initial movements for coated particles under 8 kV. 

Voltage polarity (−) (+) 

Initial movement 
Particle type 

At 
coated 

end 

At 
both 
ends 

At 
uncoated 

end 

At 
coated 

end 

At 
both 
ends 

At 
uncoated 

end 
2 mm C-R 16 23 21 22 20 18 
2 mm C-S 9 27 24 11 21 28 
4 mm C-R 22 13 25 24 7 29 
4 mm C-S 12 8 40 11 9 40 
4 mm CC-S 4 12 44 5 7 48 

 
Table 7.4. Number of occurrences of initial movements for coated particles under 9 kV. 

Voltage polarity (−) (+) 

Initial movement 
Particle type 

At 
coated 

end 

At 
both 
ends 

At 
uncoated 

end 

At 
coated 

end 

At 
both 
ends 

At 
uncoated 

end 
2 mm C-R - - - - - - 
2 mm C-S 0 10 20 1 21 8 
4 mm C-R 6 9 15 11 11 8 
4 mm C-S 3 10 17 5 9 16 
4 mm CC-S 4 8 18 5 13 12 
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a) Under negative voltage 

After initial movement at the uncoated end 

Under negative voltage, after initial movement at the uncoated end, coated 
particles exhibited the following behaviors: 

- Immediate lift: the particle rotated about the coated end to obtain a larger 
tilt angle and then departed from the electrode. 

- Rotation: the particle rotated on the lower electrode. 

- Bounce: the particle rotated about 180º, made a bounce on the electrode, 
and then lifted. 

- Breakdown: a breakdown occurred during the particle rotation. 

The behaviors are illustrated in Figure 7.16. 

Figure 7.17 presents the incident rates of the classified behaviors under 8 kV 
and 9 kV voltages. As shown in Figure 7.17a for 8 kV, the 2 mm particles mostly 
exhibited the immediate lift, whereas the 4 mm particles mainly rotated on the 
electrode, except the CC-S particles (with thick coating). The bounce behavior was 
observed sometimes for the 4 mm C-S particles and seldom for the 2 mm C-S 
particles. The behavior under 9 kV was similar to that under 8 kV. However, the 
incident rate of the breakdown was remarkable for the 4 mm C-S particles under 9 
kV voltage.  

 
Figure 7.16. Typical behaviors of coated particles after initial movement at uncoated 

end. 

#1 

Lifted 

#1 
#1 

Lifted 

#1 

BD 

(a) Immediate lift (b) Rotation (c) Bounce (d) Breakdown 
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                              (a) 8 kV                                (b) 9 kV 

Figure 7.17. Incident rates of the subsequent movement of coated particles after 
initial movement at the uncoated end under negative voltage. 

After initial movement at both ends 

When the coated end was rotated up after the initial movement, all particles 
exhibited the immediate lift. When the uncoated end was rotated up, the lift after 
falling behavior was sometimes observed for the 4 mm C-S particles under 9 kV; 
however, the incident rate was only 9%. 

After initial movement at the coated end 

 After initial movement at the coated end, all particles were lifted 
immediately to the upper electrode. The tilt angle before departure was about from 
20º to 55º. 

b) Under positive voltage 

After initial movement at the uncoated end 

Breakdown was not observed under positive voltage application after initial 
movement at the uncoated end. The incident rates of the other behaviors are 
presented in Figure 7.18. For the 8 kV voltage application in Figure 7.18a, the 2 mm 
particles tended to exhibit the immediate lift, especially for the C-S particles. For the 
4 mm particles, the C-R particles mostly rotated on the electrode, whereas the C-S 
and CC-S particles usually exhibited the bounce behavior. With increasing the applied 
voltage to 9 kV, Figure 7.18b shows that the incident rate of the bounce behavior 
became higher and that of the rotation became lower for the 4 mm particles. 
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                                (a) 8 kV                                  (b) 9 kV 

Figure 7.18. Incident rates of the subsequent movement of coated particles after 
initial movement at the uncoated end under positive voltage. 

In comparison between Figure 7.17 and 7.18, the similar behavior was 
obtained for the 2 mm C-S particles (second column) with both magnitudes of the 
applied voltage. There was a clear difference in the behavior of the 4 mm particles, 
except the C-R particles (third column) under 8 kV.  

After initial movement at both ends 

When the coated end was rotated up after the initial movement, all particles 
exhibited the immediate lift, similarly to the case of negative voltage application. 
When the uncoated end was rotated up, apart from the immediate lift, the lift after 
falling behavior was observed for the 4 mm C-S and CC-S particles with the incident 
rate about 55% under 8 kV and 85% under 9 kV. 

After initial movement at the coated end 

 When the particles moved initially at the coated end, the immediate lift was 
always observed for all particles. 

7.2.5 Subsequent movement in pressurized air 

Experiments were carried out in pressurized air where dielectric strength is stronger. 
The experiments were done at 0.2 MPa gauge pressure with the applied voltage 
increased gradually. The 4 mm S-S and C-S particles were used. The gap distance 
was 10 mm. 

 From the experiments, the S-S particles always moved immediately to the 
upper electrode after departure from the lower electrode. This behavior was 
independent of the initial movement and the voltage polarity. 
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 The C-S particles exhibited similar behaviors to those in the atmospheric air. 
For a clear comparison, the incident rates of the subsequent movement behaviors in 
the pressurized air are shown in Figure 7.19 together with the results in the 
atmospheric condition. The figure indicates that the rotation behavior was more 
frequently found over other ones with increasing the pressure. Note that if the 
pressure of air is high enough to prevent the corona discharge, the particles are 
supposed to exhibit the same behavior under negative and positive voltages. 

   
              (a) Under negative voltage          (b) Under positive voltage 

Figure 7.19. Incident rates of the subsequent movement of the 4 mm C-S particles. 

7.2.6 Discussion 

The induced charge on a particle after departure from the grounded electrode may 
be reduced by the corona discharge at its ends. This affects the force and torque on 
the particle. To clarify the movement behavior of the uncoated and coated particles 
in the experiment, a configuration based on the spheroid model was used to 
approximate force and torque on the particle under 8 kV voltage application. The 
author focused on the tendency of the force and torque with variation of the 
induced charge as well as the position of particle above the electrode. 

Table 7.5 compares the weight, induced charge, and electrostatic force for 
lying and standing orientations of the wire particles and approximate spheroids. It can 
be seen from Table 7.5 that the wire particles were considerably heavier than the 
spheroidal ones. However, the charge and force of the spheroids are not significantly 
different from those of the wire particles. 
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Table 7.5. Comparison between the wire particles and approximate spheroids under 
the external field of 8 kV/cm. 

             Particles Wire Spheroid 
               Length 2 mm 4 mm 2 mm 4 mm 

            Weight (N) P  10.4 20.8 6.9 13.9 

Induced charge 
(pC) 

Lying Qly  22.3 44.5 22.5 40.9 
Standing Qstand  50.2 144.4 53.5 154.0 

Electrostatic 
force (N) 

Lying Fly  12.7 25.5 14.0 24.6 
Standing Fstand  35.8 106.5 38.8 114.3 

 

 Unlike uncoated particles, the coated particles can suppress the corona 
discharge at the coated end. When the coated end is in contact with the electrodes, 
the coating layer prevents the direct charging of the particles from the electrode. 
Note that, the layer forms an attractive force between the particle and the electrode. 
The force (including coating weight) for the normally thick layer was about 7.3 N. 

a) Uncoated particles 

 Uncoated particles acquire charge amount Q from the grounded electrode 
before departure from the electrode. Note that Q increases with tilt angle  as 
presented in Figure 5.3. After departure, the particle charge might be reduced by the 
corona discharge at the particle ends. Four typical values of the particle charge (Q, 
Q/2, Q/4 and 0) are used to observe the force variation. The first value represents 
the case of absence of corona discharge, which is defined as “the fully charged 
condition” in Chapter V. 

Figures 7.20 presents the total force Ftot with variation of tilt angle  at  = 
0.2 mm and 2 mm for the 2 mm and 4 mm particles. Note that Q in the figure is 
different for different  values. The figure shows similar behaviors of the force with 
respect to  for the particles and the separations. The force in Figure 7.20 is reduced 
when the charge decreases. The figure indicates that the force is positive (in upward 
direction) at  > 45º when the particle charge is greater than Q/4. This can be 
applied to the explanation of that the 2 mm and 4 mm particles can approach the 
upper electrode after the initial movement at both ends. For example, a 4 mm 
particle moved initially at both ends. After departure, in the absence of the corona 
discharge, the particle charge was kept equal to 44.5 pC. This value is about 0.3 
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times of Qstand (= 144.4 pC). Thus, even at the tilt angle 90º, the force on the particle 
was still in upward direction. 

From the analysis in Chapter V, the electrostatic torque Te,o (also total torque) 
about the center o is positive for  between 0º and 90º. This means that the torque 
rotates the particle in increasing- direction. The torque varies roughly as a parabolic 
function of , and is maximal at  about 45º. Figures 7.21 shows maximum of Te,o 
with variation of  from 0.01 to 2 mm for the 2 mm and 4 mm particles. The 
maximal torque increases with the reduction of the induced charge and the 
separation. For  > 0.5 mm, the torque is nearly independent of induced charge and 
the separation. 

  
(a) 2 mm particleat  = 0.2 mm (b) 2 mm particle at  = 2 mm 

  
(c) 4 mm particle at  = 0.2 mm (d) 4 mm particle at  = 2 mm 

Figure 7.20. Total force on 2 mm and 4 mm particles for two  values. 
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(a) 2 mm particle (b) 4 mm particle 

Figure 7.21. Maximum of electrostatic torque about the particle center o. 

Under negative voltage, when a particle is near the grounded electrode, the 
complete breakdown occurred without preceding the corona discharge. If there is no 
breakdown or corona discharge, under negative voltage application the induced 
charge on the particles is not reduced after departure. Thus, the particles always 
move immediately to the upper electrode without falling even for the initial 
movement at both ends which has lowest initial charge amount compared with the 
initial movement at an end. This agreed well with the experimental results of the 2 
mm and 4 mm particles. 

Under positive voltage, the corona inception voltage is minimal when the 
wire particle is in contact with a grounded electrode [14]. According to the 
measurement of the corona inception voltage Ui of the 2 mm and 4 mm particles in 
standing position (in Appendix C), the corona inception voltage decreased with the 
particle length and the degree of the sharpness at the particle ends. This means that 
with the same applied voltage, the corona degree is greater for longer and sharper 
particles. 

For the 2 mm R-S particles, the measured Ui was 7.2 kV. The corona inception 
voltage increases considerably with separation between the particle and the 
electrode [14]. Hence, after the 2 mm particles departed from the electrode, under 
the 8 kV or 9 kV voltage application, the particles exhibited the immediate lift if the 
corona discharge was very small or did not exist. 

The measured Ui was also about 7.2 kV for the 4 mm R-R particles and 5.8 kV 
for the 4 mm R-S particles. When the condition that rounded end was rotated up, 
the charge loss was negligible, and the particles exhibited the immediate lift. When 
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the condition that sharp end was rotated up, the discharge degree increased. The 
particle charge was reduced significantly. Hence, the force direction might become 
downward, resulting in the falling behavior. For the falling behavior, the greater 
downward force or charge reduction resulted in a larger probability of that the lower 
end of the particles touched first the grounded electrode. The results from the 
observation indicate that when the lower end touched the electrode first, the 
particles tended to exhibit the rotation on the electrode. On the other hand, when 
the upper end touched the electrode first, the particles tended to bounce on the 
electrode. As the discharge degree increased with the sharp degree of the ending 
profile, the incident rate of the rotation increased in the order of the sharp end and 
the very sharp end, as presented in Figure 7.14. For the S-S particles, after departure 
the corona discharge occurred more easily at the lower end. This discharge played 
an important role in forming the rotation behavior on the grounded electrode of the 
particles. 

b) Coated particles 

As there was no corona discharge at the coated end, the coated particles 
moved immediately to the upper electrode without falling after the coated end was 
rotated up. For the initial movement at both ends with the uncoated end rotating up 
further, corona discharge might exist at the uncoated end under positive voltage. The 
degree of the corona discharge was greater for sharper profile and higher applied 
voltage. Therefore, the lift after falling behavior was usually observed for the 
particles having the sharp end, and increased with the applied voltage. 

 After the particle moved initially at the uncoated end, the author supposes 
that the charge amount on the particle was Qly in Table 7.5. However, this charge 
amount might be reduced by the corona discharge at the uncoated end. Four typical 
values of the particle charge (Qly, 3Qly/4, Qly/2, and 0) are considered for reference. 
Figure 7.22 shows the total force on the 2 mm and 4 mm particles at = 0.05 mm 
and 0.15 mm, representing two thicknesses of the coating layer. It can be seen from 
the figure that the force is greater for thicker coating layer. The calculation of the 
total torque about the contact point p indicates that the toque rotates the particle 
in increasing- direction when the particle charge is greater than Qly/2. The torque is 
nearly independent of coating thickness, and reduces when the particle charge 
decreases. 
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(a) 2 mm particle at  = 0.05 mm (b) 2 mm particle at  = 0.15 mm 

  
(c) 4 mm particle at  = 0.05 mm (d) 4 mm particle at  = 0.15 mm 

Figure 7.22. Total force on 2 mm and 4 mm particles for two thickness of the coating 
layer. 

The author believed that the subsequent movements, immediate lift, rotation, 
and bounce, after the initial movement at the uncoated end result from the 
different degree of corona discharge. After moving initially at the uncoated end, the 
particles rotated about the coated end to obtain standing position. For the 2 mm 
particles, the corona discharge might be very small or not exist under negative and 
positive voltages. As presented in Figure 7.22a, the total force at  about 90º was 
positive when the particle charge was greater than 3Qly/4. Thus, the predominance of 
the immediate lift behavior of the 2 mm particles under both voltage polarities in 
Figures 7.17 and 7.18 can be explained. 

When the pulling-back torque was not strong enough to exterminate the 
kinetic energy obtained in the rotating process from  = 0º to 90º, the particles 
bounced on the electrode. Therefore, for increasing in the discharge degree, the 
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immediate lift tended to be replaced by the rotation, and the rotation tended to be 
replaced by the bounce. 

For the 4 mm particles under negative voltage, the calculated total force at 
 = 90º is negative with normal coating thickness ( = 0.05 mm in Figure 7.22c). 
Therefore, the particles keep rotating by the increasing- torque without departure, 
produce the predominant rotation behavior in Figure 7.17a. On the other hand, the 
calculated force in Figure 7.22d is positive with thick coating thickness ( = 0.15 mm 
in Figure 7.22d) when the particle charge was greater than 3Qly/4. The positive force 
corresponds to the high incident rates of the immediate lift behavior in Figure 7.17a. 
However, it was unclear why the incident rate was smaller when the voltage was 
increased to 9 kV. 

Under positive voltage, the C-R particles had the corona inception voltage 
between 8 kV and 9 kV. Thus, with the application of 8 kV, there was no corona 
discharge, leading to that the particles also usually exhibited the rotation behavior as 
under negative voltage. This behavior tended to be replaced by the bounce behavior 
under 9 kV voltage application due to the occurrence of the corona discharge. For 
the C-S and CC-S particles, as the corona discharge was large due to low Ui, most of 
their behaviors were the bounce on the electrode as presented in Figure 7.18. 

7.3 Summary 

 For the spheroidal particles, the measured lifting field and the movement 
behavior did not depend significantly on the electrode gap and the size of the 
particles. The lifting field from the experiment was greater than the calculated values 
by 10−15%. Most of the particles moved initially at an end and then departed from 
the lower electrode at a tilt angle between 35º and 65º. The tendency of the initial 
movement at an end agreed with the theoretical prediction. However, the measured 
tilt angle before departure was greater than theoretical values. 

 For the wire particles, the lifting field from the experiment depended on the 
ending profile and initial orientation on the grounded electrode of the particles. 
However, the measured lifting field for different ending profiles and initial 
orientations deviated slightly from the calculated value. The particles usually moved 
initially at which the end had a stronger field (or force), as expected, regardless of 
the polarity of the applied voltage. The probability of the initial movement at both 
ends (parallel lift) increased with the applied voltage. The movement behavior of a 
particle after departure from the electrode depended significantly on the initial 
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movement of the particle and the voltage polarity. The behavior was governed by 
the degree of the corona discharge on the particle after departure. The calculation 
results can explain the particle behavior that the corona discharge may result in the 
change in the force direction on the particle. 
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CHAPTER VIII                                                                                            

CONCLUSIONS 

 

Contaminating metallic or dielectric particles in gas insulated systems may reduce 
the insulation performance of the systems. Considerable efforts have been made to 
investigate the particle-initiated corona discharge, the particle movement, and the 
methods of particle deactivation. The clear understanding of the particle movement, 
which is affected significantly by the corona discharge on the particle, is useful in the 
deactivation of the contaminating particles. This dissertation presents the analysis 
and experiments related to the particle movement under various conditions. 

8.1. Analytical results 

 In this dissertation, the electromechanics of conducting and dielectric prolate 
spheroids is analyzed under uniform electric field with the presence of a grounded 
plane. The spheroid may be in contact with or separated from the plane. The major 
axis of the spheroid makes a tilt angle with the plane. When the major axis is 
perpendicular to the plane, the analysis becomes asymmetric. The charge condition 
is taken into account for floating conducting spheroids. In order to realize high 
accuracy, the analytical method of multipole images and the multipole re-expansion 
in prolate spheroidal coordinates are applied to the electric field calculation. The 
induced charge is determined from the multipole images. The electrostatic force and 
torque are determined from the stress on the spheroid surface. For axisymmetric 
configurations, the force can be expressed in a closed form. 

 For AS configurations, the analysis focuses on the effect of the major-to-minor 
axis ratio c/b, the separation  between the spheroid and the plane, and the 
spheroid-to-medium permittivity ratio  on electrostatic behaviors. The main results 
can be summarized as follows: 

1. For a conducting spheroid in contact with the plane, the maximal field at 
the top pole increases nonlinearly with the axis ratio. About 80% of net 
induced charge resides on the upper half of the spheroid. The force on 
the lower half is negligible. The charge and the force are compared 
between the spheroids of the same surface area, the same minor axis, or 
the same major axis. It is found that the hemispheroidal model can 
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estimate the charge and force on the spheroid with a difference smaller 
than 10% when c/b > 3. 

2. For an uncharged conducting spheroid above the plane, the maximal field 
at the bottom pole increases significantly with decreasing /c from 0.1. 
Based on the critical field strength of the background medium, the 
relationship of the critical separation of the spheroid where the partial 
discharge takes place and the external electric field is investigated. This 
relationship is approximately linear on the logarithmic scales when /c 
approaches zero. 

3. For a charged conducting spheroid above the plane, the maximal field 
under the fully charged condition hardly varies with . The force 
increases gradually with  and converges well to the product of the 
charge and the external field when /c ≥ 10. The bottom-pole field 
reduces linearly with increasing the charge amount on the spheroid. When 
/c >1, the force is repulsive from the plane. When /c ≤ 1, the force 
direction depends on the charge amount. 

4. For an uncharged dielectric spheroid lying on or above the plane, the 
maximal field at bottom pole and the force are greater for larger . For 
the same , the slender spheroids have larger maximal field. The field 
and force increases significantly with decreasing /c less than 1. With 
decreasing /c close to 0, the force converges more rapidly than the field. 
The force magnitude is less than that on a conducting spheroid in the 
same configuration. 

For 3D configurations, the purpose of the analysis is to clarify the role of the 
tilt angle  between the spheroid and the plane on the electrostatic force and 
torque on the spheroid. The main results can be summarized as follows: 

1. For a conducting spheroid in contact with the plane, the maximal field 
takes place at or near the higher pole of the spheroid for nonzero . The 
electrostatic force is minimal at =0º, and increases nonlinearly with  
to the maximum at 90º. The electrostatic torque is in the increasing- 
direction. It varies as a parabolic function of  and obtains the maximum 
at  about 45º. When the gravitational force of the spheroid is taken into 
account, the electromechanical behavior can be classified into three 
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regimes, depending on the externally applied field and the tilt angle. The 
presence of the electrostatic torque enhances the probability of the 
spheroid to be lifted from the grounded plane. 

2. For a fully charged conducting spheroid above the plane, the variation of 
the electrostatic force and torque about the center o with  is similar to 
that when the spheroid is in contact with the plane. The force and torque 
increase slightly with increasing . The torque about o of a floating 
spheroid is smaller than that about the contact point p of a grounded 
spheroid. 

3. For the uncharged dielectric spheroid with c/b = 2 and  = 2 in contact 
with the plane, the electric field is maximal at the contact point p for all 
 values. The force is maximal at  = 0º, and reduces nonlinearly with 
 to the minimum at 90º. The torque about p always tends to rotate the 
spheroid to the standing position, similarly to the case of the conducting 
spheroid. 

8.2 Experimental results 

 Experiments were done for the lifting electric field and the movement 
behavior of aluminum prolate spheroidal and wire particles. Two sizes of the 
spheroidal particles of 4 mm length were used. The wire particles have 2 or 4 mm 
length and different ending profiles: rounded, sharp, very sharp, coated, and thickly 
coated ones. 

 The experimental results of the spheroidal particles were compared with the 
analytical results. The measured lifting field and the movement behavior did not 
depend significantly on the electrode gap and the particle size. Most of the 
spheroidal particles moved initially at an end and then departed from the lower 
electrode at a tilt angle between 35º and 65º. The measured lifting field was greater 
than the calculated values by 10−15%. The tendency of the initial movement at an 
end agreed with the theoretical prediction. However, the tilt angle at which the 
particle departed from the electrode was greater than theoretical values. 

 The wire particles were used to investigate the effects of the particle profile 
and the corona discharge on the movement behavior of non-spherical conducting 
particles under electric field. The measured lifting field depended on the ending 
profile and initial orientation on the grounded electrode of the particles. The 
particles usually moved initially at which the end had a stronger field (or force). The 
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probability of the initial movement at both ends (parallel lift) increased with the 
applied voltage. The movement behavior of a particle after departure from the 
electrode depended on the initial movement and the voltage polarity. The behavior 
was governed by the degree of the corona discharge on the particle after departure. 
The corona discharge was measured for fixed and movable particles to examine the 
degree of corona discharge at the particle ends. The force and torque on the particle 
were estimated by using the prolate spheroidal model for various conditions. The 
charge amount on the particle was varied in the analysis to reflect the charge losses 
due to corona discharge. 

This dissertation contributes the understanding of the movement behavior of 
metallic non-spherical particles in gas insulated systems with presence of the corona 
discharge on the particles. Moreover, the analytical results in this dissertation can be 
used for the applications of electrostatics and dielectric materials which concern 
prolate spheroidal particles and require accurate quantities of electrostatic behaviors 
such as electric field, force, and torque on the particles.  
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Appendix A: Calculation Accuracy of Axisymmetric Configurations 

 

Although the method of multipole images is an analytical method, numerical errors 
exist because only a finite number of harmonics, (n = 0, 1, , N) used in the 
calculation. The N = 1 case represents the dipole approximation. The calculation 
accuracy is improved with increasing N.  

This appendix considers the variation of calculation accuracy with N for the 
axisymmetric configuration of a conducting or dielectric spheroid in Figure 3.2b. As 
the harmonic potentials naturally satisfy the Laplace equation, the accuracy of the 
calculation results is evaluated from the boundary conditions on the grounded plane 
and on the spheroid surface. In all cases of calculation, the zero potential condition 
on the plane is well negligible. Hence, the evaluation of the boundary conditions 
was done on the spheroid surface. In addition, the author has confirmed that with 
c/b → 1, the calculation results converge well to the analytical solutions for the case 
of a conducting sphere [23, 24] and that of a dielectric sphere [68] in the 
corresponding configurations. 

A1. Configuration of conducting spheroids 

For the configurations of the conducting spheroid, the potential  and its average 
value avg on the spheroid surface are calculated. To evaluate the calculation 
accuracy, the error err between  and avg, 

 
avgerr   , (A1) 

and the mean squared error ,  

 dSerr
S

S

 2
1

 , (A2) 

are taken into account. 

For the configuration of a grounded spheroid, Figure A1 presents the variation 
of the maximal error, max{|err|}, with N from 1 to 1000 on the logarithm scales for 
c/b = 1, 10, and 32. The error in the figure is normalized by cE0. It is clear from the 
figure that the maximal error reduces considerably with increasing N. With N ≥ 20, we 
can achieve max{|err|} ≤ 2×10−4cE0 for the values of c/b up to 32. max{|err|} in Figure 
A1 is smaller for lower c/b. The result of the mean squared error  is shown in 
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Figure A2. The variation with N and c/b of  is similar to that of max{|err|}. With N ≥ 
20,  is less than 10−8 for the range c/b. 

 
Figure A1. Maximal error of the potential on a grounded conducting spheroid. 

 
Figure A2. Mean squared error of the potential on a grounded conducting spheroid. 

For the configuration of the electrically floating case, uncharged spheroid with 
two values of the separation is considered here as a reference. The calculation 
results of the maximal error, max{|err|}, for /c = 0.1 and 0.01 are presented in 
Figures A3a and A3b, respectively. As shown in Figure A3a for /c = 0.1, max{|err|} 
decreases significantly when N increases from 5 to 30. It is smaller than  10−4cE0 
when N ≥ 20. As shown in Figure A3b for /c = 0.01, max{|err|} reduces more slowly 
than that in Figure A3a for /c = 0.1. To obtain max{|err|} ≤ 10−4cE0, N > 200 is 
required. 
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The calculation results of the mean squared error  for /c = 0.1 and 0.01 
are presented in Figures A4a and A4b, respectively. The figures indicate that the 
variation with N and c/b of  is similar to that of max{|err|} for both the separations. 
To achieve  ≤ 10−8 for the range c/b, N must be larger than 20 for /c = 0.1 and 70 
for /c = 0.01. The results in Figures A3 and A4 confirm that the calculation accuracy 
is improved with increasing the separation.  

 
(a) /c = 0.1 

 
(b) /c = 0.01 

Figure A3. Maximal error of the potential on an uncharged floating conducting 
spheroid. 
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(a) /c = 0.1 

 
(b) /c = 0.01 

Figure A4. Mean squared error of the potential on an uncharged floating conducting 
spheroid. 
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A2. Configuration of dielectric spheroids 

The configuration of a dielectric spheroid lying on the grounded plane usually 
requires a higher N value in comparison with that of the spheroid separated from the 
plane for the same accuracy. The author considers here only the case that the 
spheroid is in contact with the plane. The obtained result can be used as a reference 
for other case. For the configuration of the spheroid, the error is defined as 

 





eK
err , (A3) 

where Ke is the ratio of the normal electric field on the spheroid surface. 

Figure A5a presents the variation of the maximal error, max{|err|}, with N from 
1 and 1000 on the logarithm scales when c/b = 1 (sphere). It is obvious from the 
figure that max{|err|} reduces significantly when N increases from 10 to 100. max{|err|} 
converges well to its limiting values as N ≥ 300. These values are smaller than 10−5. 
Figures A5b and A5c show the result for the cases of c/b = 2 and 4, respectively. We 
can see that max{|err|} in these figures reduces more slowly than that in Figure A5a. 
max{|err|} does not converge even at N = 1000, except the case of c/b = 2 and  = 2. 
For the same N value, the accuracy is lower for the spheroids with higher values of 
c/b and . For the ranges of c/b and  considered here, the maximal error is less 
than 0.005 when N ≥ 500. 

The calculation results of the mean squared error  are presented in Figure 
A6. The figure implies that the variation of  with N smaller than 200 is quite similar 
for different values of c/b and . That is,  oscillates with N between 1 and 20, and 
reduces considerably with N increasing from 20 to 200. With N = 200,  is smaller 
than 10−7. For N > 200,  converges for c/b = 1 but oscillates for c/b = 2 and 4. 
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(a) c/b = 1 

 
(b) c/b = 2 

 
(c) c/b = 4 

Figure A5. Maximal error of the normal electric field on the surface of the dielectric 
spheroid lying on the grounded plane. 



 137 

 
(a) c/b = 1 

 
(b) c/b = 2 

 
(c) c/b = 4 

Figure A6. Mean squared error of the normal electric field on the surface of the 
dielectric spheroid lying on the grounded plane.  
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Appendix B: Calculation of Lifting and Rotating Fields 

 

This appendix derives the lifting and rotating fields of conducting spheroidal particles 
in contact with a grounded plane. The lifting field is determined from the 
electrostatic and gravitational forces on the spheroid. The torques about the contact 
point produced by the forces is applied to calculate the rotating field. The result 
shows that the lifting and rotating fields are a function of the square root of the mass 
density of the particle. The ratio of the rotating field to the lifting field is 
independent of the material and the size of the particle. 

B1. Lifting field EL 

Consider a conducting spheroidal particle in contact with a grounded plane under 
external field E0. The minor semi-axis and major semi-axis of the particle are b and c, 
respectively. The major axis makes tilt angle  with the grounded plane. The 
electrostatic force Fe on the particle can be expressed as 

 2 2

0( , ) 4e f EF k c b b E     , (B1) 

where kf(c/b,) is presented in Figure 5.5. 

 The gravitational force of the particle is  

 gcbFg  2

3

4
 . (B2) 

At tilt angle between 0º and 90º, the lifting field EL of the particle is determined 
from the balance of Fe and Fg, 
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B2. Rotating field ER 

The electrostatic torque Te,p on the particle about the contact point p between the 
particle and the grounded plane is 

 3 2

, 0( , ) 4e t ET k c b b E    p
, (B4) 

where kt(c/b,) is shown in Figure 5.7. The gravitational torque Tg,p about the contact 
point p is determined as 
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where d is the horizontal distance between the particle center and the contact point 
defined in equation (3.9). 

 At tilt angle between 0º and 90º, the critical rotating field ER of the particle 
is 
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B3. Field ratio 

From equations (B3) and (B6), we can see that EL and ER are directly proportional to 
the square root of the mass density . The ratio of ER to EL is 
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Equation (B7) indicates that the ratio ER/EL is a function of the axis ratio c/b and the 
tilt angle . The ratio does not depend on the material and the size of the particle.  
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Appendix C: Corona Discharge Measurement 

 

This appendix presents the corona discharge measurement in atmospheric air for the 
uncoated and coated wire particles described in Table 6.2. Electrode gap used in the 
measurement was 10 mm. The corona current pulses were detected by using the 
trigger feature of an oscilloscope. The experiments in this appendix were carried out 
at the high voltage laboratory, the University of Tokyo. The experimental setup and 
experimental equipments of the measurement are mentioned in Chapter VI. 

C1. Corona inception voltage 

For the measurement of the corona inception voltage Ui, a wire particle was set to 
stand on the lower (grounded) electrode. A small silicone piece was used to fix the 
particle on the electrode. As the lower end of the uncoated particle touched the 
electrode, the ending shape did not affect the inception of the corona discharge at 
the upper end. The applied voltage was increased gradually until the corona 
discharge at the upper end occurred. The polarity of the corona discharge was 
positive under a negative voltage application and negative under a positive voltage 
application. In this dissertation, Ui was defined as the applied voltage at the time 
when the first corona pulse was detected. 

The experiments were carried out for uncoated particles with the R-R, R-S, 
and R-SS profiles and coated particles with the C-R and C-S profiles. The sharper end 
was set to be the upper end for the uncoated particles. Two samples were used for 
each ending profile. Every sample was subject to 10 tests for each voltage polarity. 

Figure C1 presents Ui of the uncoated and coated particles with different 
profiles of the upper end. The maximum, minimum, and average values are given on 
the graphs. The average values are represented by void circles or triangles. It is clear 
from Figure C1 that Ui was higher under negative voltage than under positive voltage 
for all particles. For the 4 mm particles, Ui decreased as the upper end became 
sharper.  
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(a) Uncoated particles 

 
(b) Coated particles 

Figure C1. Corona inception voltage of the uncoated and coated particles. 

The number of corona current pulses associated with the discharge was 
random. Figure C2 presents the measured waveform of the corona current ic in a 200 
s interval. Note that, the direction from the upper to lower electrodes is referred to 
the positive direction of the current. The charge amount Qc of the first corona 
current pulse was calculated by numerically integrating the current pulse with 
respect to time. The results are presented in Figure C3. It is obvious from the figure 
that Qc under negative voltage was about two orders larger than that under positive 
voltage for both uncoated and coated particles.  
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(a) One pulse  (b) Many pulses  

Figure C2. Waveform of corona current under positive voltage application. 

 
(a) Uncoated particles 

 

(b) Coated particles 

Figure C3. Charge amount of the first corona current pulse. 
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Under the negative voltage application, the corona discharge often develops 
into a complete breakdown via the particles. For the uncoated particles, the 
probability of the complete breakdown was about 20%. For the coated particles, the 
probability was 100% for the C-R particles and 85% for the C-S particles.  

C2. Corona discharge during movement 

Experiments were done to detect the corona discharge that might occur during the 
particle movement. The particle movement was observed with a high speed camera, 
and the corona current pulses were measured by a digital oscilloscope through a 
detecting resistor. The oscilloscope and the camera were synchronized with a 40 ns 
delay. The experiments used the 4 mm R-R, R-S, R-SS, and S-S uncoated particles, 
and the 4 mm C-R, C-S, and CC-S coated particles. Positive and negative waveforms 
were used in the experiments. The voltage waveform applied to the upper electrode 
is shown in Figure C4, which was generated by a DC high voltage power supply. The 
voltage magnitude was 8.3 kV with a rise time of about 200 ms. The uncoated 
particles were subject to 60 tests under negative voltage and 100 tests under 
positive voltage. For the coated particles, the number of test was 40 and 90 under 
negative and positive voltage, respectively. In the experiments, the initial orientation 
of the particles on the grounded electrode was random. 

 
Figure C4. Voltage waveform applied to upper electrode. 

a) Under negative voltage 

 For the behaviors that the uncoated and coated particles moved 
immediately to the upper electrode after departure from the grounded electrode or 
the coated particles rotated on the electrode, no corona discharge was detected. 
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There was 1 test showing that the R-SS particle fell on the electrode after departure. 
In this test, one corona current pulse was detected before falling. The charge due to 
this pulse was −2400 pC. Note that, this value was extremely greater than the charge 
amount acquired from the contact with the lower electrode before departure. 

b) Under positive voltage 

Similarly to the case of negative voltage application, corona discharge did not 
exist in the immediate lift behavior and always occurred before the particle fell on 
the electrode for both uncoated and coated particles. When the separation between 
the particle and the electrode was greater than about 0.5 mm, only one corona 
current pulse was recorded. The charge due to the pulse was between +50 pC and 
+200 pC. It is noticed that the induced charge on the particles before discharge was 
between −45 pC and −144 pC, which are the charge values for lying and standing 
positions under the positive voltage application, respectively. 

 When the uncoated particle rotated on the electrode, the corona discharge 
at the upper end was observed together with the microdischarge between the lower 
end and the grounded electrode, as shown in Figure C5a. The discharge current 
pulses are shown in Figure C5b. As shown in Figure C5b, the number and magnitude 
of the positive current pulses was predominant. This means that the corona 
discharge at the upper end took place more frequently with larger degree.  

 

  
(a) Image of discharges (b) Discharge current 

Figure C5. Discharge at two ends for the rotation of the uncoated particles on the 
grounded electrode. 
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When the coated particle rotated on the electrode, no corona discharge was 
detected, similarly to the case of the negative voltage application. For bounce 
behavior on the electrode of the coated particle, one or a few corona current pulses 
were recorded when the particles obtained a tilt angle greater than 60º with the 
grounded electrode. Figure C6 shows the recorded images and corona current pulses 
during the bounce behavior. 

 

     
0 ms 24 ms 36 ms 42 ms 46 ms 

(a) Images in a temporal sequence 

 
(b) Corona current pulse 

Figure C6. Recorded images and corona current pulses during the bounce behavior of 
the coated particles. 
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