CHAPTER ¥

SELF AND MUTUAL THPEDANCES

521, Introduction

The impedonece proscnted by an antenna to a transmission line is
called the terminal or driviag — point lnpedances, If the cntenna is
isclated, that is, romote from the ground or cther objects, and 1a
lossless, its torminal impadance is the same as the self = impsdance
of the antenna, This impedance has a real part called the scelfl ~ re=
sistance { radiation raesictonze ) and an dimaginary part called the self-
reactance,

In ¢ase there are nearby subjects, say several othor antennas,
the terminal impedance ig determincd net only by the sclf - impadance
of the antanna but also by the mutusl impedoancces betwzen it and the
other antennas and the cuwrrents flowing in them.

S 20
5-2e Jelf =~ jmpcdanecc of a Thin Ligesr Antenna,

21
In this section an induced cmf methed 2o used by Carter 1ls ap-

plied tc the determination of the gelf = impodance of a thin lincar
anlenna, The antenna is certor - fod with the lower cond located at
the orizin of the coordimates as shown in Pig, 5=1. The antenna is
situated in air or wvacuum and is remote from other subjacts; 3inca

the antenna is thin, & simigeidol current distribution will bo gssumod

with the maxdmum current Iy at the terminals. Only lengths L which
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are odd mitdple of + - wavelength will be considered so that the cur—
rent distritmtion iz symmeirical, with a current maximum at the tormi-
nalss The current distrimution shown in Fig. 5-1 is for the case whore

L = A/2, The:terminal impedance 247 of the antenna is given by

the ratio of appllisd emf Vy; to the :

total terminal currant Il. Thus,

Z =" Eli ( o~1 j g .
1 T, | T
22 ' ] -

Applying the reciprocity theorem, to |

Fig, 5=1, w: have

L Fig. 5-1. Center =
v = =1 I E_ dg { 52 )
11 I, z 7 “Fed linear % - wave-
)
length antenna,
Then, L '
v
& = - = - !'I.-.
11 ---il-il--Il Ii = I_E,ad (53}

Sinco tho antenna is isolated, this impedance is called the self=im=
.ped:mce. In { 5=3 ) I‘.‘.z iz the § ocomponent of the olectrie ficld
at the antenna caused by its own currerit.

And according to Muxwell's equation, the Z component of the electric
I'iald evorywhere is

L S
Ty r,

E = ( 54 )

z

-jgr =g T
- 3301, ( e

whors 1:'1 nnd ”TE are tho distancez from both ends of the antenna

to the point considered.
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In case of the & compenent of electric field at the antenna dus

to its own current in Fig, 5-1, w¢ have

T = Z { 5=5 )

i

T L-2 { 5-6 )

2

Substituting ( 5-=¢ }, ( 5«5 }, { 5~6 } into { 5=3 }, wo obtain the
solf - impedincc of a thin linear ontenna an odd mumber of # - wave~

lengthe long to bo

L~ 2

L ¢ _i < r
. s \ﬁ:_; L IR 2pe 1}-[ dz { 57 )
11 - o

Tor L=nA/2 where n =1, 3, B T a5 AL Ly = =],
)
80 thet upon integration of { 5~7 ] by Garter w3 bocames

z,, = R;1+ x, = ao{cmtzﬁ'n}+jss_{zvn1] {5-§}

In the case of 2 4 - wavelength antonna

|' ' as shown in Fig, 52, n = 1, 50 we have

! for the aclf — roesistance and self = re-
¥

actenco

R. = 30Cin (27 ) ( 59 )
Fig., 5-2. Onc - half 11

and
wavzlength ontonnas.

;1 = 3081 (27 ) { 5-10 )

The value of ( 5-9 ) is identical with that given for the radiation ru=-
sistanco of a ¥ - wavelength mntennu, in Sze. &5, Eq. { 4-25 ), Eyoe
luating { %6 J, { 5-10 }, we obtein for +he gelf - impsdance

2, = Ry o+ X, = 73+ 425 ohms ( 5-11 )
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Since. X, is not zero, an nntennn of an exact } - waveleangth long
is not rcsonant, To obtzin a rescnant antomna, it is common practice
to shorten the antenna a faw percent to make Xy9 = 0. In this case
the sell resistance is zomewhat less than 73 shms, |

It iz interesting that the selfl - reactance of centar = fod
antennas, an cxact odd number of § - wavelcngth long, is alway:s posi-
tive sinee the sine integrel 5i { 2% n } is always positive., It
should be notcd that for antenna lengths not sn exact cdd number of
% = wavelengths the reactance may be positive or negative as 1llus=
trated for example by Fig, %5-3. in Sec, 5=-3.

For large n, the sclf « registancs expression approaches the

value

R 30 [0.577 + 1n ( 27n )J o {512 )

11

Thus, the sclf ~ resistance continuss to inercass indefinitoly wilth the

increasing n Tt at a logaritimic rate,

5-3. Sa1f Imocdance of Thin Lincar Anlenna not an Exact

Humber of % - wewelongth Long,

I+ should be noted that for amtenna length L not an exact odd

number of # — wovelength the reactance may be positive or negative ac-

24

eording to the length. The selfl - resistance For this cose is

_ 2 ALy s < AL CinAL
R, = 30 [( 3 - cot 'é'z" ) Gin 28L + 4 cot /2 ind
+ 2 cnt% { 51 EﬁL - 2 SiﬁL )] onms ( 5-13 )

When the length L 38 smell, { 5-13 ) reducca very nearly to
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2
Rll = 5 (AL) ohms ( 5-1l4 )

&5

Another spproach from Hallen's which exprcsscs the input impe-

danca ZT of a center -~ fod cylindrical entenna to be

gos 1l + (d1 /fL)

2, = -j 60
asn@l + (b /sv )

( 5-15 }

This is a first - order spproximation for the input impedance. If the
second ~ order terms are ineludced, Hallén input - impedance aapression

has the form

,
I, = -j&nﬂ&-*g’m:l*(dl’fﬂ}*”z”'”‘ 2 (5116 )
; einpl + (o) /R )+ vy /02 %)

whoro 2:1 = totszl length
20 = diamator
L = longth - thickness parameter = 2 in EEL

This relation has b-::cnecvalmated by Hallen whe has also presented the
results in chart formz, Impedance spirals bascd on Hallén's data are
prosented in Fig., 5-3. For center - fad cylindrical antesnas with ra-.
tios of total length to diamctor ( L/a ) of 60 and 2,000. The half-
length 1 of the anterna is given slong the spirals in froc - space
wavelengthz, The impedancce variaztion 1s that vhich would be abtained
as a function of frequency for an anteonna of fixed physicazl dimensions,
The difforence in the impedance bahevior of the thinner antomna { 1/2
= 2,000 ) and of the thieker sntenma { 1/a = 50 ) is atriking, the

varlction in impedance with frequeney of tho ihicker antenna being
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contor = fed antennas with raties of tobtol length to diagc-

} of 50 and 2,000 {aftor Haollen),

much losz tharn that of the thinner antenno,

The impedance diaprams, showing antenne resistanca and reactoncs

geperately are produced in Fig, 5-4 and 5«5,

17

Also according to King-

Middleton expanpion are reproduced in Fige 5-0 and 5-7. For the case

of thin lincor antonna, the curve of E— =  20;000 is auitadle to -

indieate the lnput impedance,
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Fia. 5= 4. Antenna resistance according to Hallén, The
reaistance of center-fed dipoles is plotted as a function of 2=H /5,
the antenoa half-length in radians, for various ration of H/a,
half-lsngth to radius. For monopoles of length Jl, the ordinates
should be divided by two,
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Fra. 5- 5. Autennn reactance according to Hallén (see legend fo
Fig. 5-4 ).
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28
Se=da Mutual Impedones of Twp Paralled Linear Antennas

The multuad impodares of two coupled circuits is defined in eir-
cuit - theory as the negative of the ratio of the omf Vo1 incduced

in ¢irzuit 2 to the currsent I1 flowing in cireuit 1 with circuit

2 open.
A Congider the ¢ase of two coupled
2 antennag 1 and 2 as shown in Fip.
T 58, Bupnese & current Il in antenna
E. =
t A Ell B2 B3 1 induces an onf v21 at the open ter-
- -
Cb__ I '] tinals of antenna -2, Thena the rotio
=1 1 21
of - ¥5 to I; is the mutucl im-
pedanco 321. Thus,
v
1 < g = _=2 ( 517 )
2 I
1

Fig, 5-5. DParillel coupled
If the generator is moved to the termi-
antennas,

nals af antenna 2, thon by reciprocity

the mutual impodanse Z or ratio of ¥ te I, 1= the same cs
12 12 2
bafore, whore ¥12 is the omf induveed xRt the open terminals of anten~

na 1 by lhe current I2 in antonne 2,  Thus,

v

1 'l
-2 2, = 2, = _ 12 - ( 5-18 }
I, 1 i

To calzulate 221, we nead to know Vgl and I, ‘Let the antoA=

nas he in the 2 direction as shown in Fim, 5-3, The emf «Vy1 induccd
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by its oun cuirent is indicated by { 5-2 }, i.e.,

L

. 1
?il = - = Iz Ez dz
1

A v

whero vll iz the eml that must be epplicd to producc I1 at the

terminals, To cobtain the emf ?él induced at the open terminals of

anterma 2 by the current in antenna 1, we set Ez = Ezl’ ?il = -?21,
I, = I2 inte { 5-2 ). Then,
-L
Vyy = i f I E_ dz { 5-19 )
12 a z 21

whore I2 is the maxioum current and Iz the value at a distence 2
from the lower end of antenna 2 with its terminals clesed, and whore E
1z the electric ficld along antenna 2 produced by the current in onten-
nz 1, Assuming that this.cnrrcnt distiibutian la ginugoidel z2g glven

by

GHULA L, sings2 ( 5=20 )
g0 that [ 5=19 ) becomege
L
Vo = L E, singZ dZ { 521 }
than L
4 = Va1 - 1
21 -'-EI T E;q sinsaZ d2 { 5.22 )
Il ]

This is the general exprussion for the mutual impedance of two

thin lincar, parallel, ccnter - fed antonnas with sinuacidal current
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distributicn,

We wili congider the situation wheras both antennas are the samo
longth L, whore L is an odd number of % ~ wavelengths long { L = n A/2;
n = 1, 3, 5, sseede & zazc of varticular interest is wherc both an-
tennas are 4 - wavelength long ( = = 1 ) situated side by side as givan
in the follewing seetion.

' 29
5-5. Motual Impedance of Parsllel dntennas Side by 8ide,

? Referring to the arrangemant
Z
of Fig. 5-9, with E,, given by { 5wi }
>
?2__ : whero

| : roo= ya o+ Z ( 3-23 )

Pl - | 1

: ] 1" L

z : and ) -

? : = ) 2

. ry rz-/d + (L-2 ) (5-24)
REE o

i > Substituting this into { 5-22 ), the

. ' B mtusl impedance bucomes
hntenna 1 Antenna 2

II.—L —————
7z = i J X“Jnvldz"’zz
21 - .-_]30 . = -

k sz + z2

Fig. 5-9. Porallel doupled

antennag with dimensgiaoas. f
2 2
+-j;5/d_+.(L-33 \
A sxlgin AZA7
& e (L7 )]

{ 5-25 )

Carter has shown that upon integration of { 5-25 )
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Ryy * % = Ipn = %, = Ry, + X, ( 5-26 )

30{2Gi(;5d}-ci[@{fdz+f+ L]]-Gi[{b(m-L}‘t}
e { 5-27 )
}:21 =-3a{2 Si {Fd ) - Si[;’a { /dz « 1%+ 1L }] -_Si[‘&f: m- L}]}
{ 5-28 )
The mitunl resistance and rcactance calculated by { 5-27} and

o

( 5=28 ) for the case of & ~ wavolengbth antenna { L = A/2 ) are pProsans

ted by the solid curve in Fig, 5-10 as a function of the spacing d.

e -—
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Fig. 5-10. Curves of mutual rssistance [REl} and reactance

[le} of two parallel side - by - side lincar + - wavelangth antennas

ag a function of distance betwyeen them,
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5mG, HMotusl Dmpedance of Perallel Antgnueg Side bv Side hut
a0
Nat, of the Same lencth,

The problam on hand is illustrated in Fig., 5-11 where by and
ho arc the half - lengths of dipeles 1 and 2, d is thelr seperavion,
Z 1s the coordinate of a typical eloment 4&, and ¥, Ty and r,

arc digtances from fixed points on one dipole to a typical elemcnt

TS
& h
A1 T
¥ 5 ) dgz 1
i [m] z .
; X | m}- ! i i

Fig, 5=11. Geomotry 2nd notation used in caleulation of

mutsal impedances,

on the gther, The mubtusl impeduance boelween the two antennas of rig,
5-11 iz desimaed by
¥

- 1
2,1 = < { 5-29 )
Ifﬂ}
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vhere ?21 is the open circuit voltege at the terminals of antenns 2
due to a base currant 11(0) at antonra 1, The induced amf at the
open terminals of antenna 2 may be found by the application of the re—

ciproeity theorem

emf = -V - 1 E IL{z)4dz { 5=30 )

where E . is the 7 componont of clectric field intensity at the
location of antenna 2 due to the current oo antenna 1, specified by
11{0}, when 2 15 removed, The current distribution on antenna 2 ia as-

sumed to be sinusoldal and is given by

Iztz] = L e sinfd { hy = |21 ) { 5-21 }

The expression for the parallel component of slectric ficld due to a

simusoidsal current distributicon in antenna 1 ia glven by

- _jfé r]; . Hj/a 1‘2 ~] Iy
E21=3G|Ilwk_-jer _‘ier +g‘icore ]

1 2 ° { 5-32 )

Inscrting { 5-31 ) and ( 5-32 )} into ( 5-30 } gives the mutual Impe-
danece referred to the base of the antenns
‘hy

I I .
Z = YA = —30 lmax ~2max smf,} { hE- IZ] )

12~ fa 103 7000
Il ¥ I2 o -

dz ( 5-33 )

r

{“ 3 P TPT 25 cosgny 2T T
r

1 2 a
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Fram Fig. 3-11, ro = d +- 32 ‘1
2 )
T = /E + (h~2z) ( 5-34 )
1 1
2
T = /dz + ((h+«z )}
2 1

Under the essumption of simuzoidal currents the maximum currents arc

related to the alove currents Ly

Ilm} > Il mex Sin.“e hl 1
‘ ( 535 )
szf::) = I2 N aln,’_’.h.z
Therafors { 533 ) can be written as
By
le = =30 cnsecr}.@}ml cosecﬂ h2 sin,ﬁi 112- ’uz[ )
r _jBAT wiAT -14T
=ie /5 . - d= Jﬁ 2 + Al cos _I;Lg?@._j{_?_ a4 ( 5-36 )
¥y r, T,

b

Intogration of ( 5-36 } yiclds an expression for the mutusl impedance

in izrma of cosine intzgral and =ine integral functions,

iz COS W_— COS W

2. = 60 {.ej”l [ E ()~ K(7) -k (€,
2 1

112

{ iw i
. it LK (V) = K (v) - B (V) « "2 (ﬂ (35) - ® (U1) - K (V)

[
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+ ™2 {K () - K V) - K )] v 2K () | eoa wy ¢ com uz]‘[*
( 5=37 )

The ¥ denotes the camplex conjugate of the zxpression in the braces,
Here K(X) = CL(X)+jsi(X (-5-38 )
where Ci{X) end 3i(X) z2re the cosine integral and sinc integral func-

tions of the real argument X;

o

Alsoj U

+

hy + b, Y ~(h, + h, ]

plle
o s T - i m
@ g TG R o
Y )
o ose [l ]
v, Caydegong Unngagm]
v, p[fhh; _h2:
noep ke d e,
o= Al
wy = A
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W = /ﬁd
o
vhora & is the free space propagation constant, & Za tao soporation
4

af the two dinoles, and 2, and h2 are the half - lengths of di-

poles ono and tye rogpactively.
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