CHAPTER II

THEORY

2.7 The Hzli Zff.ct

The Hirll e&ffect is osne of a large nuﬁber of galvanomagnetic,
thermoelcetric ond thernomagnetic sfifects in the problem of transport
phenconmena in sslida, IT a rectanpular slak of metzl is carrying an elec-
tric current and o magretic field is applied perpendicular to one focee
of the slab and to the currens, o volitage is found developed across the

feees purpendiculsar te buth ko curvent ond the mapnotic ficld.
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Fig.1 OCoanditions for Hall Effect for Zlectron Conduction.

The voltzge, called the Hell voltage, is found experimentally

to be preoportional o the thickness,t,of the specimeny
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v, = EH-.-"—J'- ' (2.1)
t .



The Cﬁnstant.df propartionalitj-HH iz ¢alled the Hall con-
stant or the BEall coefficicent. The magnitude and sign of RH is charsc-.
teristic of = naterinl, and for the case of thin film it varies with

dimensicns. of the specimen,

2.7 Theory of Hrll Effect in Electron Gas Model

The theery of Hall cffect is formulated in the general study
of the probleose of cicotbtrical and thermal conducticon ir different male-
rials, metals or serlconductors. A detailed understanding-reguires
krnowlcdge 2f the band siructurce and bhe crystallopgrashic structure of
the matocrigl, Hall effect provides simple and conclusive evidencs of
the validity o0 the prstuiate 50 cunducticn by 'hiles' in semicondqctgrs;
However, 2 simple picture of the effect can be given in terms of the
wory toaive clectron gas modol of Drade (27,

In Drudeis model, inside = metal.thuru arg free clectrons
forming a ciuud of clectr;n grSs The eléctrons hove an average_speed“_
éﬁd iire moving in'rgndoﬁ through collisicn with the Immobile metal ilons.
The.éluctrjns trovel in stroight iines during one relaxatisn time.

When an applicd clectric field E is set up, the electrons acgulre an
average velacity v in. the direction-of the electric field. Each 2lsc-

tron still moves ir a morc or less random fashion although the electron
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a5 a whole rmow has a drift velccity. When a tranverse magnetic
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1¢ & is5 =2pnlicd, the electron will experience the Lorsntz forece ard

the tatal foree exerted on toe clectrons is

f = -g [E + ;xﬁ] (2.2



In fvoe spaco the electron will then be deflectzd in tha
directign_pcrpundicular to the plane uof B ;nd ?1;§ut in a selid thuoy
S0oh aré stoped at £he counfining walls of the Epécimgn and graduslly
set up an electric fizld that‘will resigt further ﬁiling up of thu
.electrons..ﬁhan thias {ield ﬁecomes strong enough to counter tﬁe Luranlz
foerce, an sguilibrium is attained and the electric gurrent flows ou as

before, This is toe situation in the defining sq.(2.7T).. To be indupen-

dent of the disensicas of thoe specimen, the Hall constant of the motu-

I
rial is exprisssd invt:rms of Yo~ curraat density, jx= ;%,xand the lull
slectric fiold, E$= ;%, soo that
o
& 3
Bl jgﬁ; . (2.3)

Af cguilibrium therse ds no foree ceting on the eleciranasg

F=C, implying that

= -
E = elixv | (2%

I7 ¥ ic the drift weloeity of the 2lectron éas, then tho
current donsicy is

-

i = nev ' (2.5
where noir the coacentration of the electrons taking part in conduction,
Wi th E:{O,BF,D]; ¥=(v_.0,0), and f:(a,o_,+szj, it is apparunt from (2.4}

that

1 .
=B, = ﬁhé}ﬂyax *

Comparing with (2,3), we have

7 = :1—-_, (2.6}



In thic simpie model, the Hall cosfficient gives the value
wf the ccnceetratien of conducticn eleetreee,  If the current garrier is
differently chargerd, tioc HeI; plectric field will change direetien and
the Hall coefficient will change sign. The sign ¢ nventicn is such
that, for electrons, the tall coefficient is negative.

From the maercscopic ﬁ;int of view, the elecgtrical conduc-
fivity af a metzl is defined by

‘ = - GE_, ‘{e.?}

50 that, in view of eg. 12.5),

¥
o = ne“EE . f2.8)
x

If Chm's law is obeyed, as is normally the case, then T

must be independent of Ex su that,

o = neM {2.9)
wherejME is the slectron drift velocity per unit applied electric fieldd,

or the conduction mobility defined macroscopically by

Ve o ® MeBe (2.10}

From egs. 2.6} znd (2.9}, it can be written that

i = "L .
IRH_cr s (2.21)
WhEFEJfLH iz a guantity analopgous tc}“ﬁ and is called the Hall

mebiiitj.



2.3 Hall Effect. in Hismuth in Band Theory

The naive Electroun Gas Model has many difficulties. A
Serigue one is itﬁ'inability to explain tho positive Hall cocefficient in
sume substanees. This and other difficulties are resolved by the band.:
theory. Th; band-thea:y_will not be expleined in detail here, but
rather, familiarity with the following <oncepts in modern band the%fy
af s0lids will be assumed in the following discussions cf Hall effect
in bismuth;conductizn by positive current carriers or holes, =ffective
mass { a tenscrial guantity}, Brillouin zone and Fermi surface, and the
crystallographic structure of bismuth. Detailed theuosry of Hall cffect
can be found in the literature (2, 3, &) .

Pure bismuth has rhombohedral erystal lattice and its
glectrieal properties are svmetimes labelled as semi-metal. Its
resistivity is lEOJle_E aohm=-cm, that is, in between values for metals
and semiconductors. Carrier concentration in bismuth is o2f the order
of IDl?fcm3 . The Fermi surface is éumposed of a2 set of thrEE'equi—
Valent etcentric ellipscids 1n momentum space for eslectrons and an
ellipsoid of revolution arweund the trigonal axis for holes. The three
ellipscids can be transformed into cne ansther by 120° rctati:ns
around the trigonal axis. The Fermi surface c¢f electrons enclusas
<1077 of the Brilleuin zone.

Three bands contribute tn conduction in bismuth. There are
a light mass conduction band and a ualencé bend which are separated by
an enevgy gap of absut 0.007 ev. and a hesvy nass valence band of heles

the top of which is about 0.0185 ev. above the bottum of the conduction

band.



conduction:

Fig.2 E vs k Diagram for Bi,

LCL and VL reprasent the light mass bands.

is the heavy rmass brond.

YH

Because =f the overlap of the banis, bismuth dues not

'
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btehave rﬁﬁg sericcniuctor, Its slectrical ceonductivity iz due to a
sralli number of light electrons at the kottem of the conduction band
anﬁ aﬁ equal nuriber =f heavy hiles at the top of the valence band.
The galvancmagnetic effects are thus Jetermined by *the detailed struc-
ture of the bottem of the cunducticn band. |

In a rhombokedral crystal like bismﬁth, there is anisctropy
in tﬁé Hall effect. This apisztropy is e#pressed by tws Hall coceffi-

cients, 'R, ard H define.l as Hall ccoefficients measured when the

}% Hy 7
magnetic field is parallel and perpendicular, respectively, to tha

trigznal axis. Ry is positive and R is negative.
' f
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2.4 Measurement of the Hell Effect.

Z.4a Balvanomsgnetic and Thermomagnetic Effects.

The Hall woltage can be measured direétiy with a sensitive



galvanometer calibrated és a microvoltmeter, yut thisjis not perfectly
stfaightfﬂrward. Az mentioned before, the Hall effect i=s but cne of a
family of galvanqmagne£ic and thermomagnetic effects. Reférring to
Fié-1, the same situation that produces the Hall sffect also produces
the Ettingshausen effect; This is thé appearcance of g temperaturce dif-
ference AT between T and D.

Since a heat flow in metal is also a motion of electfuns, it
is plaﬁsible to 5ugg§st that if, for Ix = O, there is a heat flow along’
the specimen in Fig.%, a potential differen;e and a temperature differ-
"ence &T might again appear between C and D. This actually happens, and
these twc phencmena are, respectively, the Nernst effeet and the Righi-
Ledur effect., They are called transverze the?mumagnetic,effects.

It will now be shown that the three effects may interfere
wWith the measurement of RH. Assume now that the leads to C,D,A,B are of
g metal different from the specimen. Assume also that when Ey = &, and
the current is flowing, C,D are noct guite on an Equipotential line &0
that a voltags ?I gxists betﬁeen them. This will usaully be the casc
beéause it is difficult to attash the leads exactly on an equipstential,

The measured voltage across CD, for BF $# O can then be written

- 1 1 . - ¥
v, = Vgt Vot Vgt Vot Vi

The c¢ontributicns, apart from VI, are frowm the four galvanc-
and thermcmagnetic effects. The thermomagnetic effects are in action
because there will certainly be a heat flow as well as a current along
the specimen - 1if only because thé;e will be Feltier hgating 2t 4 and

eooling at B, or vice vorsa. There may alse be an accidental temperature
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gracient, The Ettingshausen and Righi-Leduc effects both produce a
AT between C and. D and, since € and D are junctions, there will be a
thermoelectric voltage in the galvanometer circuit. This voltage is
L v .
lndicated by VE + RL

If now three more measursments, with Ix or ]Ei-:Ir reverscd, are

: . o ' . : .
mzde in rapid sucession so that the loagitudinal temperature gradient

due to Peltier heating does not have time to reverse, then

= - . z . - ¥ .. Sy ]
UE VH VE:+ Vg + vHL I (leonlylreversed},
V. = - A 3 - :
3 ?H + VE VN VHL vI _ {Ix and EI reversed],
Vg = = Vg = Vg o~ V= Vo s Vo (Ey-only rcvers?dlf

1

It follows that

This reversing procedure is often usad in Hall measurcments
with direct currents. Vg cannot be eliminated but may, in fact, be
much smalier than vH. In principle, VE sould be avolded by making lends

and specimen of the same material.

2.4b Methods of measurement of Electrical vonductivity

and Hall Cocfficicnt. =

" These proporties can be measured using the circuit arrange-
ment shown in Fig, 1. The specimen is provided with two pairs of
contacts, A,B near the ends to ensble a eurrent to be passzed through
it, and a transverse pair of potentizl prabes C,ﬁ.nEar the center.

If a direct current is now passed through the specimen, then the resis-
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tance, and hence the conductivity may be fxund b&.measurinz the current
and voltagé betvween A and B, Frovided this veltsge is measuréﬂ with a
potenticmeter the result obtained will bhe independent of cuontact resis-
tance at 4 or Bf Since the contact resistance wey often be cumparable
with or pregster than the bulk resistance of the sample, a large error
may be introduced by thermo-electric effects if the temperéture of the
specimen is not uwnif.re. This srror can be gliminzted by reversing. |
tbe current, taking a second reaiing and avefaging the pair.

If now a megnitic field pefpendicular to the flat face of
the specimen is applicd the Hall voltage is obtained by meaguring the
potential between C and D, It will uswually be found that in the absence
of a magnetic field there is a vaoltage between € and D powing to their
aligament being imﬁerfect. This is eliminated by reversing the magnetic
field and measuring the potential cetween © and D again. Errors may also
be introduced if g temperasture graéient is present, but threse are cli-
minated by reversing the current and faking ancther pair of realings
with the magnetic ficld normal aad revefsed. Averaging these four
regdinzgs elimitates all errors Echpt'tHat praduced by the Ettipgshausen
ceffect,

A potentiometer which ¢an measure fouwn to liy as required
for thése megsurenents. A Frod mirror galvaonometer is the most conve-
nisnt instrument for balancing the potentiomster,

The simplest way of measuring magnetic fieglds is by usz of
2 canlibrated search coil and a ballistic galvanometer.

The effect of shape of the specimen on the results must

alsoc be conzmidered. The current terminals scross the ends tend ts
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shart cut the Hall voltage.  This shorting, however, has been shown
te be negligible for specimens whese length-to-width ratio is rreater

than 3‘ LI 'LI' Eq'}i
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Fig.} Three-prebe Circult for Measuring the Hall Effect,

Fig.3 shcws an arrangement of the specimen circuit which -
Fives a high degree of precisicn for Hall measurements. Only the Hazll
eontact. H, :is applied tc the specimen, which is shunted by the
petentinl ﬁivider FRS., ‘“iith the magnet off, R is adjusted to give
zerc between R and H. ‘“%hen the magnet is switched on a Hall voltage
Appears. between R and H, but it is only half thke voltapre that would
be seen if R were attached to the specimen; This arrangement has the

advantages that the resistance of PRS can be any convenient value and

that only three contacts need be made to the specimen. This is a real

advantage when dealing wfthISPEGimens in the form of thin films.
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