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IT THEORY

general anelyois ¢f mnap bugkling of bowed strut by anorzy oritesions

A small curved, bowed strut subjected to & central lateral ceoocentrated

lpad P as ehown in figure 3. 13 snalyzed.
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From Journal of the Engineering Mechanies Division (3), the axial
strein €  for thin curved beam is
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and X; the change in curvature, is
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in which ¥ is the radial displacement function, R is the redius of
the cyrvature, of 1is the pelar angle measurcd from one end of the
bowed strut, and {9 iz the included angle of the bowed strut., First
and Second differentiation with respect tn.bz ara denotéd by the
subscripis of and olol respectively, | -
The strain energy due to the axial deformation Ud‘ non=

dimensionalized by divisicn by the term of EtfR, is
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in which H 1s the initial axial thrust built in the bowed =trut
before application of the lateral load F,. t is the thickness and f
is the width of the strut, and E is Young's modulus. The strain

energy due tc bending Ub in nen-dimensional ferm, ia
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The workdone by the lateral load P in'noen-dimensicnal fowm Up, i
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The total enerzy UT in noen~dimensional form is given by

.
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Substituting the values Ud' Ub and UP from Eq. 3, 4% and 5 respec-—

tively intoc the enerzy expression Eq. 6. Then fhe total enerpgy

UT' becomeas
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Substituting the valuca for € and K from Eq. 1 and 2 into Egq. 7,

gives the total energy UT ag a function of W only
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Approximate solution! An mpproximate solution can he obtained by

congidering that the deflection Y cen be represented by only two

L]

terms throughout the loading history. Let

=B w(E) +B, W (F) Crerrrrsarnreenrerans (9)

in which #, is a symmetric and W, an antisymmetric function in E 3
¥ is the ratio %, B, and B, are the amplitudss of the two
deflected shapes. Substituting this value of W into the onergy

expressiocn and replacing ol byﬁ,g, then
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in which the conmatants Ci are given by the integrals:
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Introducing the non-dimensional amplitudes,
B
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and a geomatric parameter
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non~dimenaional load ‘end axisl thrust
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Then the energy can be written aa:
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Because of the symmeiry and anfi-uymmetrj of H1 and WE' it can be

saan imnmedlately that Gz = Gh = C_ =0 e O.

7 10
The total energy UT therefora reducesa to
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For egquilibruim = = 0 and — e 0, which yielda the following
b, b,

two agquatiocnna:
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Eq. T8 has the solutione
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if the gquantity under the reoct is begative, the only real solution

[ ]
is b, = O. The deformetion will then be symmetrical. Tho condi=

2
tion that a real splutien for h; exlsts other than b; s O 45,
tharefore, that
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which, when solved for b;. ¥ields
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For "h1" real, these¢ relations wlll be aatisefled over a finite
interval 1f the guaniliiy in the root is greater than zero. The
necassary condition, therefore, that the antl=symmetric componeht

be non-zero is that
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If BEy. 23 i5 not soiiafied, the load-deilection Eg. ic

L]
obtained by seitdng L, = O in thegquilibrium Lg. 17,
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Such a curve is plotted in Fig. %. It can be considcred o be

¢omposed ol a straight line due Lo the hending gtress, and of a
c
-]
curve anti-symmetrical about b1 = El due to the axial stress,

o
hal
A

Pigure %. Load-deflection curve for bow strut
showing anti-~symmetrical transitionsl made.

The range of stabllity can be found from the second varia—
k1
ticn of the eaergy. Substitutiag b2'= O into the total anerpy

(Eg. 16) and differentiating twice with respect to b1
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For stability, this second variation must be greater or equal to

w
zero. Lolving for h1, ¥ylelds
1
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The reglon of the load=deflection curve that 1s unstable
vanishes when the quantity under the root in Eq. 26a and 26b
becomes zero. An unstable reglon will therefore exist for

: 1
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and instability will occur after the eguality sign in Eq. 26a is
satiafied. Substituting this value for b; into tha 1ond-deflection
relationship {(Eg. 24} gi*as the upper buckling load for the symme=~
trical mode:
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If the inequality (Eq. 23} is satlsfied, bE ia not identi-
s
cally zero dbut ia givea Eq. 20 in the intarval given by Eqs. 22a
. L ]
and 22b, Substituting for bE from Eq. 20 into Eq. 17 yielde the

load=deflacticn relationship in thils interval:
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This is a siraight line passiag through h1 = 5= - The fotal
3

load deflection curve will then he given by Eq. 24, except for the
values of h: in the interval (Zgs. EEa.and 225), 1o which it wiil

be given by Eq. 29. This is plotted in Fig. 44 The value of b;

at whickh the nonsymmetrical transition mode enters, b:T‘ is obtained
from the egual Bign.in the inequality (Eq. 22a). However, buckling
may already have cccurred in the syometrdical mode befors this value
of h; is reached. The cendition for buckling in the nonsymmetrical
mode must be b. £ h;U in which b;u is the deflection at the upper

17 %
bhuckling load (Fig. %). Substituting for h

"
1T and b1T from Eqs.~

26a and 22a on making hoth of these inegualities into equalities

» -
ylelds, for b . £ L
2 2
f}:'—n'fz B2 1. (30,0, - C.C,) (30)
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The behavicr of the bowed strut for diflferent values of }\
. E
ie summarized in Fig. 5. The npasymnetrical buckling load PT is
obtained by substituting for b, from the squality comditlon of

Eq' Eaﬂ- intﬂ Eq- Eq'-
. n. p=p3
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Then both critical buckliag losds PU and PT can be deter-

nined reasonably easily by evaluating the constants Gi.

Humerical solutigns:

Case 1 For m hinged bowsd strut, the general displacement function

that satisfies the boundary conditions is

W = B1 ainTTE + BE sin ETT% N -

- Tbia willl also satliafy the orthogonality rglatiup;hips.

Then the constents (Eq.11) cad be readily evaluated,

Dl6}53£ _Qk+'-iots-|i,1-lii------'411|+vi-1(I33a)

¢, =

05 s 4.93875 _..;........;...............+¢.....(33h}
Cg = 19.75500 . (33c)
G, = 4B8.78250 terrrriseeresersnuinnsaa veserieaaa({33d)
Cg = 780.,52000 .........,.]...;......Tg-..+?....-(53e}
Cg = 1.00000 ...;¢.....;..............¢.......-(}3f)

Therefore the upper buckling load P; of Eg. 28 witb the
- :
necessary conditicn A of Eq. 27 and Eq. 23, and the nonsymmetrical

¥l N, g-ng
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buckling load By of Eq. {31) with the necessary condition A of

Eq. 23 are rawritten as reapectively:

8 > 'f%
- 0.52380 H _ 0.11111
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}f){u.wﬁ?ﬁ H + (148.74119 B + 20.07756) E] ..... +eaen(35a)
i
- » .l 7 -I
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Casa 2 For & clamped bowed strut, the general displacemeant func-

tion that satisfies the boundary conditiona ina

51 BE .
W o= 5 (1-4;052115) + 5= {1-1':.059'1'{5} .._.“........,.......(38}

as previously:
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2
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: | 1
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eneral analwvsis of the snap buckling load of a bowed sirub

by the clas5idal criterion: Tais different cpiterion has boen

applied to tbe smell curved, hinged bowed strut by Fung and Kaplan
wbo used two Fourier scries to represent the initial shape Yu and
deflected shape ¥, after application 9f the lateral central con-

ceatrated load P, of the center line of bowed strut

o
Y -= Z A Einm x "l"l'"40!chiiiooooioitti-ii{q‘h‘a}
+] m L
R = 1 _
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oo
and Y= 2 B sinjpTx
m = L
in which ﬂm end Bm are the amplitudes of the initisl and deflected
shape respectively, L is the spen of the bowed strut. Assuming
tbat the bowed atrut is made of hﬁmugeneoua material, of constant
¢ross section and with swall curvaturs a0 that Ii 13z negligible in
comparison with 1; and that thickness of the etrut 1s much smaller

than the radius of curvature of the'angd gtrut, Then the ususl

beam theory gilves

ET (IH - !on} = Hb + Hﬂrﬂ — HF lvll------.----'-'---1-4(1“5}

in which Hh end H are the bending moment and axial thrust built
in the bowed =trut dus to the application of 2 lateral central

concentrated load F. The bending- moment M

p, ¢an bea expresased in

form of Fourier scries

[~ =)
Pih ’ﬂ Z _:L_{Bin ﬂ} Einw iiiai‘diiiiiii'(l}é}
= = 1 III2 E-

L
and
L )
ftE F- I 2
H. = Hﬂ * Ig (yox - !x} dx t-a--------.-------1'(4?3-)

dubstituting y and y from Eq. 4+ and Eq. 45 intn Eq. 47a then

baceman - .
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Substituting these values for Hb‘ H, ¥, and y into Eq. 45, then

the ecquation of oquilibrium oan bs ebtalned and exprezmed in terms

of the Fourler Co-efficients

2
T BI 2 mTx EPL A 'TTx
Y- Zm (,ﬁm - Bm) sin --L—- a Z (ain —'-) sin

mT x
+ HOZ{AE - Bm} sin 1

mft Z 2 ﬁ,_ B ) Z m'lTx - (48

By egquating the c¢o=-efficients of the corresponding ierms in the
right and left hand 6lde, therefore a set of an infinite number of

simul taneous equations is cbtained

Terel 2,2 2 Toer 2
J+L2|Zn(ﬂnuBn} By (B a - m ), - By -
[

2¥L

qTE {Bin } {Where m= ", E } hi!l} -lv{kgj
m .

To simplify the expreaslons, some non-dimensional terms have been

introduced by Fubg & Kaplan:

}\m .ﬂ 1-?32 — -i---n-----1-11-+9-oni----tiitwrrcﬁoﬂ)

hi. =2 1-?}2 - 'l"!'l"l"ll'l'll-i--#ititiiit-iiyioit--.-(mh}

R = 1-?}2 LA L B R L AL B B B R R I R R I R SR Sy (Eoc}
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5 = —%— 'Ii"i'!llli------vv-btln------s-.-.-...(.50{1)

Then the general equilibrium Eq. 49 becomes

bm[ZnE)kzn - Z n® hi - (w° - 5}] e :—g (sin -ng)- /\E(ma-—s}

(Wbﬂl‘&tﬂ:"l, E‘} |.1+_--+b-q|--J .-ttqt..i{E"l}

A hinged sinusnidal bowed strut under a lateral central

conccntrated load.

In order to get a simple sclution, a sinusoidal hinged bowed
strut subjected to & lateral central comcentrated load P, as shown

in Fig. 6, is considered

X
i
Figufe 6., A lateral central concentrated load on a binged sinu-
soidal bowed strut. '
' . T X
thBI‘EfDI‘Q Io = A.1 EJ..]'J.—-—:-L-— -pttitv-;.-'|----"|||t-(52}
then }\EI )\3 EA"..I- = --.-o=D ---»--ut.-.--ll-(Eﬁ}
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Aa previous section, the deflection curve 1s represented by

two torms funstlen again

T = B1 ﬂin 'er + BE sin g‘i“'—x ---ioull-tio|.-v4§4l;.{5"+}
I - I h3= hl+ = b5 =..----.=_ICI vl-lnoo-----ato----lo---(55)

From these particular cases, therefore both of eritical buckling

load RT and RU with the pecessary condltions can be obtained from

the equilibrium Eq. 21, ¥ields

1
R & % [(1‘5}&_11'3(&1*5"4} :[t--ilnlucc-i-t---{f-‘ﬁ)

T
1
for ,AH1 Zr(ﬁaﬁ - S)E sesesnssennsarasl57)
| & s
and Ry m%[(1-s}h,1+z%}‘1;5“1}z] teveascnasennnaa(58)

1 1 .
for (1'3) 2<’k‘1é‘ (5'5""3) 2 -iqviqaooio--v-l(5g}
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