CHADPTER V

& FETHOD FOR FINDIHG 4 HMAGIC SOUARE OF AFY LVEN ORDER

5:1 Host rules for the constructicn of magic sguares of
any even order Iall into two categories, according as tho
even order n is singly even,that is of the form 2(2m+1);
or doubly even, that is of the ferm Zm.

e shall use some properties of the magic squaves
discussed in chapter IV for finmding the mazic souarcs of
even order.

¥rom 4.1 we know that from every given vair of
orthogonal Latin squares (this is often referred to in ths
literature és a Graeco-latin sguare or Juler square) a
quasiumagic square can be obtained, . and . by a suitabls
arrangement on the two main diagonzls of %hae corthomenalolatin
Sguarss we can get a magic scouare.

Gur first step for finding a magic sguare of any
even order is therafore to consteget a pair of orthogonal
Latin esquares of even order. This can be done for every
evsan a:u:-w:?.er-#E except order 6. But it is not easy to construct

& pair of orthogonal Latin squares of sinsly even orden.
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(Mey dersey: The hathematical Association of America, ﬂ?@ﬁ)g
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Hence we shall not use this method for the singly eaven
orders., However, we can easily construct a pair of
orthogonal Latin squarss. for orders that are integral

powers of 2 by using properties of finite fields which are
known as Galeols fields and dosienated by the notation GF(pu)9
where p is a prime and u iz a nositive integer. In a CGalois
field, if F denotes the number of clements in the field,

it is well known that we must have H = pU'n ilowr since there
15 only one prime cven numbex, that is 2, we therefore can
£find the Galois fizld of 2% eclements from which the pair

of orthogonal Latin squares of order 2% can be Ubtﬂiﬂﬂdao
And by selecting a pair of ozthosonal Latin squares such
that the twe main diagonals are also magic, as in 2.1%, ws

can get a magic square,

S5.d We shall now proceed to construct the Galois fiald

of 4 elements, This can be done by adjeiaing to G¥{(2)

(a field with two elemznts) a root of an irreducible guadratic
polyncmialag In GH(2) x;+1+ﬂ is the irrzducible guadratic

polynomial. Suppose there were a number ¢ in GF(2) whiech

EI-ianng H.B. 4nalysig and Yesisn T -fxperiments.

e s — o e dem

(Hew York: Dover Publications, Inc., 1943, p.95.

3Johnson9 Michard 5. University Alssbra,

(Wtew Jersey: Prentice-Hall, Tne., 1966}, po. 107108,
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. . p . \ \ .
satisfied t7444+1 = 0 in GF(2). This t is called & Galois

imarinary. Consider the gt of sxpressioas
2 P LR 1 ‘
o tagbHast o caoowr, BT e b, (aiE;T)
Note that tE

1

=1 = t44
67 - 5.6° = (51} = ¢

86C.
Hence any polynomial in t can be written in the form a+bt.
Since there are two numbers in GF(2) which are 0 and 1, the
set of all elements of the form a+bt has & elements 0,141,115,
tle capn easlly vefify that this set of elements forms a ficld.
Yhen the elements of a Galois field are known then
the construction of & pair of orthogonal Latin squaras can
be simplified considerably by constructing 2 addition Tables
ith-suiteble elements in the diegonals an follows:
In table 1 put 0,1,%,1+t at the head of the columns and ¢
vimes these zlements, viz,0,%.1+4%,1 at the beginning of the rows.
in table.2 put 0,1,t,1+5 at the head of the columns and {f:t)
times these elements, viz, 0,1+%.1,t at the beglmning of thes Tows.

These two addition tables arec:

+] 0 1 £t 1+0 - 10 1 v 4+t
1 s 1 =
Table 1. o | A % |1+{} 00 |1 ¢ ﬂH:iTﬁlﬁzb
tlt [1+5 ] O 1 1+t 1+t! 5 | A 'dﬁj
1+t | 148 t 11 | o 11110 1445 | ¢
1| 1 0| 14y & £ | & 1+t 0 1)
— —_

Figure 5.1 Two additional tables of GF(EEJD
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kach table is a Latian squarz in which both mein
diagonals contain the complete set of elemgnts. Putting
these two tables together and replaciag O by 0, 1 by 1,

t by 2 and 1+t by 3 we get the following orthosonal Latin sguare.

oo | 11 22! 23,

4 Moure 5.2 - A pair of

€3 32| .| 10
. — orthogonal Latin squarss

211 20| 25 02
of order &,
221 03] 30| 2

This i= equivalent to a §air of ortaogonal Latin
squares of q and s as in 4.1 and both values of q =nd s run
through the integers from O to 3 in every row, every column
and both main diasonals. ‘fe can therefore replace the crdered
pair (q,s} by the number m given by m = ng+s+1. This can
ve simply done by replacing the ordered pair (0,0) by the
integer 1, (0,1) by 2, (0,2) by 2 and so on. ‘e then get

the following magic sguare.

11 61 411 161

PP

12 115 2 b Fizure 5.3 A magic squars

4 S 8 3 of order 4,

7l af 3] 0

. . h .
I'vw when the magic square of yb ordar is known we
can construct magic squares of order 4g, where g is any odd

number by using the properties of magic squares discussing
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in 4.5. That is we can now construct mazic squares of

orders 4, 12, 1o, 20, 28, 36, 4&, and 50 on.

25 e shall now consider the construction of a masic
square of order 8. ‘le can do this in a way similar to
that used for constructing the magic squars of order .
That is we First find the Gelois field of 3 elements dy

adjoining to GF(2) a root of an irreducible polynomial af
3

degree 3. Since x7+¥x+1 is an irreducidble polynomial n

GF(2), we can use it to construct & Gelois field of 8 elements

ag before, and we obtain O, 1, t, tE9 1+, t+t2, ‘i--.d:w:-"ug._i ﬂ+ﬁ2;

It can be easily verified that all of these elements foym

a fisld.

Now we construct 2 addition tables suvch that the
main diagonals of both tables contain a complete set of
elements of this Galois field. These two addition tables

can be constructed using:

(1) Dg19tgt2;ﬂ+t?t+t2?ﬂ+t+t2?ﬂ+t2 at the head of

the columns and e times tngse elements, viz, D?t2314t5

2 2 2

P+t 1+ +87, 1487, 1,6 at the beginning of the rows.

2 44t4%°,14t> at the head of the

columns and 1+t times these zlepents, wiz, 091+twt+tag1+t+tzg

ﬂ+t2913tgt2 at the beginping of the rous.

.
{(2). 0,1,6,t7 1+t T+t



These two additional tables are:
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+ 0 ol t tg T+% t+tE 1+t+t2 _EIFE

o 0 1 5 5" 156 | 5487 Mett® | qett
82 1 2 | 102 | was2 | 0 eeat? | 1 I

P46 [ 14t . 1 Lol | 0 146° A L
tet° | 6465 [etat® | 42 I 0 A
e S S R S T
1446 648 | g 146 145 IR o it
1462 | 162 | 68 |1st1t q t;_e_..?-..;.;;___,_,é.-_T 0 ?
1 1 0 14t PURE-E S DN tqt.-‘i"_# 2 “4%
'F 2 I AT
B LA LR W77 i 0 N R B Ll

. 0 1 ¢ 5 Tt BeET it e
o0 | o 1 ¢ 2 T at ch;‘f_j J :;" e
14t 14t t 1 ‘1+t-}-t2L o | 12 | & RS
b+t t452 E1+t+t2 £2 0 147 2 5 }_.._:E,_{__ N
UEte | AbatP i Gete | 1052 | et i 5@ 1 1 o B
1352 | 162 | 62 | 1etet b1 wetR | den | "-{':““I_o_-m
1| 1 0 At | 1 Lttt ;;+b2! 5
- 14t 0 vet2 | 4 L4 L 1e6® | 1atas®

e £° 1408° | tat 0 fetst |t | 4et 4

Figure 5.4 Tuo additional tables of GF(Eﬁ)c
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Putting these twe additional tables tngether and

replacing O by O, 1 by 1, t by 2. tE by 3, 1+t by 4,

t+'tE by 5, “]+t+t2 by & and 1+t2 by V. we aet whe Tollouwing

orthogonal Iatin square.

EENEAL NN
s {72 | 54 | 06 | 60 '_2? 43| 45

[yl n— [ = e

et L SR, WS PEY EE A ——

45126 | 13 [ 62 | 07 | 70| 31} 54

LT - - -
e L i L e

56 | 65 | 37 | 24 721 01| 10| 42 Fizvas 5.5
o7 | 23| 78| A1 35 .’]q. 02| 20 A ociv of

71| 30 et | 17 ] 52 45| 25 '65? orcvhorenal. Tatin

-‘:EE O 40 ?5 24 63 5? . ﬁe SQUECLE of order 8.

et - LA -

25| 471 05|50 16| 321 74 B

from this we get the follewing magic sguare.

i 3
0] 49 | 281 37| 46| 55! &u]

;
‘ {29 59t 42 71 uo! o4 36! qal.

— ——— e e e e b

38 | 23 | 12 | 51 B 571 26| 45

42 1 52| 322 1 219§ &0 91 ,gg} : .
I _ R P — .....r__._T._..__.. el Flglu_._r‘_g EDG
56 [ 44 | 53 | 34 5DJrf15 I B
e i S A mazic square
56 | 25| 53 | 16 43J_ 39| 221 4
e T —_ — - " of order 8.

_qi_i SE 35 1 6z 18| 321 48| 371

20| 40| sfa1] 5] 27] 61 50

. I

. th .
How when a magic square of 8™ order is known ve
can construct magic squares of order Bh, vaere b is any

niamber greater than 2. For i = 2 we can construct nagic
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squares from magic squaves of crder & as discussed earlicr
in 4.3, Hence by the method discussed ia 5.2, 5.3 =nl using
some properties of magic sguarcs in #.3 we can coasbtiuct

magic sguares of every doubly even order.

5.k low consider the congtruction of magic sguares of
singly evern order. Since there are no orbthomonal Talin

square of order 6, and it is rather difficult To coastrvet

o

orthogonal. Latin squares of singly even onder, ve gaoil no

P ]

use the previocus method direcily to construct magic aquare
of singly even order. Bubt we shall make use of ths moovions
method for comstructing doubly even order maglc 5SqUaras

first and then by the help of the bordered squares nchond
due to Fréhic134$ we can obbain magic squarcs of singly

aven order. The method is as follows:

Tn constructing a mazlc sguaze of singly even order n,
we first construct & magic sguare of doubly even order n-<
by the method &iscussed in 5.2 or 3.3. Then add 2n-2 to
every number in it. By 4.2 we get a manic sguare of order
n--2 with the (nuE)2 consecubtive intezers Trom the nunber
2n+7 up to n2~2n¢25 The comlonr sum is iHrE%ﬁH%tiln
o to construct a magic square of order n, e

border this magic square on every side by one row, ¥e

Ball, \.W. House. lathematical Recreations and »583y¥S.

(London: kacmillan and Co. Litd. 1531), pon.145-145,



then get ancther tn-4 cclls. hese 4n-4 cells must be

filled with the numbers 1, 2, .os.c...,20=2 and n2~2ﬂ+39

n2~2n+£l-9 ansessoy nanﬂ? 112 ih zuch a way that the common
L
sum of this naw square must be equal to Hﬁ%ﬁiil .

: 3 . 2 ;
Consider the numbers 1; 2, ccansy on=2 and n"-2n:3,

2 2

n2=2n+4gnaquou.% n"=1,n", Ye can see that the sum of zach

pair 1 and n29 2 and neaﬂg and so on is equal to n2+ﬁ, rmdoh
when added to the common suvm of the (nuE)ﬁh order naTic

square gives the common sum of the nth

Ordor MARLe SQuaTe
Lo be congtructed. UYe thersfore ought to put the nuubers
in each pair at opposite ends of easch row, column and diasonal.
Since there are Zn-2 pairs of these numbers; and thewve are
n-2 raws? n~2 columns and 2 diagonals. vhich mekes altosethen
dn~2 lines, we have just enoush pairs for constructing the
required magic square,

It is only remains to meke the sum of the nuabers
in each of the bordar rows and columns equal to Eiﬂéfil oo,
I{ this has been done wg then gat a magic aguare of singly
gven order.

Example. e may construect a nagic sguare of order 10
from the magic square of ordenw 8 on page 44 of 5.3 by adding
2n-2 or 18 to every number inm it. Then border this magic
gquare on every side by one row. Put the numbers in each
of the pairs 1 and 100, 2 and S99, ..ccacaeaa, 18 and 83 at
ppposite ends of each row, column and diagomal in such a

way that the sum of the numbers in each of the bordesr lines
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is the same common sum. This cap be easily nade by trial

and error. Ve then get the following 1Dth order magic sqRars.

50 2] a3 919 95 on -i_ééﬁm
h_ 5 119 28 | 37 46 |55 | 64 | 75 | 82 'Lgi
5 (47 |77 (60 |25 | &7 | a2 |58 | 52 | o6
o Te T (RS 1
VPPN P20 27 155 | 8
% |7 |62 |81 |52 (48 131 |21 |35 | 1
1{39 76 143 | 71 | 54 | 61 |57 |40 125 | 2]
{_5? 29 | 23 [ 51 |80 | 56 | 70 | 66 | 46 | 12|

100 | 38 | 58 | 24 59 | 33 Las |79 | e 1 4]

— rrr— —_ e Emma— e, = Lp T e

85 199197 {8 {10 | 5| s 716198

=) |

Figure 5.7 .\ magic square of order 10,

7

- C e
Sav AT
GoelE e,
A = .
. / : N’y\-‘-
i B e
v . N .y
N L f T
g s . H - .
T ) ok
.- ' . .,_".I .
I S
wooRET Vo
o

——m

v
L
N

i
4




	CHAPTER V  A METHOD FOR FINDING A MAGIC SQUARE OF ANY EVEN ORDER



