CHAPTER III

MATRICES AS I'-SEMIGROUPS

In this chapter, we deal with sets of m x n matrices over R. For fixed T C M,,,.(R),
our goal is to find all subsets I" of M,,,(R) such that T is a I'—subsemigroup of
M,..(R).

Recall that if [bp,] € Mpm(R) and [@rs), [Cuv] € Mma(R), then

[ars] [bPQ] [CIW] = [i ia’rﬁbﬁacav] .

a=1 =1

Theorem 3.1. Leti € N,,, 1 € N, and T = { [ars] € Mpa(R) | a;; =0 }. Then
T is a I'—subsemigroup of My, (R) if and only if

T C { [bpg) € Mum(R) | bpg =0 if p#j and g#1}.

Proof. Let M = { [byg] € Mpum(R) | bpy =0if p# j and ¢ #3 }.
First, assume that T is a I'—subsemigroup of M,,,(R). Let [by,] € [". Fixp # j
and g # i. Let [arg], [cav] € T be such that

aig = Opg and  ¢yj =04 forall B € N, and a € N,.
Then [a,5][bpg)[cav]) € T. Thus

0= aishpaCa; = ) Y  Eppbpabaq = bpq.

a=1 =1 a=1 g=1
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Hence [b,,] € M.
Conversely, assume that I' C M. Let [a,g], [cav] € T and [byg] € . We claim

that the (7, j)—entry of [ars][bpq][Cav] is zero. Since bgo = 0 for all 8 # j and o # ¢
and a;; = ¢;; = 0, it follows that

33 bt = 3D bsues + Dby = 3 aubias

a=1p=1 o 7= P
Therefore, T is a I'—subsemigroup of M, (R). O

Theorem 3.2. Let i,p € N, and j,q € N,, be such that i # p and j # q. Let
T = { [ars] € Minn(R) | ai;j =0 =@, }. Then T is a T'—subsemigroup of Mpmn(R)
if and only if

[ C { [bag] € Mpm(R) | bj, and by; are arbitrary and 0 otherwise }.

Proof. Let M = { [bag] € Mam(R) | bjp and by; are arbitrary and 0 otherwise }.
First, assume that T is a ['—subsemigroup of M,,,(R). Let [by] € T Fix

(t,k) # (j,p) and (t, k) # (g,%). Then for any [a,], [cw) € T,

m n m n
ZZaigbgacaj =0= Z Zapﬂbgacaq.

a=1 =1 a=1 =1

Case 1. k # i and t # j.

Let [ars], [cav] € T be such that a;s = 6y and coj = dax for all § # j and a # .
Then

0= ZZaiBbﬂacaj = Z Zéwbﬁaéak = btk-
a=1 =1 a=1 f=1

aFi G4j
Case 2. k=tiort=j.
Subcase 2.1 k = .
Then t # q. Let [a.g], [cav] € T be such that ay,s = 65 and caq = dqi for all
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B # q and a # p. Then

m n m n
= Z apﬁbﬁacaq = Z Z 5tﬁbﬁa5ai = by;.
a=1 =1 a=1 =1

a#p B#q

Subcase 2.2t = ;.

Then k # p. Similarly to Subcase 2.1, by choosing [a,s], [cav] € T such that
apg = 0;5 and Coq = Oax for all B # g and o # p, we obtain that by, = 0.

Hence, we can conclude from all cases that [b;] € M.

Conversely, assume that ' C M. Let [a.g],[cav] € T and [bge] € T'. Since
bga = 0 for all B # j and o # i and a;; = ¢;; = 0, we have

m

Z Z alﬁbgaca] Z Z azﬁbﬁaca] + Z alﬁbﬁlcﬂ

a=1p=1 g#l h=
= Z Z aigbgaCaj + Z aijbjaCaj + Z aigbgicij = 0.
a=1 g=1
aFi B#j a#z

Since bgo = 0 for all B # q and o # p and apy = ¢,y = 0, we have

Z Z appbpaCaq = Z Z p3bpaCaq + Z appbBpCog
a=1 =1 a=1 =1
aaép
= Z Zapﬁbﬁacaq + Z ApgbgaCaq + Z appbppCpg = 0.
a=1 =1
a#p B#q a#p
Thus [a,5][bsa)(cav] € T. Therefore, T' is a I'—subsemigroup of M,,,(R). O

Theorem 3.3. Leti € Ny, j,t € N, and j #t. Let T = { [ars) € Mmn(R) | ai; =
0=ay }. Then T is a I'—subsemigroup of M,.(R) if and only if

I'C { [bpg) € Mum(R) | bpg =0 if p#j,t and g#i}.
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Proof. Let M = { [bpy) € Mpm(R) | by =0if p# j,t and g #1i }.

First, assume that T is a ['—subsemigroup of M,,,(R). Let [b,] € . Fix
p # J,t and g # i. Let [arg], [cav] € T be such that ais = 0, and c,j = 044 for all
B # j,t and a # 1. Then [a,][bpe][cav] € T. Thus

0= Z Z igbgaCaj = Z Z Opabpadag = bpg.
a=1 =1 a=1 g=1

aFi B£it

Thus, [by,] € M.
Conversely, assume that I' C M. Let [a,s), [cus] € T and [bye] € I'. Since a;; =

aie = ¢ = ¢ = 0 and Zaiﬁbga = aijbjq + aithie = 0 where o = 1,2,...,%,...,m,

B=1
we have
m n m n n
Z Z aigbgacaj = Z Z a,-gbgacaj + Z aigbg,-c,-j = 0, and
a=1 =1 azl p=1 B=1
Z aigbgaCat = Z Z aigbgacat + Z aigbgicie = 0.
a=1 =1 a=1 =1 B=1
ot
Hence [a,][bpy][cuv] € T Therefore, T is a I'—subsemigroup of M,,,(R). Q

The following proposition is also useful for obtaining results in this chapter.
Notice that this proposition is analogous to Proposition 2.1.1 and Proposition 2.2.1
which are major tools in studying I'—subsemigroups of R under usual addition and

multiplication, respectively.

Proposition 3.4. Let T and T’ be nonempty subsets of Mpua(R) and M,n(R),
respectively. Then T is a ['—subsemigroup of M,.(R) if and only if T*" is a
[t — subsemigroup of Mum(R).
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Proof. First, assume that T is a ['—subsemigroup of M,,(R). Then TT'T C T.
Thus TUT¥ T = (TTT)" C T*. Thus T* is a ['*"—subsemigroup of M,.(R).

The converse is obtained similarly. |
Theorem 3.3 and Proposition 3.4 give the following result.

Corollary 3.5. Let i,t € N, and j € N, and i # t. Let T = { [ars) €
M, .(R) | a;j = 0 = a;; }. Then T is a I'—subsemigroup of Mmn(R) if and
only if

I C { [bp] € Mam(R) | bpg =0 if p#j, ¢#4t }.

Proof. Let M = { [bpy] € Mum(R) | bye =0if p # 4, ¢ #4,t }.

First, assume that T is a '—subsemigroup of M,,,(R). By Proposition 3.4, T*
is a I'*" —subsemigroup of M,,,(R). Note that T" = { [ars] € Mpn(R) | aji =0=
ajt } and M = { [byg] € Mmn(R) | byq =0if p #i,t and q # j}. It follows from
Theorem 3.3 that ' C M. Thus ' C M.

Conversely, assume that ' € M. Then I''" C M*" so that T* is a ['*" —subsemigroup
of M,,,,(R). Therefore T is a '—subsemigroup of M,,,(R). O

Theorem 3.6. Let A € R\{0}, i € N, and j € N,. Let T = { [a5] €
M, .(R) | a;; =X }. Then T is a I'—subsemigroup of Mpmn(R)
1
if and only if T = { [byg] € Mam(R) | bji = X and 0 otherwise }.

Proof. First, assume that T is a ['—subsemigroup of Mp,(R). Let [by,] € T'. For

each [a,g), [cav) € T, we have

A= Z Z awbﬁacaj = Z Z a,-gbgacaj + Z a,-ﬁbﬁ,-cij. (3.1)
g=1

a=1 g=1 g#iﬁ 1
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Choose [cay] € T such that c,j = 0 where o # 4. Then

A=A zn: a,-gbg,-
p=1

so that

Y aighsi = 1. (3.2)
=1

From (3.1),(3.2) and the fact that ¢;; = A,

m

0= Z aigbgaca; for all {a,], [cuy] € T. (3.3)

=1 =
o

Suppose there exists t € N,\{j} such that b; # 0. Then choose [a,5] € T such
that

2-Msi gy
app =14 i (3.4)
0 , if B8 € N \{j,t}.

From (3.2) and (3.4), 1 = a;;b;; +ai:by; = 2 which is a contradiction. Hence b;; =0
for all t € N,\{j}. From this result together with (3.2) and the fact that a;; = A,

we see that bj; = —

T
Next, suppose that there exists p € N,;,\{i} such that b, # 0. Choose
1 , if a=p,
aig=0 forallF#j and cu= Abjp
0 , if o€ N,\{i,p}.

Then from (3.4)

n

QipbpaCej = D QipbapCo; = QijbjpCp; = AbjpCp; = 1
p=1 =1

NE

0=

Il
—

QR
-
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which is a contradiction. Hence b;, =0 for all p € N,,\{i}. As a result,

0= Z Z ipbpaCa; + Z @ijbjaCaj = D O GigbpaCa;  for all [an), [cu] € T

=1 f= =1 f=1
i g#] "#' ki g#]

To show that b, = 0 for all t € N,\{j} and p € N,,\{i}, we suppose not. Then

there exist ¢ € N,\{j} and p € N;,\{i} such that b, # 0. Setting [a,g], [can] € T

such that

1 .
g— alf ,B:t, ].,lf a =p,
tp and c4j=

0 ,if BeN\{jt}, 0, if o€ Nz\{i,p}

We obtain that

0= Z Za,‘gbﬂacaj = Zaigbgpcm- = a,—tbtp = 1.

a=1 f=1 B=1
aFi it B#j

aip=

This leads to a contradiction. Hence b,, = 0 for all t € N,\{j} and p € N,,\{3} as
desired. Therefore b,, = 0 if (z,y) # (j,9) and b;; = %, i.e., [bzy] € M. This shows
that ' C M. Since M is a singleton set and I' must be a nonempty subset of M,
it must follow that I' = M.

Conversely, assume that I' = { [byg] € Mum(R) | b = 1

3 and O otherwise }.
Let [arg], [con]) € T and [byg] € T. Then

m n
Z Z aigbpacCa; = Z aigbpicij + Z Z aigbgaCaj = aijbjici; = A.

a=1 f=1 ‘;;} B=1
Thus, (arg][bsa)(Cav] € T- Therefore, T is a I'—subsemigroup of M,,,(R). O

Theorem 3.7. Let A € R\{0}, i € N, j,q € Ny and j # q. Let T = { [ar,] €
Mpn(R) | a;; = X and a;y =0 }. Then T is a T'—subsemigroup of My, (R) if and
only if
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L C { [bap] € Mum(R) | bjg = 385 and bog = 0 for all o 5 j,q and for all 8 }.

Proof. Let M = { [bag] € Mum(R) | bjs = +0p: and bag for all a # j,q and for all § }.
First, assume that T is a '—subsemigroup of My,,(R). Let [bas] € I'. Let
[cav] € T be such that c,; = 0 where a # i. For each [a,g] € T, similarly to the

proof of Theorem 3.6, we obtain that

Zaiﬁbﬁi =1. (35)
B=1
Suppose there exists t € N, \{j,q} such that b; # 0. Choose [a,g] € T such that

2 — Abj; if gt
aig = bei (3.6)
0 Jif 8 € N\{J,t,q}

From (3.5) and (3.6), we see that 1 = a;;b;; + aubs + aigby = 2 which is a con-

tradiction. Hence b; = 0 for all t € N,\{j,q}. From (3.5) and the fact that
1

a;; = A and a;, = 0, we have bj; /\

. Thus, for each [a,g], [can] € T,

n m

m n n
A= Z a.,;gbgacaj = Z Z aiﬁbﬁacaj + Z a‘iﬁbﬁici.f
=1 B=1

a=1 = g;% B=1

m n

=) aigbpacas + aiibjici; + aighyicy;
a=1 =1
a#i

m n

so that

m
0= Z aigbgacaj.

Next, we show that b;o = 0 for all @ # i. Suppose that there exists k € N,,\{i}

1 UL
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such that bjr # 0. Choosing [a.g], [caw] € T such that
1

—g— s if a==k,
aig=0 forall Be€ N, \{j,q} and coj= bk
0 ,if ae N,\{4 k).
Then
0= Z Z a,;gb[,'acaj = Z ai[,'b[,'kckj = aijbjkck,- + a,-qbchkj = a,-jbjkckj =1
a=1 =1 B=1
a#i

which is a contradiction. Hence b;, = 0 for all @ # i as desired. As a result,

0= Z Z a,;gbgacaj.

=1 g=1
el v

Next, suppose for the contradiction that there exist ¢ € N,\{j,q} and k €
N \{i} such that by # 0. Set

1 .
— ,if B=t, 1 ,if a=k,
aip= bex and cu;=
0, if e No\{jtql, 0 ,if a€Nu\{ik}.
Then
0= Z Z aigbgacaj = Z a,;gbgkckj = a,-tbtkckj =1

a=1 =1 g=1
ol Bj B#j

which is impossible. Consequently, [bag] € M. This shows that I' C M.

Conversely, assume that I' C M. Let [a,g], [cav] € T and [bgs) € T.
We need to show that

m n m n
Z Z aigbgacaj =) and Z Z aigbgacaq = 0.
a=1 g=1 a=1 g=1

Note that since b;; = + and bg, = 0 for all @ # ¢ and B # ¢ while a;, = 0 and

Qij = Cij = A,
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we have
m n m n n
DS aigbpaca; = ) ) aigbpaCe; + Y aippici;
a=1 f=1 a=1 f=1 B=1
a;ét
= Z Zatgbgo,co,J + Z QigbgaCaj + A Z aigbg
g-;_éi g;q a;ét
=A Z aigbgi
=1
= Maybsi + ighgi) = A,
and
Z aigbgaCaq = Z Z aigbgaCaq + Z aigbgiciq
a=1 =1 a=1 =1
a;ét
; g;q 0‘?“
=0.
Thus [a,s][bsa)[cav] € T Therefore, T is a I'—subsemigroup of My,,(R). O

Corollary 3.8 is an immediate result from Theorem 3.7 and Proposition 3.4.

Corollary 3.8. Let A € R\{0}, ,p € N, j € Ny and i # p. Let T = { [a,) €
M,n(R) | a;; = X and ap; =0 }. Then T is a T'—subsemigroup of Mg (R) if and
only if

T C { [bag] € Mum(R) | bai = 308ja and bag = 0 for all B # i,p and for all « }.

Theorem 3.9. Let A € R\{0}, i,j € N, and p,q € N,, be such that p # i and
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q#7. Let T = {|ars) € Mpa(R) | a;; =0 and apg = A }. Then T is not a
['—subsemigroup of Mmn(R) for any nonempty subset ' of Mpn,(R).

Proof. Suppose that I is a nonempty subset of M,,,,(R) and T is a I'—subsemigroup
of My, (R). Let [by] € T. Fix t #j and k # i. Let [a,4), [caw] € T be such that

aig = i and Caj = Ok for all B # 7 and a # 1.

Then {a,g][bpq]lcav]) € T so that

0= Z Zaigbgacaj = Z Z thbgadak = btk-
a=1 (=1 a=1 =1

aFti

This shows that by, = 0 for all ¢t # j and k # i. Next, choose [a,g], [can] € T such
that

0 ,if a#p,

A L if a=0p.

ap,; =0 and cCaq=

Then

n

m n n
A= Z apsbgacCaq = Z ppdapCog = Z ppbBpCpg + GpibjpCpg = 0
a=1 B=1 B=1 g;l
j

which is a contradiction. Hence T is not a I'—subsemigroup of M,,,(R) for all

nonempty subsets I' of Mp,,,(R). O

Theorem 3.10. Let \, i € R\{0}, 7,p € Ny, and j,q € N, be such that p # ¢
and q # j. Let T = { [ars] € Mmn(R) | aij = XA and apy = 1 }. Then T is not a
['—subsemigroup of M,,,(R) for any nonempty subset I' of Mp,(R).
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Proof. Let ' be a nonempty subset of M,,,(R) and [by| € I'. Suppose that T
is a I'—subsemigroup of M,,(R). Since a;; = A, ap, = p and from the proof of

1
Theorem 3.6, we obtain that { [bp] € Mnm(R) | b = X

{ [bpg] € Myum(R) | by, = % and 0 otherwise } which is impossible. Therefore, T
1

and 0 otherwise } =T =

is not a I'—subsemigroup of M,,,(R) for all nonempty subsets I" of M,,,(R). O

Theorem 3.11. Let A\, u € R\{0}, ¢ € N,, and q,j € N,, be such that q # j. Let
T = { [ars) € Mpun(R) | ai; = A and a;g = p }. Then T is a I'—subsemigroup
of Mma(R) if and only if T C { [byy] € Mum(R) | 1 = Abj; + uby; and Vt €
N \{i}, Abjt + by =0, and 0 otherwise }.

Proof. Let M = { [bay] € Mam(R) | 1 = Abji+pby; and V¢ € Ny \{i}, Abs, + by = 0,
and 0 otherwise }.

First, assume that T is a I'—subsemigroup of M,,,(R). Let [bg,] € I'. Suppose
that there exists p € N,\{7,q} such that b,; # 0. Choose [ag], [can] € T such that

A + 1-— /\2bji — /\,U'bqi

, if 8 =p,
aig = Abp;
0 , if 8 e N \{j,p 4},
and
Coj =0 forall a#i.
Then

n

A= Z Zaigbgacaj = Z

n
aigbpacCaj + E aigbpiCi;
a=1p=1 S16=1

B=1

—

ﬁ:

QR

= a;5bjiCij + QipbpiCij + aiggiCij
= /\2bj-,; + (/\ + 1-— /\2bj.,'_ —_ /\,U,bq-,'_) + /\/qu.,;
=A+1
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which is a contradiction. Hence b,; = 0 for all p € N,\{j,q}. Note that, for all

[arﬁ]v [cav} €T,

n

aigbgacaj + Z a,-gbg,-c,-j (37)

=3
=18

a=l =1 8=1
1
n

a
m
= > Gigbpatas + ijbjici;j + Qigbeicis

o =1
a#i
m n
=" " aigbgacaj + Abji + Aubys. (3.8)
a=1 =1

Next, suppose that there exist p € N,\{j,¢} and t € N,,,\{¢} such that b, # 0.
Putting [a,g], [cay] € T in (3.8) where
A+ 1 — Abjy — pby — A2by; — Aabys
»
0 , if B€ N.\{4,p, 4},

, if B=p,
a;g =

and

1,if a=t,

Coj =
0,if a€ Na\{it},
yields A = A + 1 which is a contradiction. Hence b,; = 0 for all p € N,\{j, ¢} and
t € N,,\{i}. Moreover, from (3.8) for all [a,s}, [cav] € T,

m

A= (Abja + itbga)Ca- (3.9)
a=1
Suppose that there exists t € Ny, \{i} such that Abj; +uby: # 0. Replacing [cay] € T

such that
/\ + 1 - /\zbji bl /\ﬂ'bqi
= Abjt + pubyt

0 JAf o € NL\{i,t},

Jif a=t,
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in (3.9) gives another contradiction because A = X + 1. Thus Abj; + pb, = 0 for
all t € N, \{1}.

Finally, from (3.9), we obtain that A = (Ab,; + uby;)ci; and since ¢;; = A, we
have Abj; + ubg; = 1. Therefore I' C M.

Conversely, assume that I' C M. Let [a,s], [cow] € T and [bga] € I'. Then

Z Zaiﬁbﬂacav = Z(aijbja + aiqbqa)cav
a=1 =1 a=1
a=1

= (Abji + pbgi) iy
ALif v=7,
= qv =
p,if v=gq.

Therefore, T is a ['—subsemigroup of M.(R).

Immediately from Theorem 3.11 and Proposition 3.4, we obtain

Corollary 3.12. Let A\, u € R\{0}, i,p € N, and j € N, be such that i # p. Let
T = { [ars)] € Mma(R) | a;; = A and ap; = p }. Then T is a I'—subsemigroup
of Mipn(R) if and only if T C { [byy] € Mum(R) | 1 = Abj; + pbj, and Vt €
N A\{7}, Aby + pby, =0, and 0 otherwise }.
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