CHAPTER I

INTRODUCTION

M.K. Sen and N.K. Saha [5] introduced the notion of I'—semigroups and obtained
some properties in semigroup theory analogous to those in I'--semigroups. Because
the structure of a I'—semigroup is similarly defined to semigroup theory, so almost
all results should be alike. For example, in 1987, M.K. Sen and N.K. Saha defined
relations in I'—semigroup analoguous to Green’s relations in a semigroup, deduced
a condition for an element in a '~semigroup to be regular and proved that if o is a
regular element in a D—class D, containing ¢, then every element of D, is regular
in the I'—semigroup. In fact, every semigroup admits a I'—semigroup structure,
by choosing I' = S. On the other hand, let S be a I'—semigroup and o be a fixed
element of I'. We define aobin S by ao b = aab for all a,b € S, then it can be
shown that (S,0) is a semigroup. Thus, every I'—semigroup admits a semigroup
structure.

The purpose of this thesis is to conduct research on the structure of some
I'—semigroups. We characterize different types of I'—semigroups in three topics
which are real intervals, sets of m x n matrices over R and sets of linear operators
on a vector space over a division ring. In Chapter II, we investigate real intervals

as I'—subsemigroups which are motivated by the following propositions:

Proposition 1.1. ([2]) Let I be a real interval. Then I is a subsemigroup under
addition if and only if I is one of the following forms :
(i) R, (1) {0},

(1) [a,00) where a >0, (i) (a,00) where a >0,



(v) (—oo,b] where b< 0,  (vi) (—o00,b) where b < 0.

Proposition 1.2. ([2]) Let I be a real interval. Then I is a subsemigroup under
multiplication if and only if I is one of the following forms :

() R, (i) {0}, ) ),
(iv) (0,00), (1) [0,00),

(vi) (a,00) where a > 1 (vii) [a,0) where a > 1,

(viii) (0,b) where 0<b<1 (iz) (0,b] where 0<b<1,

(r) [0,b) where 0<b<1 (zi) [0,b] where 0 <b<1,

(zii) (a,b) where —1<a<0<a?<b<1,

(ziii) (a,b] where —1<a<0<a®<b<1,

(ziv) [a,b) where —1<a<0<a’?<b<1,

(zv) [a,b] where —1<a<0<a®<b< 1

In Chapters III and IV, we investigate sets of m x n matrices over R and sets
of linear operators on a vector space over a division ring as I'—subsemigroups,
respectively.

We first recall some definitions and examples from [3], [4] and (5}.

Definition Let S and I" be two nonempty sets. Then S is called a I'—semigroup
if there exists a mapping S x I' x S — S, written the image of (a,<,b) as avb,

satisfying the identity (aab)Bc = aa(bfc) for all a,b,c € S and «a, B € T".

Definition Let S be a '—semigroup. A nonempty subset B of S is said to be a
I'—subsemigroup of S if BIB C B where BI'B = {aab | a,b€ B and a € T'}.

We give some examples of I'—semigroups.



Example 1.3. For any nonempty subset I of R, R is a I'-semigroup under usual

addition and multiplication.

Example 1.4. For any nonempty subset I’ of M,,,,(R), M,,,(R) is a '—semigroup

under usual matrix multiplication.

Example 1.5. Let m € N withm > 1 and n € N,_;. Then mZ + n is a
(mZ + (m — n))—semigroup under usual addition since for each a,b,c € Z

(ma+n)+ (mb+m—n)+(mc+n)=m(a+b+c+1)+nemZ+n.

Example 1.6. Let L(V) be the set of all linear operators on a vector space V over

a division ring. Then L(V) is a '—semigroup under composition for any nonempty

subset " of L(V).

Example 1.7. In R, let a,b € [0,1] and ¢ € [0, a]. Then [0, a] is a [0, b]—semigroup

and [0, ¢ is a [0, b]—subsemigroup of [0, a] under usual multiplication.

Example 1.8. Let S=4Z+3,B={4n—1|n€Z*} and ' = {4n+1|n € Z*}.
Then it can be shown that S is a '—semigroup and B is a I'—subsemigroup of S

under usual addition.

Example 1.9. Let § = May(R), I' = My(R) and B = {[22] | a,b,¢,d € R}.
Then S is a '—semigroup and B is a I'-subsemigroup of S under usual matrix

multiplication.

Example 1.10. Let X and Y be two nonempty sets. Denote the set of all functions
from X into Y by S, { g € S | gis a constant function} by B and the set
of all functions from Y into X by I'' Then S is a I'—semigroup and B is a

['—subsemigroup of S under composition.



Proposition 1.11. A nonempty subset I of R is a Q°—semigroup under usual

addition if and only if I = R.

Proof. 1t is obvious that R is a Q°—semigroup. Next, let I be a nonempty subset
of R such that I is a Q°—semigroup under addition. If I N Q° = ¢, then let
z€INQ, soz++Vv2+z € INQ° which is a contradiction. Hence I N Q¢ # ¢.
Let y € INQ° thus —2y € Q° and 0 = y + (—2y) + y € I which implies that
Q° = 0+Q°+0 C I. Next, to show that Q C I, let r € Q. Thus for any y € INQF,
r =0+ (r +y) + (—y) € I. Then we conclude that I = R. O
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