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CHAPTER |
INTRODUCTION

Commodities are the products that play a central role in economy which are
necessary for our everyday life such as crude oil, agricultural goods, and metals, etc.
Since commodity is a product that is considered to be the same whether it comes
from different producers or manufacturers, commodity price for each country is usually
depending on the demand and supply of people in that country; when the demand
is high, producers can charge high prices for goods. The promise of earning large profits
from high prices inspires producers to produce more goods. This will cause excess
supply, and by the law of demand, if prices are too high, only a few consumers will
purchase the goods, and demand will go unmet. Also in some seasons, the production
is oversupply and the producers will get lose. On the other hand, if in some seasons
the production is low, then the price will increase and some customers will not be
able to effort. Since commodity is essential for our life, if commodity spot price is too
high the government will put a limit on any increases in price, and when the price is
too low the government will set a lower limit for prices. However, there are some
producers that hoard products to sell when the price is increasing, which makes the
government policy useless.

We use wheat and rice as our food, oil in transportation for dairy life and
business, metals in industrial, and much more usage of commaodities that are essential
for human. Therefore, government have to control the commodities price using
policies to have standard prices for the market, so the prices of commodities are not
too low for producers to sell or not too high for consumers to buy. To make the
commodities price policies, the government needs to know the inventories of the
commodities, because if there are high inventories but the government set the
standard commodities price too high, absolutely, the market need to sell commodities
at the price lower than the standard price, otherwise no one will buy their commodities
at the standard price. On the other hand, if there are low inventories of the
commodities but the standard price is low, the sellers will be unsatisfied to sell the

items, and they will keep the commaodities until the prices increase, or will protest the



government. However, inventories of commodities are hard to observe from the
markets. Thus, this thesis will offer an alternative way to imply the inventories of
commodities in the markets.

Theory of storage [17] provides that the convenience yield varies inversely with
the level of inventories. Since convenience yield is a hidden factor of the commodities
price, therefore, an exact data of the convenience yield is not known. However, the
only available data in the market is the commodities price, which will be used to
predict the level of inventories.

Commodities differ from other financial assets because they have the mean
reversion property; it does not matter whether the price is increasing dramatically or
decreasing gradually, in the end, the price will return to the mean price. Gibson and
Schwartz [3] introduced a two-factor model (Schwartz two-factor model) that gives the
relation between the commodity spot price and the convenience yield. For the first
factor, the commodity spot price follows a geometric Brownian motion (GBM), where
the logarithm of the commodity spot price follows the mean reverting process of the
Ornstein-Uhlenbeck (OU) type. For the second factor, the convenience yield follows
a mean reverting process. Moreover, these two factors have a constant volatility in
which the commaodity price and the convenience yield follow a joint stochastic process
with constant correlation. Schwartz two-factor model [13] is probably the most famous
term structure model of commodity prices. It was extended by many researchers to
have sophisticated model ([5],[6]1,[81,9],[111,[14]-[16]1,[18]).

In this work, we find the correlation between the underlying commodity price
and its convenience yield based on the Schwartz’s two-factor model, which involves
the finding of expectations of these two factors, including the expectation of their
product. The key idea to get the closed form formula for the expectations, and
therefore obtain the correlations, is to employ the Feynman-Kac formula [6], where
the expectations are obtained via the solutions of partial differential equations.
According to the theory of storage [17], the convenience yield varies inversely with the
inventory of commodity, therefore, finding the correlation will imply the relation

between the commodity spot price and its inventory.



The thesis is organized as follows. In Chapter 2, we provide the definitions of
financial words and some background knowledges for the correlation coefficient, the
Schwartz two-factor model, the Ito lemma, the Pearson’s correlation formula, and the
Feynman-Kac formula. In Chapter 3, we obtain the main result by calculating the
correlation between commodity spot price and its convenience yield. In Chapter 4, we
confirm our formula with some numerical examples using parameters that estimated
by Schwartz [13] for 3 commodities, oil, copper, and gold. Moreover, we discuss the
behaviors of the correlations as time approach the final time. Furthermore, we analyze
the graphs that we obtain to predict the inventory level. And finally, in Chapter 5, we

conclude the result of the thesis with comments and suggestions.



CHAPTER Il
BACKGROUND KNOWLEDGE

In this Chapter, we provided the definition of financial terms and some
background knowledges for the correlation coefficients, the Schwartz two-factor
model, the Ito lemma, the Pearson’s correlation formula and the Feynman-Kac

formula.

2.1 Theory of storage

This section aim to provide the brief review of theory of storage [17]. Which the

important term convenience yield arising from inventories of storable commodities.

2.1.1 Inventories

Inventory is a quantity of goods or raw materials owned and stored by a
business that is intended either for resale or put to manufacturing process. In this
thesis, we focus on inventory of commodity. Inventory is an important factor in
commodities markets. For manufacturing industries or producers, they holds
inventories to reduce cost of adjusting production over times, and also to keep the
process run continuously, running out of only one item can prevent a manufacturer
from completing the production of its finished goods. Since commodities is important
for production/manufacturing process, producers/manufacturers need to hold
inventories but they need to pay for the cost of storage. Thus, some of them decided
to hold but some of them not. Therefore, the inventories are hard to observe from
the market. Considering for the price of commodities, when there are high inventories,
the commodities price must be low and conversely when there are low inventories,
the commodities price must be high. Thus, the level of inventories of commodities in

the market plays an important role in determining price.



2.1.2 Instantaneous convenience yields

Brennan and Schwartz’s article provided the definition of instantaneous

convenience yield as follows:

“The convenience yield is the flow of services that accrues to an owner of the
physical commodity but not to the owner of a contract for future delivery of the
commodity. Recognizing the time lost and the costs incurred in transporting a
commodity from one location to another, the convenience yield may be thought of
as the value of being able to profit from temporary local shortages of the commodity
through ownership of the physical commodity. The profit may arise either from local
price variations or from the ability to maintain a production process as a result of

ownership of an inventory of raw material”.

For example, assume that we are producers. Thus, we need physical goods to
produce our products. We have two choices, in order to reduce the risk of price
fluctuations, one is to own the contract or derivative instrument and another one is to
hold an underlying product or physical goods. If we choose to hold physical goods,
we have to pay for the cost of storage and we may get lose from perishable goods. In
fact, when there are lack of goods, the option of holding physical goods has an
advantage because the producers will has an ability to keep a production process
running. This advantage that we obtained from holding an underlying product or
physical good, rather than the contract or derivative product, is call the convenience

yield.

The Kaldor-Working hypothesis [17] postulates that the convenience yield
depends inversely upon the level of inventories. In other words, if inventories to be
stored are exceptionally large, the cost of storage may exceed the return for carrying
physical goods which lead to the low value of convenience yield. On the other hand,
if inventories are quite low, the return for carrying physical goods may greater than the

cost of storage which lead to the high value of convenience yield.



2.1.3 Mean-reversion property

The mean reversion is the property that prices will eventually return toward
the mean or average value, the long-run mean. Commodity prices neither grow nor
decline on average over time, but they fluctuate around their long-run mean. The
mean-reversion property is one of the main properties that researchers take into

account when researching on commodities ([2], [10]).

2.2 Stochastic model for commodity prices

One way to study about commodities price behavior is by considering
stochastic model for commodity prices. The first model for commodity prices was
introduced by Brennan and Schwartz [1] where the spot commodity price follows a
GBM and the convenience vyield is treated as a dividend yield. However, this model is
inappropriate because it does not take into account the mean-reversion property of
the spot commodity prices and neglects the inventory-dependence property of the

convenience yield.

Gibson and Schwartz [3] introduced a two-factor with constant volatility model
where the spot price and the convenience yield follow a joint stochastic process with
constant correlation. The spot price of commodity follows a GBM and the convenience
yield follows a mean reverting stochastic process of the OU type. In the spot price
process, they added the convenience yield to consider as a dividend yield. And in the
convenience yield process, the OU process relies on the hypothesis that there is a
regeneration property of inventories, that is to say, there is an appropriate level of
stocks which satisfies the needs of industry under normal conditions. This appropriate
level can be guaranteed the existence by the behavior of the operators in the physical
market. When the convenience yield is low, there are plenty of stocks and the
operators sustain a high storage cost compared with the benefits related to holding
the commodity. Therefore, if the holders are logical, they will try to cut these surplus
stocks. Conversely, when the stocks are rare the operators tend to reconstitute them.
Schwartz [13] introduced difference of this model where the convenience yield is

mean reverting and interferes in the commodity price dynamics. He also tests the



model with several commodities. Schwartz [13] three-factor model, Miltersen and
Schwartz [7] and Hilliard and Reis [5] add a third stochastic factor to the model to
account for stochastic interest rates. Nevertheless, the inclusion of stochastic interest
rates in the commodity price models does not have a significant impact in the pricing
of commodity options and futures in practice. Accordingly, interest rate can be

assumed deterministic.

In this thesis, we assume that the commodity spot prices follow the Schwartz’s
two-factor model, Gibson and Schwartz [3], the relations between the commodity spot
price and the instantaneous convenience yield, where logarithm of the spot price and
the convenience yield satisfy the mean reverting property. The model can be written

as follow:
ds, = (r—¢,)S,dt +o,S,dw.®, (2.9
ds, = (x(a—35,)— A)dt + o,dW,?, (2.2)

where S, is the commodity spot prices at time t>0, &, is the instantaneous

convenience yield at time t, (Wt(l),Wt(z)) is the 2-dimensional Wiener process with
t>0

dw,Ydw,? = pdt, where p denotes the correlation coefficient between the two
Brownian motions, r is the risk-free interest rate, x is the speed of mean- reversion,
A is arisk premium of the market, o, is a parameter showing a volume of a fluctuation
of a commodity spot prices, and o, is a parameter showing a volume of fluctuation
instantaneous convenience yield. The stochastic models (2.1) and (2.2) include 2
stochastic processes,(St(a)))tZO and (é‘t (a)))tzo, for @ eQ), where S, is expressed by
the Black-Scholes model whose volatility depended on S;, and &, is expressed by
the OU model that converges to a long term mean &, =& —ﬁ/K of instantaneous

convenience yield.



2.3 Ito’s lemma

Suppose that the value of a variable x follows the Ito process
dx =a(xt)dt+b(x,t)dz, (2.3)

where Z is the Wiener process and a(x,t) and b(X,t) are functions of x and t. The
variable x has a drift rate of a and a variance rate of b%. Ito’s lemma shows that if G

is a twice continuously and differentiable in x, and once in t, then

2
dG = 8G +§ ZaGb2 dt + @bdz
ax ot x> OX

where 7 is the same Wiener process as in (2.3).

(Proof see [4]).

2.4 Pearson’s correlation

We use Pearson’s correlation to compute the correlation coefficient between

commodity spot price and its convenience yield which formula is given below.

The correlation of two random variables X and Y, denoted by Corr(X,Y), is
defined by, given that Var(X)Var(Y) is positive,

Cov(X.,Y)

Corr X, Y
\/Var )Var( )

where
Cov(X,Y)=E[XY]-E[X]E[Y], Var(X)=E[ (X ~E[X])']

(see [12]).



2.5 Feynman-Kac formula

It is a method for calculation of expectations of a function or a functional of
diffusion process on the boundary. This expectation can be computed by using a
solution to the corresponding partial differential equation with a given boundary

condition
Theorem (Feynman-Kac)

Let T E(0,00) be a fixed time horizon and D be a domain in R". Let X (t)

be an n-dimension Ito’s process satisfying the stochastic differential equation for

t>s>0,
X (t) = (t, X (t))dt+§l;a,. (LXMW (),  X(s)=xeD,

where ,u(t,X(t)):[O,T]xD—)R” is continuous, W;* (t) is a @ -Brownian motion, and

o (t, X (t)):[O,T]x D—R", j=L..,m. In other words,
X, (t) ,ul(t, X (t)) = (t, X (t)) - o (t, X (t)) dW,2 (1)

X,®) | u(tx() ou(t X (1) - o (tX (1) W2 (1)

Let

all(t,‘X (1)) alm(t,.X ()

ou(tX () - opm(t X (1))
Then, the generator of the process is

B n i 1 n_ n . 82
SR e

-1 j-1

where, for notational convenience, 4 = i (t,X(t)), and (vvT )ij is an element (i, j)

of the matrix w' of the size (nxn), Let g:D —[0,00) be a given measurable
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bounded function and U (t, X) be a differentiable function of t and twice differentiable

function of X defined by

u(t,x):= E[g(x (T))|X (1) = x].
Then, u(t, X) is the solution of the partial differential equation,

aat_“mu:o, on(0,T)xD (2.5)

with the boundary condition
u(T,x)=g(x), forxeD

(See [6] for the complete proof).

Note. The idea of Feynman-Kac for relating stochastic differential equation to partial
differential equation is as follow [4], based on the Black-Scholes partial differential

equation.

Consider the stock (or asset) where its price S follows the Ito process
dS = xSdt + oSdz, (2.6)

where u is the stock’s expected rate of return and o is the volatility of the stock
price, both are constant and z is the Wiener process. Let f be the price of derivative
contingent on S, thus the variable f must be a function of S and t. Hence, from Ito

lemma

2
df = i/JS+§+§20282 dt+ 2 osdz. (27)
0S ot °0oS 0S

The discrete versions of equations (2.6) and (2.7) are
AS = uSAt+0oSAz, (2.8)

and
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2
Af = of of 281;
oS ot °0S

— uS +—+1—0282JM+?—SGSAZ, (2.9)

where Af and AS are the changes in f and S in a small time interval At. To
eliminate the uncertainty Az for both AS and Af,one can set up a “risk-less”

portfolio to balance this term. For example, considering the portfolio that the holder

of
short one derivative and long an amount E of share at time t. The value [] of the

portfolio at this time is the sum of the value of holding stock G_SS and selling value

—f of derivative

M=-1 +§f—ss. (2.10)

Consider the change in the value of the portfolio AIT in a small change of time At

f
(as still holding 2—8 of stock),

of
ATl =-Af + —AS. 2.11
I1 s (2.11)

Substituting (2.8) and (2.9) into (2.11) yields the change A]] that is risk-less (no

uncertainty Az)
2
AH=(—Q—%ﬂOJSZJAt (2.12)

By no-arbitrage argument, the change in value Al must come from the risk-free

interest rate only, namely
AlT=rTIAt, (2.13)

where r is the risk-free interest rate. Finally, by substituting from equations (2.10) and
(2.12) into (2.13), we obtain
of of

o* f
—+r1S—+10°S* —;
ot oS oS

=rf, (2.14)
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which is the partial differential equation for the (fair) price f. For example, for futures
derivative, the price (value) of the future f(t,S) is the solution of partial differential
equation (2.13) with the terminal condition f(T,5)=S(T)=S;. Alteratively, one can
obtain the (fair) price f from risk-neutral valuation. For this example, the price f will

be the expected value of S(T) given the information at time t, namely
f(t,S)=E°[S;[s].

Therefore, with this example and motivation, one can relate the conditional
expectation as the solution of the partial differential equation, which is generalized

into theorem known as Feynman-Kac theorem.
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CHAPTER IlI
CORRELATION COEFFICIENT BETWEEN COMMODITY PRICE AND ITS
CONVENIENCE YIELD

In this chapter, we provide the correlation formula according to the Pearson’s
correlation between the commodity price and its convenience yield. Then, according
to the formula, we find the expectation of the first and second powers of S; and &,
and the expectation of S0, as presented in the lemmas below. To find the
expectations we use the method for finding the expectations of random processes by
solving partial differential equations which is the well-known result called the

Feynman-Kac formula.

3.1 Correlation coefficient

In this work, we are interested in finding the correlation between the

commodity price and its convenience yield, C/(T). In this case,

Cr(T — EtQ[STéT]_EtQ[ST]EIQ[éT] ’
J(ESLS: —E2IS: 1) (ECIC6, — B8, D7)

which we rewrite it as

EC[S, 51— EC[S, 1ECLS, ]
J(Eets 1 (.Y ) (Bt - (E°1.)')

C/(T)= , (3.1)

where te[0,T) and EP[] = E*[|R] = E°[-|S,5,] denotes the conditional
expectation with respect to a filtration up to time t, F.
In this work, the calculation of the expectations are obtained via the well-

known result called the Feynman-Kac formula [6], i.e., finding the expectations of

random processes by solving partial differential equations.
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Lemma 3.1 Expectations of the convenience yield

For stochastic process for the convenience yield (2.2), the expectations of the first and

the second powers of the convenience yield at the terminal time T are

EC[8:]0, =5 ]=0A,(7)+ A, (7).
E%[5,%]6, =6 |=6"A,, () + A, () + Ao (7),
where t is the initial time and 7 =T —t.

Proof

Define
u(t,8)=E[4,"|5,=5], t=0, T>0, 5eR.

By applying the Feynman-Kac formula for (2.2) gives us that u(t,é) is the solution of

the partial differential equation

ou

ou 1 ,0°
E-F(K(OC-&)-;L) - 20U _

A L2 0 3.2
o5 272 357 (32)

with the condition
u(T,5)=0". (3.3)

Case 1, n=1

Following the idea of Schwartz’s solution producer [13] for solving (3.2) corresponding
to stochastic process (2.1), the solution of the above partial differential equation can

be obtained from

u(z,6)=06A,(7)+A,(7), (34)

where 7=T —1.

Note Since in this thesis we are interested in the solution as the expectation of the

convenience yield as shown in [13] to have the form of (3.4).
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By substituting (3.4) into (3.2), we obtain that Ay(7) and A, () should satisfy the

differential equation

(ax—dx—A)A,(r)-6A,(r)—A,(r)=0, (3.5)
where from the condition (3.3) gives
A (O) =0,
A (0)=1.

Then, we separate (3.5) into a system of first order ordinary differential equations by

considering the coefficient of 6 and the constant term,

0, (36)
0. (37)

—xA, (7)-A,(7)
0”('6&,1 (7) _/1'61,1 (T) WL 'Al,,o (T)

Solve (3.6) with A, (0)=1, then we obtain

Finally, we have (3.4)

Case 2, N=2

To solve this partial differential equation, based on n=1 and [13] for the terminal

condition u(T,5) =52, we assume the solution in the form

u(r, é‘):é‘zAzl2 (r)+5A2’1(z')+ A, (r) (3.8)

where 7=T —t.
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Note Similarly to case n=1, since in this thesis we are interested in the solution as
the expectation of the second power of the convenience yield therefore, after a

modification the solution is expect to have the form of (3.8).

By substituting (3.8) into (3.2), we obtain that A,(7) and A, () satisfy the differential

equation

o, A, (7)+(aK— k- ﬂ)(AM (7)+26A,, (z‘)) -A o (7)-
AL (7)-6°A,(r) = 0 (3.9)

where from the condition (3.3) gives

Then, we separate (3.9) into a system of first order ordinary differential equations by

considering the coefficient of §2, &, and the constant term,

-2kA,,(7)-A,(7)=0, (3.10)
—KkA,, (7)+2aKA,,(7)-22A,,(7)- A, (7)=0, (3.11)
axA,, (7)-AA,(7)+0,°A, (7)- A, (1) =0. (3.12)

Solve (3.10) with A,,(0)=1, then we obtain,
AZ‘2 (T) :e—2k‘r
and substituting into (3.11) with A,;(0)=0, we get

2e7* (—1+€")(ax—A)

K

Au(7)=

and then, substituting A, , (T)and Az,l(f) into (3.12) with Ay (0) =0, we get
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2kt [ KT
A,(7)= wx [e’“ (0'22/< +20°K” —dakA +24° )
K

+oik—2a° K’ +4ard 207 ] .

Finally, we have (3.8). O

Lemma 3.2 Expectations of the commodity spot price

For system of stochastic processes (2.1) and (2.2) of the Schwartz two-factor model,
the expectations of the first and the second powers of the commodity spot price at

the terminal time T, are
E[S S, =5.6,=6]= seBo()roBulr),
E°[S,°|S, =5,5, =& | = 5%,
where t is the initial time and =T —t.

Proof.

Define
u(t,s,8)=E[S;"[S,=s,6=5], t20, T>0, seR, sek.

By applying the Feynman-Kac formula in 2-dimension for the system of equations (2.1)

and (2.2), we get u(t,s,5) as the solution of the partial differential equation

2, 2
(Zt—u+(r—5)sg—l;+( (a—5)- 2)2;+; ZZ —+ 2022%
ro80,0 < ;”5 0,  (313)
satisfying the condition
u(T,s,8)=s". (3.14).

The derivation of the partial differential equation is shown in appendix.
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Case 1, n=1

Following the idea of Schwartz’s solution producer [13], the solution of the above

partial differential equation (3.13) can be assumed of the form
u(z,s,5)=se™ %), (3.15)

where 7=T —t.

Note Since in this thesis we are interested in the solution as the expectation of the

commodity price as shown in [13] to have the form of (3.15).

By substituting (3.15) into (3.13), we obtain that B,(7) and B (7) satisfy the

differential equation

—leBl‘°(T)+551'1(T)S 2(ax -6k -A+0,0,p)B,.(7)-0,°B,. () +
5 10,0 ) By > DBy
2(-r+5+8By(z)+0B}(z))| = 0.  (3.16)

where from the condition (3.14)

B,,(0) =0,

B, (0) =0.

Since €% 20 we divided (3.16) by e%¢*?®u() +5 optain

—%S[—Z(alc—ék—/1+6102p) Blvl(f)—UzzBl,l(T)z +
2(~r+8+B]y(r)+6B)(r))] = 0 (317)

Then, we separate (3.17) into a system of first order ordinary differential equations by

considering the coefficient of &, and the constant term,
-s—skB,, (r)-sB{,(7)=0, (3.18)

rs+saKBM(T)-swm(m50102p31,1(1)+%5022551(1)-55;@(T):o. (3.19)
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Solve (3.18) with By, (0) =0, then we obtain,

and substituting into (3.19), we get

e—ZK‘r

4P

B, (7)= [((axz —Kﬂ)4e’“ + (—0[1('2 + KA+ (al(3 —rx’— K21)1)4ez’“ )0'22 +

((K'p) 4" + (—K‘p + szz-) 4> )0'10'2 + (1— 4" 4+ 3™ — 2e2’“m')}.
Finally, we have (3.15)

Case 2, N=2

To solve this partial differential equation (3.13) for N=2, we modify the idea [13] for

terminal condition u(T,s,&) = 52, by assuming that the solution has the form
u(z,s, &)= s %) (3.20)

where 7=T —t.

Note Similarly to case n=1, since in this thesis we are interested in the solution as
the expectation of the second power of the commodity price therefore, after a

modification the solution is expect to have the form of (3.20).

By substituting (3.20) into (3.13), we obtain that B, (r) and Bz’l(z') satisfy

eBz,o(7)+532,1(T) 2 2
_f[z(_w’(+ Ok +A— 20_10_2/0) B,. (T) - 0-2282,1 (T) +

2(-2r—o +25+ B}y (7)+ 6By, (7)) |[=0,  (3.21)

where from the condition (3.14)
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Since €% 2 0 we divided (3.21) by €% 5 obtained

2

—%[2(—0{1(4— Sk +A—20,0,p)B,,(t)-0,"B,, (z‘)2 +
2(-2r—o7+25+B},(r)+5B},(r))] = 0. (3.22)

Then, we separate (3.22) into a system of the first order ordinary differential equations

by considering the coefficient of &, and constant term,

-25% —s’kB,, (7)-5"B,,(7) =0, (3.23)

s? (2]’ + 012 +akB,, (T) —AB,, (T) +20,0,pB,, (T)
1 ,
+§0223211(T)2 ~B;,(r))=0. (3.24)

Solve (3.23) with B,, (0) =0, then we obtain,

and substituting into (3.24) with B,,(0) =0, we get

e—2 KT

B, (7)=—"= [(1— 4e* +3e” — 2e2’“1cr) + (4e’“Kp +4e% (—K‘p + I(sz))O'lO'Z +
K

(ZGKTK(OCK —-A)+ eZK’K(—ZaK +21-2r’t — o' k%t + 2okt — 21017)) o J

Finally, we have (3.20) O
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Lemma 3.3 Expectations of product of the convenience yield and the commodity

price

For the system of stochastic processes (2.1) and (2.2) of the Schwartz two-factor model,
the expectations of the product of convenience yield and commodity spot price at

the terminal time T, are
E®[S;6; (S, =5.8,=5]=5(C,(z)+6C,(7))e™",

where t is the initial time and 7=T —t.
Proof

In this lemma, in order to find the required expectation, we used the Ito’s lemma [4]
to transform the process of the commodity spot price (2.1) via the transformation

X =In(S,) to obtain the system
O_2
dX, =[r_a; —71J dt +o,dw®. (3.25)

Define
u(t,x,0)=E[e 5 |X, =x,5,=5], t=0, T>0, xeR, sek

By applying the Feynman-Kac formula in 2-dimension, we get u(t, X,5) as the solution

of PDE corresponding to the system (3.25) and (2.2)

— —+>0’—

at 2 | ox o5 27
1O'Z@Jrad ou
272 557 T NP 555

2 2
a—u+(r— —G—ljau+(zc(a—5)—}t)au 1,200,
-0, (3.26)

with condition

u(T,x,6)=e’s. (3.27)
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Similarly, to solve partial differential equation (3.26) with condition U(T,X, 5)=ex5,

we modify the idea of [13] by assuming the solution has the form
u(z,x,6) =" (c,(r)+C,(v)) (3.28)

where 7 =T —1.

Note Similarly to lemmas 3.1-3.2 since in this thesis we are interested in the solution
as the expectation of the product of the convenience yield and the commodity price

therefore, after a modification the solution is expect to have the form of (3.28).

By substituting (3.28) into (3.26), we obtain that C, (Z’),Cl(‘l') and C, (2') satisfy,

1

2 £XH0CH(7) [—Z(C(’) (£)+6C{(z))+Cq (r)(Cz (7) 02 +2C, (¢ )(aKx — 5k — A+ poyo,)

+2(r—5-6C5(z)))+ Cl(r)(é'Cz (v)° 0% +2C, (¢)(~8 (~ax + 5k + )+ 8poyo,
+03 ) +2(r8 - 8%+ ax k- A+ poro, - 6°C4(7)) | =0 (3.29)
where from the condition (3.27) gives

G (O) =0, C, (O) =1 C, (O) =0.

X+8C,(7 X+5Cy(7)

Since € ) 0, we divided (3.29) by € and separate it into the system of first

order ODE, by considering the coefficient of 8, § and the constant term as follow,

C,(6)(L+ 4G (7) £ C3 () =0 (3:20)
(Cl(r)(r—K+%C2(r)(2m<—2/1+2palo'2 +C2(r)022)j
~C{()=C (£)(1+ Gy ()+C3(5)) | -0 (331
C,(r)(ax— A+ poyor, +Cy ()03 )~ Cy (7)

+C, (T)(r +%C2 (T)2 03 +C,(7)(ax - A+ poyo, )] =0 (3.32)



23

(i) Consider the coefficient of 62 in (3.30)
-C,(7)(1+4C,(7)+Cy(7)) =0,
To solve (3.30), we may assume
(1+xC,(z)+C5(7)) =0,

with the condition C, (0) =0, we obtain,

Since we assume (1+ xC,(7)+C, (T))IO, the system of the first ODE above reduce

to

(cl(f)(r —K‘+%C2 (7)(2ax - 22+ 2po10, + C, (r)azz)j—cl'(r)j -0 (331
Cl(r)(arc—/l + p0,0, +C, (T)UZZ)—C(') (7)

+Cy (T)(r +2Co(0) o+ G2+ poic )] 0 (332)

(ii) substituting C, (7) into (3.31), we obtain

Solve (3.33) with Cl(O) =0, we get,

2
2 3 2 k(2 2\_p-2x7 O
ak —llc-%—po‘lo'zlc—zaz - (mc +AK—poy0K+07 )—e 2 2’(2](( rk—aK—K? +i)—21{po‘10'2 -%—0'22 )

+
+

C, (Z') =e « 2%
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(iii) substituting C,(7) and C,(7) into (3.32) we obtain,

3 —KT -2KT 62
ax’ _ﬂ’“'PC’lC’zK—ZUzZ —€ (0"(2 +AK—po,o,K+T; )—e ? 72¢r(21<(r1c7a1<71<2 +/7.)72Kp0'10'2 +o-22)
e K I 2i?
—KT —KT 2
e -1 e -1
!
oK — A+ pooy + o, —CO(T)+CO(T) r+§ 2 o,

(e—KT_l)
+~——F(axk— A+ poyo,) |=0 (3.34)
K

Solve (3.34) with C, (0) =0, we get,

—erizz

1 < 4 okr+ 5

Co (T) =5=2¢ X 2
2K

2 3 ag? o 2 2
ax *1K+P510’2K*ZO'2 —€ w(a" +AK=po107K+0) )—e T(ZK(rrc—mc+/1)—21cpalo'2+o-22)

(—1+ e )(Ze’“ouc2 — 26" KA + 28" kpo,0, + 05— o7} )
Finally, we have (3.28). Then substituting the result with X = In(s), we obtain

u(z,s,8) =5(Cy (7) +6C, (¢))e™,

where
3 2 g 20 0%
1 (ZKZ*]J(+,D610'2K*10'22*9 (lZK2+ﬂK*p610'2K+O'22)*e 2 %2 ZKT*r(ZK(I’K—D{K-f-ﬁ.)—ZI(pO'lO'Z +o‘22)
Co(7)=7—=¢ < | 2
0 2
2K
2 2 2
(—1+ e™ )(ZEWOCK —2e" KA +2e"kpo,0, + 0, —€“ o, ),
2
ax? —ik+po‘10'21(—%022 —e " (O!I(z +AK—POL0K+03 )—e“z'(r 0—72 r(ZK(rK—aK—KZ +A)—2Kpo‘10'2 +o3 )
— 3 ‘l 2«7
C/(r)=e x " '
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Lemmas 3.1-3.3 and (2.3) lead us to the main theorem,

Theorem 3.4 Formula for a correlation coefficient between underlying

commodity price and its convenience yield

A closed-form formula for a correlation coefficient between underlying commodity
price and its convenience yield is

cr [z’] _ (Co (2') +0C, (z-))eECz(r) _eBl,o(r)+(5Bl,1(T) [5A1,1 (1') +A, (z’)] |

(D(r)E(0))?

where

D(r)= oB20(7)+ 0B, (7) _ ez(Bl,o(T)+5 By(7))

E(z)=[ %A, (2)+ A, (z)+ Ay (7) |- ° AL (2) + 26 A, () Ao () + Ao (7) ],

A ;B and C; are defined as in the lemmas above and 7=T —t.

Note. We will show that D(T) >0 and E(T) > 0.

1. To show D(Z’) >0,

e (26" a? — 2% ai® —2e* ih+ 2% T kA — 262 1131+ 262 T a1 -2 " kP A7)

1 3
20K (_1+er )5 +[2e"" kpoy05 —262 kpoy 0y +262°7 K2 proy o, +50'§ —2e"" g2 +Eez’“6§ <))

D(7)=e x K

3

_ 1 3
—e72N [26" kpoy o, — 2% kpoy o, +26° T k2 proy o, +5022 —2e"" g2 +Eez’“a§ %" k1ol +e* 1ot

3

e K -1

Since

e72N ((2e%7 an® =202 " o —2e"7 KA+ 22K A — 262 iS4 2% ST — 202K kP A7)

. 1
2e K7 (_1+e’<f )5 +[2e* kpoy0y — 262 kpoy o, + 2625 K proy o, +§c722 —2e"" 53 +Eez'"o'22 -2 k163 ])

e x x >0

)
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It is enough to show that

_ 1 _ - 3
. —2e KTK;DO'lO'Z + ZKpalo'z - 21(2,02'0'10'2 _Ee 2KTO'§ +2e KTO'S —Eag + KTO'§
' 3
K
3
k10
+ —>0.
K

2
2K‘p0‘10'2 1—KT—(1—KT+( ;) ) +K'3TO'12
| ~
3
K
2 2 3 2 3
o
72 —3+2x7+4 1—KT+(K12-)—(K;-) - 1—2KT+(2KT) —(ZIZ)

+
3
K

After simplify; we get
62
| ~ T(Gf —p0'10'22'+7212]

Since p can be positive or negative and |p| <1, itis clear that —p > 2. Therefore,

2 2 2
Oﬁr(al—%J =z‘(012 —x/§0'10'22'+%12j<r[0'12 —palo'zr+%er

which conclude that

| >0.
Thus,

D(T) >0.

*Note this approximation is good when k7 <1. For the case &7 >1 is harder but can be check using similar idea.
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2. To show E(Z‘) >0,

E - 1
(z) ”
Forall >0,
0<(1-e™)<1,
then
0<E(r)<Z
So

Since the obtained formula for the correlation coefficient C{ [T] involves many

parameters in the formula, it is very complicated to show that the value |C/ [T ]‘ <1

for the formula. However, we have illustrated in the next section that for some given

examples of parameters, the calculated values C{ [T] is in the range [—1,1].
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CHAPTER IV
NUMERICAL EXAMPLES AND DISCUSSION

In this Chapter, we confirm our results with some numerical examples using
parameters estimated by Schwartz [13] for 3 commodities; oil, copper, and gold, and

we discuss the behaviors of the correlations as the final time T varies.

4.1 The correlations at various final time T

We plot the graph of the correlation coefficient, C/ [T] (between underlying
commodity price and its convenience yield) at different final time T, where the

parameters were estimated by Schwartz [13] as shown in the table below.

Parameter Oil Copper Gold
r 0.06 0.06 0.06
o 0.1 0.1 0.25
K 1.876 0.25 0.298
a 0.106 1.156 0.019
o, 0.393 0.248 0.107
0, 0.527 0.280 0.015
P 0.776 0.818 0.025
A 0.198 0.256 0.008
t 0 0 0

Table 4.1: shows the set of parameters that were estimated by Schwartz [13] for 3

commcadities; oil, copper, gold.
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4.1.1 Oil

In this section, we plot the graph of the correlation coefficient C{ [T]
(between underlying commodity price and its convenience yield) at different final time
T using the parameters of oil from the Table 4.1.

a7l

Lo

Figure 4.2: The correlation coefficient between commaodity price and its convenience

yield simulated at different final time T for oil using parameters from Table 4.1.

4.1.2 Copper

In this section, we plot the graph of the correlation coefficient Ctr [T]
(between underlying commodity price and its convenience yield) at different final time

T using the parameters of copper from the Table 4.1.

Figure 4.3: The correlation coefficient between commodity price and its convenience

yield simulated at different final time T for copper using parameters from Table 4.1.
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4.1.3 Gold

In this section, we plot the graph of the correlation coefficient C{ [T]
(between underlying commodity price and its convenience yield) at different final time

T using the parameters of gold from the Table 4.1.
Tl

4

Q 10 m k] 49 o]

Figure 4.4: The correlation coefficient between commaodity price and its convenience

yield simulated at different final time T for gold using parameters from Table 4.1.

As shown in Figures 4.2 - 4.4, the correlation coefficients are close to p, the
correlation of the increment of Brownian motion, as T is closed to zero, and the
correlation coefficients tend to zero as T increases approaching infinity. Note also that
the obtained values of C/ [T] from the formula set of parameters are in the range
[—1,1] as expected for the correlation. These plotted results confirm the right behavior
of the correlation because at the starting point the correlation of these two factors
must equal to their given relation which is p. Moreover, since both the commodity
spot price and the convenience yield have the mean reversion property, as the time
approaching infinity these two factors will converge to their own means, and therefore

the correlation between these two factors will go to zero.
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4.2 Inventories

Inventory

reverse

variation

Commodity spot price (S ) Convenience yield (J )

From the above diagram, we can predict the inventory level from the
commodity spot price by finding the correlation between the commodity spot price
and the convenience yield, C/[T]. If the value of C/[T] is positive, then the
inventory level will have the opposite trend to the commodity spot price but if the
value of C{ [T] is negative, then the inventory level will have the same trend as the

commodity spot price.

As shown in Figure 4.2 - 4.4, we see that the correlation coefficients C{ [T] for
all three commodities stay positive for all T given that the parameter p is positive.
Form the inventory diagram, we can say that the inventory level and the commaodity

spot price have the reverse relation if T is small which will be very small as T large.
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CHAPTER V
CONCLUSIONS

In this thesis, we derive the closed-form formula for the correlation coefficient,
Ctr [T], between the commodity spot price, S,, and its convenience yield, ¢,, based
on the Schwartz two-factor model and the Pearson correlation. According to the
Pearson correlation, we obtained the expectations of the first and the second powers
of §,, and ¢,, and the product S,d, using the Feynman-Kac formula, which is the
method of finding the expectations of random processes by solving partial differential
equations. To solve the PDEs, we assumed the form of the solution and solved the
unknown coefficients by solving a system of ODEs using the computer software
“Mathematica 9” to obtain the solution. As the result, the obtained formula, Ctr [T],
depends on several parameters such as interest rate, the convenience yield at initial
time, the speed of mean reversion, the long-run mean of instantaneous convenience
yield, a parameter showing a volume of a fluctuation of a commodity spot prices, a
parameter showing a volume of fluctuation instantaneous convenience vyield, the
correlation of the increment of Brownian motion, a risk premium of the market, and
the range of time T —t. To illustrate the results numerically, plots of the graphs
between the correlation coefficient, Ctr [T], and T using parameters that were

estimated by Schwartz [3] for oil, copper, and gold are shown in Figures 4.2-4.4.

As illustrated in the examples of Chapter 4 and according to the theory of
storage (Working [17]) that the convenience yield varies inversely with the inventory of
commodity, therefore, the correlation that we obtained can imply the relation
between the commodity spot price and its inventory. In this case, the inventory level
and the commodity spot price will have the reverse relation when T is small which

will be very small as T large.
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The derivation of the partial differential equations (PDE)

We consider the processes (2.2) and (2.3) and the process for Y, =(X,,4;) can

be written in terms of two independent Brownian motions Z, and Z, as

2
d[XIJ r_@—% ; ( o, 0 }[dzlJ (61
= t+ .
1_ 2
5, K(a—8)-2 o,p oN1-p dz,
Here, we use the fact that the Brownian motions W and W? have correlation P,

which can be expressed in terms of two independent Brownian motions Z; and Z,,

namely, dw® = dZ, and dW® = pdZ, +/1- p*dZ,.

To obtain the generator in (2.4), we need the following matrix from (6.1)

W o, 0 ][01 o,p J
o, o l-p? \ 0 o,1-p°

2
_| o1 L ]

2
0,00 792

The generator in (2.4) is therefore

o2\ 0 o 1 , ¢ , & o
A=|r—6-=2 | =+ —0)-A)—=+=| 0} —5+0r —=+2 — .
[ 2 jax (xa=9)-)75 2{61 o 2ot 7P 6x65}

The PDE for U =u(t,x,5) becomes (2.5)

2 2
8_u+ r-s-24 a—u+(1<(a—5)—l)a—u+l0'fa—lzj+
ot 2 |ox o5 271 o
E0'2@+0'0' ou
272552 T 9P 505

Similarly, for PDE (3.13) we consider Schwartz two-factor model (2.1) and (2.2).
In this case, after applying the same process as above, the PDE for U =u(t,s,5) of
(2.1-2.2) becomes



(Zt—u+(r—5)sg—tsj+(1<(a—5)—ﬂ)

as used in Lemma 3.2.

a Lo

+ +
o5 251 o2

1 ,0%

272 557
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