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CHAPTER 1
INTRODUCTION

An option is a financial derivative that represents a contract sold by one party
(the option writer) to another party (the option holder). The contract offers the
buyer the right, but not the obligation, to buy (call) or sell (put) a security or
other financial asset at an agreed-upon price (the strike price) during a certain
period of time or on a specific date (exercise date).

A call option is an agreement that gives an investor the right, but not the
obligation, to buy a stock, bond, commodity, or other instrument at a specified
price within a specific time period.

A European option is an option that can only be exercised at the end of its
life, at its maturity.

Conventionally, we denote

So as the current stock price,
K as the strike price,

r as the risk—free rate,

T as time to maturity and

0 as the volatility.

The Black—Scholes formula which was introduced by three economists, Fischer
Black, Myron Scholes and Robert Merton, in 1973 have been used to calculate the
theoretical price of European call option. This formula is widely used in many

stock markets. The formula for call price is given by

CBS = Soq)(dl) — KG_TT(I)(dQ),



where

~log(So/K) + (r+ $)T
B oVT ’
dy = dy — VT,

dy

and @ is the standard normal distribution function (see Fischer Black and Myron
Scholes [4] and Robert Merton [17] for more details).

The binomial model is a tool for valuating a call option price at each point in
the specified time. We assume the current stock price Sy either rises to Sou with
probability p or falls to Spd with probability 1 —p at the end of next period, where

0<d<1<u.

S()U2
e
So’LL
VAN
1—q
S() Soud
q
1* /
Sod
Sod?

Fig 1.1 : Example for n = 2, 2-step binomial.
Let S,, be the stock price at period n. Then for £ = 0,1, ..., n the probability
that

S, = SpuFd™™" s (Z) (1 —q)" "

Let C), be the value of the call option at period n. Then

C, = max{0, S, — K}.

We use C(n) as the n-period binomial model call option price. Then



C(n)=e"E(C,) = _TTZ ( ) (1 —¢)" *max{0, Spu*d" ™ — K}.
Let a = min{j € {0,1,...,n} | Spu/d"7 > K}. Then

_TTZ() (1 — )" *(SpuFd™* — K).

If we assume that E[Siy1 | Si] = Ske™!, where At =

T
— (see [1] p.330), then
n

Sre™ = pSpu + (1 —p)Skd

and
- n —rT n—k
C’(n):S();(lJp (I—p)" " —Ke Z() (1—9q)

where

rAt

q:e d and p=que "

u—d

(see [1]).

In 1979, Cox, Ross and Rubinstein ([5]) obtained the CRR model by taking

OV AL

u=-e and d=e VA

in the binomial model, and proved that for European call options the binomial
model converges to the Black—Scholes formula as n tends to infinity. See Cox et
al. [5] and Rendleman and Bartter [21] for more details.

After that, Heston and Zhou ([9], 2000) obtained the rate L of convergence,

vn

is



C(n) = Cps+ O (%) . (1.1)

Francine and Marc Diener ([8], 2004) improved Heston and Zhou work by adding

additional term in (1.1). Their result is stated in theorem 1.1.

Theorem 1.1. If Sy =1 and T' =1, then

T A 126° (A2 — 1) +O( 1 >
246+/21 n ’

C’(n) = Cpgs +
where

A, =1—2frac

10g(1/K)+nlogd] nd
log(u/d)

A= =8 6+d; +d5) +4(d} — d3)r — 12r?

with frac[z] is the fractional part of a real number x.

Besides the CRR model, there are Jarrow and Rudd model ([12], 1983) and
Tian model ([24], 1993). Jarrow and Rudd considered the binomial model by
taking

v/ _ 142 _ _ 152
_ 65 At+(r—50°)At d=ce IV At+(r—56%)At

u

) )

while Tian let
MV MV
= —_— 2 — e — 2 .
w= = <V+1+\/V 1oV 3), d== (V+1 VVZE2V 3),

with M = et 7 = At
Leisen and Reimer ([13], 1996) proved that C'(n) in CRR model, Jarrow and

Rudd model and Tian model converge to the Black—Scholes formula with a rate



1
—. Their result is
n

C(n) = s+ O (%) |

In 2007, Chang and Palmer ([14]) considered general class of binomial models

by taking

2 - 2
u = VEHMGIAL g g o OVATRAGPAL

)

where )\, is a general bounded sequence.

In specific case, if we take

r 1
)\nZO and An:§_§7

we will obtain CRR model and Jarrow and Rudd model, respectively. They also
1
showed that C'(n) converges to Cgg at rate —. Their result is stated in theorem

n
1.2.

Theorem 1.2.
Soe 3 A—120°T (A2 — 1) 1
C(n)=Cgg+ n +0 |-,
() =Cbs + 3 5 /amT n (n)
where
A, =1 —2frac log(5/ K) + nlogd and

log(u/d)
A= =0T (6 + d? + d2) + 4T (&2 — &2) (r — A0%) — 1272 (r — X,0%)°

In this thesis, we improve the rate of convergence of the Binomial formula
converging to the Black—Scholes formula in Theorem 1.2. Our result is stated in

Theorem 1.3

60 1.2657 d2, d>
Theorem 1.3. Letn > max{1007, 51 m;f{ L 2},30 max{dj,d5}}. Then




for the n-period binomail model, the price of a Furopean call option satisfies

C(”) = OBS + SOF(dhaa/B) - Ke_TTF(d%daB) + r,

where
e%ﬁ 1 —2frac(=b) 2T(s2d+/Tt) d(1 —2frac(—b))’
F(d, s, t) = - -
Vor Vvn n 2n
N 2d? — 1)3\/76%2/2 N d(1 — dz)e*d”?,
3nv2m 12427
log(K/Sy) —nlogd
= b)) =—-b—|— bl = < _
b log(u/d) , frac(—b) b—|—b], |[-b] = max{m € N |m < —b},
. 2(r — \,0%) + 62 = _54 +40%(r — A\p0?) + 12(r — X\p6%)?

46 484 ’

20— M\62) — ? b 0t — 40%(r — A0?) + 12(r — A, 6%)°
&= 15 P 486 ’

Ir| < Sor(dy) + Kr(ds)

_ L7IS5|d[° +19.4642 | 471537

and r(d) S T




CHAPTER II
REFINEMENT ON NORMAL APPROXIMATION OF
POISSON BINOMIAL

In this chapter, we use Taylor’s formula to improve the approximation of the
Poisson binomial distribution by the standard normal distribution ®, by adding
some correction terms.

Let X1, X5,..., X, be independent Bernoulli random variable such that
P(X; =1) = p; and P(X; = 0) = ¢j, where 0 < p; < 1 and ¢; = 1 — p; for all

7=12,...,nand

We call S,, a Poisson binomial random variable. Let
wi=FE(S,) = ij and o?:=Var(S,) = ijqj.
j=1 j=1

It is well-known from central limit theorem ([2]) that

n—oo o

lim P(S"_'u gz) = ®(z) forall z €R.

Berry—Esseen theorem given by Shevtsova ([23]) showed that

P(S”_“gz)—cb(z)

g

3

< 0.562E M
P;4;

sup
z€R

J=1

In this chapter, we investigate the approximation of S,, by adding some cor-



rection terms. Makabe ([16]) gave the correction term Ci(x) defined by
1 < 2
Ci(z) = ——— q;(p; — q;) (1 — 22)e™™ /2,
1(2) 6270 jzlpj%(p] a;)( )
to approximate the probability of S, by G(x) = ®(x) + Ci(x). Let
On = |P(a < Sp <b) = (G(x2) — G(x1))],
where
1 1 1 1
r1=—|a—p—= and zo=—|b—p+=-].
o 2 o 2
He showed that there exists a positive constant C' such that

8 < (2.1)

1
for 02 > 25 and p; < 5 fory=1,...,n.
Later on, in 1993, Mikhailov ([18]) calculated the constant C'in (2.1) and found
that

2(c +3)

on <

under the condition ¢ > 100. In 1995, Volkova ([26]) showed that if o2 > 100,
then

2 2
On < —5 (0.05681 +0.185 + 0.08) + — (0.050; + 017834 + 0.056)
g

2
+ — (0.0667 + 0.278, 4 0.002) ,
g

where B3 and (34 are the third and fourth semi-invariants of S,, (see more detail in



[6] and [11] ), respectively. Neammanee ([19]) showed in 2005 that

0.1618
b < ——— for o® > 100.
o
In case of p; = py = -+ = p, =: p, S, is a binomial random variable. Shevtsova

([22]) showed that

P (S"U_ P < z) — ®(z)

sup
z€R

< 0.3328 ((2}92 —3p+1)/(q\/Pq) + 0.415) |

vn

(2.2)

where ¢ =1 — p.
From (2.2), we see that the rate of convergence is 1/y/n. Many authors impro-

ved this rate of convergence. For example, Uspensky ([25]) showed that

< 0264036 —al |, 0
npq

On , for npq > 25.

Later, in 1955 Makabe ([15]) improved the result of Uspensky by showing that

2
_ 0.106 + 0.054(q — p) + 0.108(¢q — p) L+ 9e-(3/2)0

Op <
npq

under the condition that p < %, npq > 25 and n > 100.

Observe that the rate of convergence of Uspensky ([25]) and Makabe ([15]) is
of order O(1/n) which is sharper than (2.2).

In this work, we improve the bound of Neammanee ([19]) by adding additional
terms. Our result is in Theorem 1.1 and Corollary 1.2. The techniques are Taylor’s

formula and the idea from Uspensky ([25]) and Neammanee ([19]).

Theorem 2.1. Assume that 02 > 25. Then

P(a <5, <b) =G(x2) — G(x1) + &p,



10

where

G(z) = () + Colz)e™ /2,

1—a? x(3 — %) <
Ca(z § S [ - 1 — 60.0.)0.0.
A0) = G Jamgn 2P0 = ) o ;( P;45)P;;

2
x (15 — 1022 + z*) x

i (- R . + —_—,

79/ 56 (; P;q; (p] Cb)) YN

4.9132
len] < == +0.948¢ /7
0'

1 1 1 1
rn=—|a—p—=], and x3=—|b—pu+=|,.
o 2 o 2

In case of binomial random variable, we have the following corollary.

Corollary 2.2. Let S, be a binomial random variable. For o > 25, we have

P(a < S, <b) = G(x2) — G(x1) + e,

where

Oal) (1-6pg)3—2*)z (p—q)*(15—102* +z*)x N x
r) = — :
? 2427 pq 72v27pq 24pqr/27

Note that, our order is of O(
and Mikhailov ([18]).

- \/_) which is sharper than Neammanee ([19])
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In this chapter, we organize as the follows. In Section 2.1, we prove auxiliary

results. A proof of main result is in Section 2.2.

2.1 Auxiliary Results

Let p1(t), p2(t), ..., on(t) and p(t) be the characteristic functions of X, X, ..., X,
and S,,, respectively. Then

0;(t) = q; + pie”,

and
t) = ngj(t) = H(Qj ‘f’pjeit) where i =+/—1.
Jj=1 j=1
For each j = 1,2,...,n, we note that the complex number ¢;(¢) can be repre-

sented in the form
p;(t) = p; (),
where

(0= IO = (1= gy 1) 23)

and

i sint
6,(t) := arctan (&>
q; + pjcost

([19] pp.719-720).

Hence
o(t) = p(t)e™
where
n n " %
mw=mm=Hmw=H@—@wmg)
j=1 j=1
and

o(t) = Zarctan ( pj st ) (mod 27).

qj + pjcost
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Neammanee ([19], p.720) showed that

P(a < S, <b) = R(x2) — R(wy),

where
x1:§<a—u—%), x2:§<b—u+%>.
and ) %/On p(t) Shslfnaéjj2_) a<t>>dt. (2.4)

with a(t) = 6(t) — ut.
Next step, we approximate R(x) by using the techniques of Neammanee ([19])

and Uspensky ([25]).

3
Proposition 2.3. For o? > 25 and t € |0, \/j], we have
o

n

_ 02 2 1 _ 0_2 2
plt) — e W7 = N (1~ Bpygy)pygtte AT
j=1
< (0.080560%t° + 0.0578011%) e~ 1/27*¢",
Proof. For each j =1,2,...,n, we observe that

t 3
0 < 4pjq; sin? (5) <1 forall te [O, \/j] )
o

From this fact and (2.3), we have that

In p;(t)
1
£\ 2
=In (1 —4pjq; sin? 5)

1 t
=3 In (1 —4p;q; sin? 5)
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Since

for all t € R ([19], p.721), we have
o9l 2
4p;q; sin 3 < pjgit” < 1.
Hence

>

o9 k
t
<4quj sin? 5)

(4qujsm t/2) )

— 4p;q; sin 2(t/2)

s
Wl =

A\
(4quj sin? 5) <
k=3

>
Il

Wl = Wl

TN\ ~
—_

A
S|~

p;a;t’, (2.6)

1 3
where we have used the fact that p,;q; < 1 and t? < <% in the last inequality. Using

Taylor’s formula, we can show that

2 ! t6 can (! <t2 t4+ 6 @7
- = — = sin® | — - — — .
4 48 1440 — 2) = 4 48 1440
and
tt ¢S t 46
— — — <sint(=) < — + —. 2.8
TR LR (28)

1
From (2.5)-(2.8) and the fact that p,;q; < 7 we obtain
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5 1 Lt 1
lnpj( ) > —2p;q; sin? 5~ quj sin? 5~ @p]qjt6
1 2 1 4 1 6 1 4 4 6 1 6
> _§ijjt 24qujt 720qujt - Zp]q]t 15p]qjt - @pgqjt
1 1 1 1 1
> —=pigit* + (1 = 6p;q;)piqit" — =p;a;t° — —=pjast® — —=pjg;t°
2 24 720 15 80
1 1 29
= —5piit" + 57 (1= 6psa;)psait’ — 25t
and
ot t
Inp;(t) < —2p,q; sin’ 5~ p]q] 2sin® — 5
1 2 1 4 1 6 1 2,44 4 2,46
< _§ijjt + 24pJQJt + 720P]Q]t - Z ]q]t + 15qu]t
1 1 49
< —5pigst + 57 (1= 6p;05)piqt" + —5pi;t".
Hence
pi(t) > e—(1/2)p;a;t%+(1/24)(1-6p;4;)p;q;t* —(29/360)p; q;1° (2.9)
and
pi(t) < o~ (1/2)pja;t*+(1/24)(1—6p;q;)p;a;t* +(49/720)p;q;1° (2.10)

Since ¢” — 1 > z for z € R, by (2.9),

(1/24) 3 (1-6p;q;)pya;t! ~(29/360)0%1" - 1) o (1/2)0%2

p(t) . e—(l/2)a2t2 Z (6 j=1

1 & 29 —(1/2)0
- (ﬂ S0 Gy st — ﬁt> W )

j=1

3
By the fact that t* < =, 0 > 25 and p;q; < 7
o
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Z — 6p,q;)p;q;tt + (49/720)0%%| < < 2t4+%02t6
5o (2) 2 (3)
— 24 \o2) 720 \o?
_3,
=8 400
— (.7425.

From this fact and the fact that

2
x
e =1+x+ ?e“ for some zy between 0 and z,

we have
(1/24) Enj(l —6p;q;)p;jq;t*+(49/720)02t0
e 3=1 _
Ly 49 1 19 54
74
< ﬁ j:1(1 6quj)p]q]t + %02t6 -+ —42:: 6qu])p]q]t + %O.Qt(:i] 60 25

49 (1 49 2
_ 6 A = 246 22 24| ,0.7425
(1= 6pja;)pigit” + g0t + 27" T’ ¢

IA
2~

<
I
—

49
(1 — 6p,q;)pqt* + %02156 +0.0578015. (2.12)

<
Il
-

VAN
2] -

By (2.10) and (2.12), we have

p(t) . 67(1/2)0%2

S e_(1/2)02t2 (6(1/24) ];1(1—6ijIj)qu]'t4+(49/720)0'2t6 B 1)
L 4,—(1/2)0%t? 49 2,6 —(1/2)0%t2 4,8 —(1/2)02t2
<o > (1= 6psa5)pa5t'e + oot +0.05780t% .

(2.13)
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By (2.11) and (2.13), we obtain

n

1
plt) — e - 24 > (1= 6p;g;)pgjtte /7

j=1

< (0.080560°t5 + 0.05780t%) e~(1/2)

242

O
Proposition 2.4. Assume that 0 > 25. Then
; /V 3/ p(t) sin(oxt) gt
0 N t
T _ V21 & (z
:\/;/ e/ de 4804 > (1= 6pjg)pjq(3 — a”)e P 4 Ay,
0 J=1
0.6838
where |A| < — + 0.0495¢(~3/2)7
o
\/3/c ) 1 —(3/2)c
2. / p(t) sin(oxt)tdt = VT ma?/2 Ay, where |Ag] < — + ‘
0 202 206 o?
3/o /9 15 — 1022 4\ ,—x2/2
3. / p(t) sin(oxt)t°dt = me 5 mG rze + As, where
0 o
24 11.72
[Ag| < =+ —e O
o o
\V3/o /27 (1 — 22 —x2/2
4. p(t) cos(oat)t*dt = — l 5 J; )e + Ay, where
0 o
5.8904  1.963
Al < /20,
[Adl = o5 02\/56
Proof. 1. Note that, for k € N,
\/3/c 00
/ 6—(1/2)02t2t2k+1dt < /6—(1/2)02t2t2k+1dt
0 0
2k i —u, k
0
HT(k + 1)
T g2kt2
2F k!
_ =k (2.14)

o2k+2 ’
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[e. 9]

where ['(a) = /to‘_le_tdt and I'(k + 1) = k! for k € N ([7], p. 855).

0
From Proposition 2.3 and (2.14),

/V 37 p(t) sin(aa:t)dt
0 t
V37 o= (1120 gin(gat)
- / dat
0 t
1 & Ve
+ 21 Z(l — 6quj)quj/ e~ (1/Do%? sin(oxt)dt + Ay, (2.15)
=1 0
where
\/3/c \/3/c
|A11] < 0.0805602 / t5e= (/29" 4t 4 0.05780* / e~ (/27 gy
0 0
8 48
< 0.080560” (—6) +0.0578¢" (—8>
g o
0.6838
< (2.16)

where we have used the fact that o2 > 25 in the last inequality.

Note from Neammanee ([19], p.725) that

3/o —(1/2)0%t2 : [
/\/ e (27 sin(out) \/E/eu/mtdeAm (2.17)
0 t 2
0

where

(=327 < 0.02122¢(3/2)7 (2.18)
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We see that
1 n \/3/o B ‘
oY > (1= 6p;a;)psg5 / e~ WD gin(oat)dt
j=1 0
1 « oo
=21 (1 —6pjq;)p;q; / 3= (1/2)07e2 sin(oxt)dt + Aqs (2.19)
j=1 0
where
]' & o 242
A < =) [1-— 6quj|quj/ Bo—(1/2)0%2 gy
12 -
2 0
<7 B (/2022 gy
24 ) s,
1 /2 3 1
R 22 ) o B/2)0
24 (0) <2 N 0) ‘
< 0.0283¢(73/27 (2.20)

From the well-known integral

[e.e]

1
/e—at2 cos(bt)dt = 5\/§6_b2/4a for a>0 (2.21)
a

0
([19], p.725), if we differentiate (2.21) under the integral sign three times with
respect to b, we have

[e.e]

b m b?
3 —at? . _ . —b2/4a
/t e " sin(bt)dt = 2\ o (3 _2a> e :

0

o2
Put a = — and b = oz,

204

e 242 3 - 2 V 2 2
/ t3e~ 1D sin(gat)dt = Me"’” 2, (2.22)
0



From (2.15)—(2.20) and (2.22),

T

/ V37 p(t) sin(ot) g — \/E/ (/22 g
; / 2

0

V2T -
4804

j=1
where

0.6838

—— +0.0495¢ /)7
o

AL < A+ |A] + |As] <

2. From the fact that

22 < i0_2t46—(1/2)02t2

o) - -

([19], p.721), we have

\/3/o Y
p(t) sin(ozt)tdt = / e~ W27 sin(gat)tdt + Aoy,
0

/\/3/_0

0

where

1 [V3/e 22 1 /8 1
Ayl < — —ettsg <~ 2) =
|21|_16/0 ‘ =16 \ o°

Using the same techniques of (2.17), we have

/00 e~ W2 sin(owt)tdt = ‘ 2; e /2,
0 20

This implies that

\/3/o S
/ e~ i (at)tdt = / e~ W27 gin(oat)tdt + Aoy
0 0

952 + Ao,

19

D (1= 6p;a;)piqw(3 — a”)e ™7+ A

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



where

—(3/2)0

o2

o0
|Agg| < / e~ (WD gy — €
\/3/o

Hence, by (2.24)—(2.29),

x 27T _$2/2
5 2 €

\/3/c
/ p(t) sin(ozt)tdt = + Ay,

0 20
where

e—(3/2)0’

1
Ao < |A Noo| < —
| 2|_| 21|+| 22|_206+ o2

3. By (2.14) and (2.23), we have

3/c
p(t) sin(oxt)t’dt = / e~ 27 gin(oxt)t®dt + Asy,
0

/\/3/_0

0

where

Q

2 \/3/o 2
0

=16 a0 ) g%

=
(=}

Similar to (2.22), we can show that

& 2 4\ ,—z2/2
/ e_(1/2)o.2t2 Sln(o'xt)t‘r)dt _ 271-.’1; (15 - 10:6 +x ) e / .
0

206
Hence
\/3/c )
/ e~ (/D)% sin(oxt)t°dt = / e~ (1/2)0%t? sin(oxt)t’dt + Asy
0 0

V2rx (15 — 1022 + %) e/
= 556 + Asg,

20

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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where

2
|Ago| < /OO e (/25 gy (i) (91 430+ 2) (/20 < 11'4726—(3/%
\/3/o

o6 4 o

(2.34)

By (2.30)—(2.34), the proof is completed.
1

4. Let X ~ N (O, —) and M (t) be the moment generating function of X. It is
o

well-known that

M(t) = €/?) and M®(0) = E(X").

Hence
1 & o r
— | 12j-1) MER(0) = B(X%) = — / 2?27 g0 for | € N.
e (0) = B(X*) =
which implies that
\/3/o 0o 00
: 2k _—(1/2)0%2? 2k —(1/2)0%2? 1 2k _—(1/2)c%2? V2n : .
re de < [ 7% dx:i e dx mH(Qj—l).
0 0 —00 Jj=1
(2.35)
From this fact and (2.23), we have
\/3/o \/3/o .
/ p(t) cos(oxt)t?dt = / e~ 27 cos(gat)t?dt + Ay, (2.36)
0 0
where

— 16 od

2 V3o 2o 15v/2 5.8904
1A < %6/ o (1/2)0%246 14 < U_ ( o W) = ) (2.37)
0
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By the same techniques of (2.22), we can show that

00 /9m (1 — 12 —x2/2
/ e~ U7 cog(oat)?dt = — ult 5 :2 e :
0 g

Hence
\/3/c 00
/ 6_(1/2)02t2 Cos(o'l*t)t2dt — / e_(1/2)0'2t2 COS(O’I‘t)t2dt + A42
0 0
V2 (1 — 22) e%°/2
Vo) T A (239)
20
where

1.963 (s
——e¢
o2\/o

[Age| < / e (D721 < ‘/—g / e~ 1D 3 g1 < )7 (2.39)
\/3/c

\/3/o

From (2.36)—(2.39),

N e e
/ p(t) cos(owt)t?dt = _\/_W( Sg )e LA,
’ 20
where
5.8004  1.963
Ayl <A Al < (/20
|Ad < [An] + [Agp] < p +02\/Ee

Proposition 2.5. Assume that o> > 25. Then

3/c : o y —x2/2
/V p(t) sin(oxt a<t>)dt _ \/E/e(l/mzdt +nC(w)e 2 — x\/me "/
0 t 2 24v/20?

0

+A57

7.4364
o3

where |As| < +0.3721e~ /27,
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w

Proof. From Uspensky ([25], p.124), for t* < = we have

Zp]qj gt + Mit® and «(t) = Myt?, (2.40)

where |M;| < 0.15960?% and |M,| < 0.3053¢%. Using Taylor’s formula, we obtain
that

a’(t)

a?(t)  at(t)
6 +

cos(to) and  cos(a(t)) =1 - — 24

cos(t1)

sin(a(t)) = a(t) —
for some ¢y and t; between 0 and «(t). Hence

sin(oxt — «a(t)) = sin(oxt) cos(a(t)) — cos(oxt) sin(a(t))

2
. 1 (& .
= sin(owt) — = (ijqj(pj - qj)) t%sin(oxt)

j=1
1 — 5
~ 5 ;4 (pj — q;)t° cos(oxt) + Asy, (2.41)
=1
where
a’(t)
|As1| = | sin(oxt) (—— ijqj q;) Mt — M7t"0 + i cos(ty)

~ cos(owt) (M1t5 - 0‘36(t) cos(to))

o?|My[t® | M3|t° Mytt?
M2t10 2
R Y

< 0.159602t° + 0.05320*t% + 0.004755¢° + 0.02540*t'° + 0.00040%¢12.
(2.42)

< |My|t° +

By (2.41) and (2.42), we have

dt

/\/3/_” p(t) sin(oxt — a(t))

t
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- /\/3/_0 p)sinfoxt) \, 1 (Zn:quj(pj - qﬂ) /\/?’/_Up(t) sin(owt )t dt

t 72\ = 0
1 n 3/o )
S e - / o(t) cos(aat) 2t + Ay, (2.43)
j=1 0

where
| Ass|

\/3/c
< / p(t)| 0.15960%t* + 0.05320*" + 0.00470°¢% + 0.02540*t” + 0.00040%t™ | dt.

0

Since p(t) < e~ W/APEHA2DTE o1 4 e 10, 7] ([19], p.720),

3
p(t) < 1.5¢= 127 for te[O,\/i]. (2.44)
g

From this fact, (2.14) and (2.35), we obtain

6.6598
| < 85598 (2.45)
From Proposition 2.4 (1), (3) and (4), (2.43) and (2.45), we have
/V 3/ p(t) sin(oat — a(t))dt
t
—x2/2
(1/2)¢? dt + 7C. —x? _L+A
\[/ Rl 24202
A,
72 ijqj(pj Zp]qj )+ B2
j=1
y —z2/2
o m 7(1/2)t2 7332/2 xﬁe
=4/=[e dt + wCy(x)e - — + As,
\/; () 24/20? ’
0
7. 364 o—(3/2
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Proposition 2.6. Assume that 0 > 25. Then

\/3/o 5
/ p(t)sin(oat — a(t))tdt = x—;re_ﬂ/? + Ag,

0 20

where
4.1231
|Ag] < ——5— +0.04¢” G2
o

) . OCQ(t)

Proof. By Taylor’s formula, we obtain cos(a(t)) = 1 — — cos(ty) for some i,

between 0 and «(t). From the fact that |sin(z)| < |z| for x € R and (2.40), we

have

sin(oxt — a(t)) = sin(oxt) cos(a(t)) — cos(oxt) sin(a(t))

a?(t)
2

= sin(oxt) —

cos(ty) sin(oxt) — cos(owt) sin(a(t))

= sin(oxt) + Agi,

where

042(75) 4,6 2,3

|Ag1| < 5 + |a(t)] < 0.046607t° 4+ 0.30530°¢°.
Then

3/o 3/c
/ p(t)sin(ozt — a(t))tdt = / p(t) sin(ozt)tdt + Ags,
0 0

where

3/o 3/o

p(t)t’dt + 0.30530> / p(t)tidt

|Aga| < 0.04660* /
0

0
4.1151
<

)

o3

where we have used (2.14), (2.35) and (2.44) in the last inequality.
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From this fact and Proposition 2.4 (2), we have

\/3/o 5
/ p(t)sin(ozt — a(t))tdt = VAT a2 4 Ag,
0 202
where
41151 1 -B/2)0 41231
Q6| < |Aga| + [As] < — 4 ¢ < 4 0.04e" B/
o3 206 o2 o3

O
2.2 Proof of Theorem 1.1
Proof. By (2.4), we have
Ry - L /%“/—0 pt)sin(oat —a(t) 1 (VORI p(t) sin(oat — (1)) ,
21 Jo sin(t/2) 2 J,\f3]0 sin(t/2)
n 1 /7r p(t) sin'(axt - a(t>>dt
21 J\ /@10y sin(t/2)
= R1 + RQ + R3, (246)

From ([19] p.723),
|Ry| <0.3383¢~®/27  and  |Rs| < 0.0167e G/,

Using Taylor’s formula, we can show that for x € R such that 0 < z <1,

3 2P

sin(z) =x — 5 + 120 cos(zg)

for some x¢ € [0, z]. Then
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where

| Az

IA

<

1 2
="+

©sin(t/2) _t 12

1

Ry

2 Jo

where

= 0.04552>.

t
+ Ary, where |Azp] < 0.0057¢3 and 0 < ¢ < 2. Thus

\/3/0’ t

5 (2.47)

p(t) sin(owt — a(t)) (% ) dt + Ags,

0.0057

Al <
| 73‘_ 2

N
/ p(t)t3dt.

By (2.14) and (2.44), we obtain
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|Azs| <

\/3/c
0.0086/ e—(1/20% 3 gy < 0.0086 < 2 ) < 0.0005. (2.48)

2t Jo 21 o4 o3

By (2.46)—(2.48), proposition 2.5 and proposition 2.6, we have

1 [V p(t)sin(oxt — aft))
Rix) = — dt + Rs + R
(=) 27 /0 sin(t/2) e
1 [V3/e 2t
= — p(t)sin(oxt —a(t)) | — + —= | dt + Az + Ry + R3
2m Jo t 12
[ 7/ > > T\/me 12
—— o _(1/2)tdt+ C —x/2_—+A
e 7Cy(x)e
4 [\/;/ () 2202
0
1 |xvV27 2
| 2YER 2 LA
x| 202 ¢ T
= ®(z) + Coz)e ™ + Ay
= G(.T) —+ A74,
where
A A 2.4566
Az < M+|—6|+\A73\ + |Ry| + |Rs| < +0.474e= G2,
T 241 o3
Therefore

P(a < S, <b) = R(x2) — R(z1) = G(x2) — G(21) + &4,

where

and

4.9132

+0.948¢~3/2)7
03

len] < 2|A7| <




CHAPTER I11
RATE OF CONVERGENCE OF BINOMIAL FORMULA
FOR OPTION PRICING

Let

r  be the risk—free rate,
T be time to maturity,
0  be the volatility,

n  be a number of period.

In real situation, we can assume that 0 < T <1,0<d<land 0 <r < 1.

To give Binomial formula, let

u = 66\/§+>\ni2T7 d = 6_5\/;4_371227“’ (3]_)
rT
67 - d rT
e — que™ T, 3.2
¢=——7, P=que (3.2)

where (A,,) is a bounded sequence of real numbers. We define Binomial formula by
_ - n —rT
C(n)—So;(k>p(1— - Z() (1-q)"

where Sy is the initial stock price, K is the strike price,

log(K/Sy) —nlogd
log(u/d)

a=min{meN|m>0b}, b= (3.3)
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and log(x) is understood as logarithm with natural base.

Observe that
a=[b] and a = b+ frac(—b), (3.4)

where frac(z) = z—|z], || = max{m € N|m < z}and [x] = min{m € N | m > z}.

The formula of Black—Scholes model is given by
Cps = So®(dy) — Ke " ®(dy)

where

~log(So/K) + (r+$)T
a T ’

dl d2 = d1 - 5ﬁ (35)

and ® is the standard normal distribution function.

It is well-known that lim C(n) = Cpg ([5]). In this chapter, we give the
n—oo
1

ny/n
We organize the contents in this chapter as the follows. In Section 3.1, we prove

rate of convergence. Our rate is of order which is better than that before.

auxiliary results which is used to prove our main result is in Section 3.2.

3.1 Auxiliary Results

In this section, we give auxiliary results to prove our main result in Section 3.2.

1
Lemma 3.1. Let s,t € R be such that |s| <1, 0 < [t| <1 and f : (0, 1_O> — R
be defined by

Then the followings hold.

1 25—t 1.787223
1. f(x) = 5 + S4t x 4+ ri(x), where |r(z)| < Tx
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1 2s—t2 tt — 4st? + 1252 1.50212*
2. f(x) = 5T 5415 x4+ 848: ° 2® + 1o (), where |ro(z)| < Tx
2.3585x% 1
3. For x > 0 such that t—gx < T we have
1 1+(23—t2)2x2+ (2)
= r3\x),
2/ (1= f(x)) f(x) 8t

8.2067z*

where |r3(x)| < "

Proof. 1. Let g(z) = et — 1 and h(z) = €** — 1. By Taylor expansion, there

exist xg and z; between 0 and x such that

(2tz)? N (2tx)? N (2tx)tetzo

h(x) = 2tz + 5 30 1 (3.6)
and
/ g//(()) 9 g///(o) ; 9(4)(1’1) A
g(JC):g(O)IJFTJ; B TR B TR
£ +2 3 + st @)
= o+ +6 =o? + 2 2(4%)%4, (3.7)
where
gW (1) = [125° 4 125(t + 2s21) + (t + 2s21)"] eSTiFteL (3.8)
Hence,
f(x) _ g(m) _ tx + t2_¢2_2sx2 + t3-265tx3 + %IZL
h(z) Otx + 22y 4 AL A
i+ t242rst + t3265t:£2 4 9(4)25;]01)3:3
242+ W2 4 Wero,3
1 2s—1t?
=-+ x+r(z), (3.9)

2 4t
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where
(4) 4 2txg 2 42 42\ 43 2tz
() = x gW(xy) tlet 7 (25 —t7) m3—(28 ) toe A
h(zx) 24 3 3 6
LU4 9(4) ($1> t462t5130 t2 (28 _ t2) (28 _ t2) t3€2txo
_ _ — — x| .
h(z) 24 3 3 6

Since || < 1,0< |t| <1,0<zi <z <0land 0 <z <z <0.1,

xt (12+12(1 + ().2)2 +(1+ 0.2)4) el 0.2 V-2
< R
()] < B x)|{ 24 gt >1
4 734.9993
— |h9(0x)| { S+ 04071+ 1+ 0.0611
2.926521
_ 1
)] (3.10)

Ae 1 = 2txe™, for some uy between 0

By Taylor formula, we know that h(z) =e
and 2tx.
If 0 <t <1, then 0 < g < 2x. This implies that |h(z)| > 2|t|ze® = 2|t|z.

In case of —1 <t < 0, we have —2x < ug < 0 which implies that
|h(z)| > 2|t|re " > 2[t|ze"? = 1.6375|t|x.

1
H fi 0, —
ence orxe(,m),

1 0.6107
< : (3.11)
[h(x)] [tz

From this fact, (3.9) and (3.10),

1 2s—¢?

1) =5+ 2 )
where
1.787223
ri(2)] <
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2. By the same techniques of (3.6) and (3.7), there exist x5 and z3 between 0 and

x such that
B (2tx)?  (2tx)d  (2tx)t  (2tw) e
h(x) = 2tw + ~ S S (3.12)
and
"0 "o (4) 0 (5)
m@:jmm+3%lﬁ+g;)ﬁ+gﬁ)#+2é?%4
t24+2s 5, t3+6st 5 t*+12st2+125% ,  gO(x3) o
=t 3.13
* y Tt U F 24 T Ty v B13)
where
9 (23) = [60s>(t + 2s23) + 20s(t + 2s23)% + (t + 2523)°] g3 ttus (3.14)
Hence
g(z) tx+ t2—i2-25$2 + t3—ié6stx3 4 t4+1252t:+1252 24 4 9(51)2((3):3)335
f(x) = h(m) = th + 21‘:21-2 + 4¢3 23 + 2t 4 + A5 52tz
3 3 15
‘4t 2425 . + t346st .2 + 4125241252 1 3 + g(5)(13)m4
_ 2 6 24 120
B 2t + 22z + %xQ + %x?’ + —4t5f?12 x4
1 2s—1t? t* — 4512 + 1252
=5 t—p ettt Ty 2%+ ry(z), (3.15)
where
ra(7)

T g (z5)  20e2 235 — 15 15— 4t3s + 1217\
= T
)

h(x 120 15 6 24
10— dtts + 12t2s% o (2stt —t0)e* 2 o T —Atds 4+ 121357
- r — r — T
36 15 72

(t8 — 415 + 12t4s%) o2
— x
180



34

[ gB)(ag) 25 2B — 15 15 — 4ts 4 12ts?

x
" h(x)| 120 5 6 24
6 —dtts + 121257 (2stt —5)er2 4T —AtPs + 126387
— Tr — r — X
36 15 72
(% — 4t%s + 12t1s%) e?o2
— T |.
180

From [s| < 1,0< [t|<1,0< 2, <2 <0.1,0<2x3 <z<0.1and (3.11),

0.61072* | (60(1 + 0.2) +20(1 + 0.2)3 + (1 + 0.2)%) %11 202 1 17
< _ _
12l = i [ 120 5 Tt
02 17 17 17602
—(0.1) + —(0.1) + —(0.1)? 0.1)3
+5( )+36( )+72( )+ 180( >]

i

0.6107z*
= 1.0144 + 0.1629 + 0.5 + 0.7083 + 0.0244 + 0.0472 + 0.0024 + 0.0001

1.50212*
== (3.16)

Hence, by (3.15) and (3.16), we have 2.
3. By 1., we have

and

which implies that

(1= @) f@) = 1

where
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_ 3 (1.7872953) +<1.7872x3)2

<sol— e+ | ——

2[t| |t] |t
2.6808z%  3.1941z°

- t2 + t2
2.6808z*  0.0319z*

S t2 + t2
2.7127z*

Note that, for v,y € R,
(L+y)'=> (Z) y*, (3.18)
k=

0

where

(V) WGkt f keN
1 if k=0

([3], p. 356).
We note that for k£ € N,

[FAEECSEE S el

E+1

VAN
RS
o~ |

N |
N———

Hence

1 1 3
2] < 2 )| == > 2.
]G5 o e

From this fact, (3.17) and (3.18), we obtain

| (QU)
2= J@) fl) 2\& 168 !
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4¢2
k
= /-1 (23—152)23:2
e 2 — 4
kz:% k) ( w2 Tl
25 — t2 2x2
:1+ ( 8t2) —|—7”3(.T),

where

(25 — t2)° 22 10.85082*
4t2 + 12

2.35851
Since 0 < z < 0.1, |s\§1,0<]t\§1andt—2x§

z? O 1085x
4t2
(2 .3585x> >
5425493 3 ( .3585x2 ) (4)
S ——— + 3

5, 425493 2. 78133:
= +

Y

=] =

5. 4254:10 3
rs()| £ —3—+

8EM8

5 425430

ool w oo

+

W

oo

t?
8.2067x*
< —
= 4
]
1.2657d?
Lemma 3.2. Let ny € N such that n; > max {IOOT ?58’ i—i,?} Let n > ny
and Ty = % If |[r — A\,02%| < 1, then we have
1 — 2frac(—b 2T (a?d T
1. le_dl_ rac( ) . (a 1+\/_/8) +T1,
Vn n
2 _ 2 2 4 4 2 _ 2 12 _ 2\2
where o — (r AZ§)+5 ’ 5:—5 + 40%(r )\nig);— (r — Apd?) and
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19.4739T? + 1.2279

<
Il = d*ny/n ’
1 — 2frac(—b 1.125|d| + 2.514T?2 + 0.8668
2. Ty = —d, — % + 19, where |ry| < 4] = ,
2.436
3. Ty = —dy + r3, where |r3| < NG

Proof. 1. By (3.1) and (3.2), we have

p = que")

u — ude "G

u—d
IV ITAM0%(E) _ p2200%(L) (L)
AIVEMAL) _ —6y/Taane2(L)
eV E-(r-x8%)(%) _

6_26@ —1
z+s?
_ ete;—__ll (3.19)
where
t=-6 s=—(r—\,0°) and v = \/g (3.20)
Note that

T T 1
<= — < _ = . .
O<e=\T <V ~ 10 (3.21)

From Lemma 3.1(2.), we obtain

3
1 T T
p=5+oy/—+p — | +ru,
2 n n

2(r — Ap62) + 62
16

0 40P (r — A0?) + 12(r — X,6°)°
) ﬁ - 485 and

where o« =

1.502177

<
rul < on?

(3.22)
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So

3
1 T T
2a — 2np — 1 = 2(b + frac(—=b)) — 2n 5—1—04/—-1—5(\/—) +rin | —1
n n

T
=2b—n—2aVvTn—2T6\/ — — 1+ 2frac(—b) — 2nr;.
n

Chang and Palmer ([5], p. 98) showed that 2b — n — 2av/Tn = —/nd.

Hence

T
2a — 2np — 1 = —/nd; — 1 + 2frac(—b) — 2T B/ — — 2nry;. (3.23)
n

Since n > % and T' <1,

2.3585T 2.3585 1
< < —.
0?n T 0?n 4

From this fact, (3.19), (3.20) and (3.21), we can apply Lemma 3.1(3.) to obtain

that
1 20T
L 2T, (3.24)
2¢/p(1-p)
where
8.206712
|’f‘12| S W (325)

By (3.23) and (3.24), we have

1
2y/np(1 —p)

1
== <m> (2a —2np — 1)

20T T
(1 + Oén + 7’12) (_\/ﬁdl —142 frac(—b) — 2T5 E — 27’”’11)

Ty = (2a —2np — 1)

- 5l
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1 T 20%Td
:%[—\/ﬁdl—l—i—QﬁaC(—b)—QTﬂ 5_27”11_ a\/ﬁl

20T /T
+ Oén (—1 -+ 2frac(—b) — QTB E — 2”7’11)

T
+ 719 (—\/ﬁdl — 1+ 2frac(—b) — 275 —= 2nr11> ]

1 —2frac(—b) 2T (a?d, +VTB)

— —d — -
) T - + 71,
where
1
1 20°T T
-~ [ — 2nry; + — (—1 +2frac(—b) —2T04/ — - 2”7"11>
T
fr <—\/ﬁd1 ~ 1+ 2frac(~b) — 276y - 2n> ]
n
1 202T\  202T T
) 7 )
+ 712 (2 — 2np — 1)]-
Note that
3
<3 2
ol < (3.26)
and
17
< 0 3.27
1l < 486 ( )

From (3.19)—(3.21) and Lemma 3.1(1.),

1 T
P:§+Oé\/g+7"13, (3.28)
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where

(3.29)

- 0.75 N 1.7872
~ov/n o dnyn
< 0.09688 + 0.00384°

< 0.1006. (3.30)
This implies that
0.3994 < p < 0.6006. (3.31)
Hence
0<2np+1<1.2012n+1<1.2012n 4+ 0.0167n = 1.2179n.
From this fact and the fact that 0 < a < n, we have
|2a — 2np — 1| < 2n.

60
From this fact, (3.22), (3.25), (3.26), (3.27), n > 51 and 0 <6 <1,

IN

|7"1|

9 9 17
2n|r11] <1 + 852”) + 352n (1 + W) + |7’12| |2CL—2TLp— 1|]

[3.0042772 1 9 n 9 n 153 n 8.2067T> (2n)
—_— n
d*n 86%n 85%2n  19263n/n d4n?

IN

-3.0042T2 n 3.3797T7 + 1.125 + 0.7969 + 16.413477
d*n d0n? 2n  0ny/n d*n

s- ol 5l




1 [3.004277% 0.056377% 1.125 0.1029 16.41347>

~Vn| d'n T T T o T oM
19.47397% + 1.2279

< .

- (5477/\/5

2. By 1., we have

1 —2frac(—b
T = —d, - rac(—b) .
vn
where
2T (a?d T
ry = — (v 1n+\/_5)+r1'

60
From (3.26), (3.27) and n > 5i

2(a?|dy| +
< 2L

1.125]dy|  0.7083  19.4739T2 + 1.2279
< + +

) on d*ny/n
< 1.125]d;|  0.7083  2.5147% 4 0.1585
— %n %n ’n
1.125|d; | + 2.514T? + 0.8668

62n '

3. By 2., we have
T1 = —dl + T3,

where

_1—2frac(-b)
NG

r3 = + 7ra.

60 1.2657d?
Since n Z ﬁ and n Z Tl,

41
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11 — 2 frac(—b)|
Vn
1 1.125|dy| + 2.514T? + 0.8668
0°n
1 1.125|d4 | N 3.3808
0°n 0%n
1 0.436
T m
6

=== (3.32)

3| < + |ro|

IA
B
+

IA
+

IN

-3

b
o
w

]

Lemma 3.3. Let Q1(z), Q2(x) be defined in the Corollary 2.2 and ny € N such

that
ny > 30d3. (3.33)
a—np—1
Let n > max{ny,ny} and Ty = ————==, then we have
Vnp(l—p)
2(1 — d2)ar/Te /2 0.775d3 + 2.55
1. 1)) = + 1y, where |ry| < .
Q1 (Th) WoTr 4 |74] 5
di(1 — d?)e~4/2
2. Ty) = + 75,
Qa(Th) T 5
0.129|d;|* 4 0.0406d7 + 0.7739|d; | + 3.852
where |rs| < :
Vn
Proof. 1. By Lemma 3.2(3.) and n > ny; > 60, we have
T} = (—dy +73)* = d} + a1, (3.34)

where

4.8720dy| | 59341 _ 4.872|d| +0.7661
NG n o NG '

|ra1| < |2dyrs| + ’7”3|2 <

(3.35)
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For n € N such that n > max {60, 30d%}, we have

[rar] < 1. (3.36)
From this fact and the fact that [e” — 1| < 2|z| for || < 1, we obtain
e~ Tt/2 _ o=di/2p—Ta1/2
_ efdf/Z + (e—m/2 _ 1) efdf/Z
= e /2 41y, (3.37)
where
4.872dy[e=/2 + 0.7661
raa| < !67“1/2 —1| e /2 < fry e /2 < dife i . (3.38)
NG

m

Let f : [0,00) = R be defined by f(z) = —7,
el‘

f has maximum at x = y/m. This implies that

where m € N. We can show that

" _ (Vm)”
7 S o for x >0 and m € N. (3.39)
From this fact and (3.38),
4.872(0.6065) + 0.7661  3.721
(0.6065) + _2er (3.40)

<
Iraz] < NG vn

By (3.24), (3.28) and (3.34),

1 /T 20T ) )
= 204/ — + 2r 1+ +7r 1—df —r
3\/%< " 13)( " 12 ( 1 41)
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20°T
n

20T 202T 2r13
= 1 1—d; — 1
< + n +7"12)( 1 7“41)"1’3\/%( +

20¢\/T 20T
:3 ) (1—d%—7’41+( n +7”12> (1—d%—7’41))
V s

2r 20T
; 1237T (1 + n + Tlg) (1 — d% — T41)
2l —d)aVT  2aVT <2a2T 203 VT

1 Fr ) (1= @2 — ) 4 2V

320 3v2nr \ n 12) (1=di—ra) 3v2nm
2 202T

+ "3 (1 -+ an -+ T12) (1 — d% — 7“41)

+7”12> (1 —di — 7”41)

+

3V 2w
2(1 — d? T
_ 20— diovT | ras, (3.41)
3V 2nm
where
20T [ 2a%T ) 204 VT
T4z = +r 1—d} —ry) + ——=
T 3venr ( e ) (- dimra) onm
27”13 ( 2(1/2T > 2
+ 1+ +7r 1 —di —r41).
3\/% n 12 ( 1 41)

=:ai; + az + as.
From (3.37) and (3.41), we obtain

Ql(T1)€_T12/2 = @Q:1(Th) (6_6@/2 + 7“42)

= Qu(Ty)e 1 + Qu(T1)ra
_ (2(1 —d)ovT

3V2nm

2(1 — d?)ar/Te /2
_ X 31\)/2”7 4 (3.42)

3) e /2 4 Q1(Th)raz

where

—d?/2

re = Qu(Ty)ras + are” /2 + age + age /2, (3.43)
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60
By (3.24)—(3.26), n > 5 and 0 < 6 <1, we have

1 20T 8.2067T*
— <1+ 3
2y/p (1 - p) n 0%n
<14 0.1125 n +8.0267
- a?%n 04n?

< 14 0.001962 + 0.00225*

< 1.0041. (3.44)

From this fact, (3.26), (3.28), (3.29), (3.34), (3.36), (3.40) and n > 60, we have

(2p—1)(1-T7)
6/2p(1 —p)m

: ‘2:),11/_273‘ ( <11—p>) e (%)

<L (R s 0+ ()
_ 0,496 (2la|+2,r13|> (1+di + [ral)
(
4

|742]

|Q1(T1)ras| <

IN

(25

< (0.7454 L 0.0296) (d% n 2)

on on
0 775d2 + 1. 55
3.45
. (3.45)

60
By (3.25), (3.26), (3.30), (3.39), > <y and 0 <5 < 1,

~ /2

2a\/— 2a°T )
+r L—d?—ry)le
N (2 ) (1= B )
2| (2|a!2 ) 2\ —d2/2
+|r 2+ d?) e/
Savane L n Il )
0.1995 [ 1.125 8.2067 2
< 2+ d?) e~ /2
—5\/5( (54n2)(+1)e
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0.1995 (0.1454 0.0177

92 2\ —d?/2
e (o o) e
_0.0325

= 5 (26_d%/2 + d%e_d%/2>
n
0.0325
<
- on
0.0889

on

(2 + 0.7358)

. (3.46)

From (3.26), (3.35) and (3.39),

0.1995 (4.872|dy| +0.7661Y 42/
NG ( NG ) ‘
0.972|dy|e91/2 4 0.1520¢41/2
N on
_ 0.972(0.6065) +0.1529
- on
O';i%. (3.47)

By (3.24), (3.29), (3.36), (3.39), (3.44) and n > 60,

e—d§/2

2r 20T
d?/2 13 2
asle "7 = 1+ +7r 1—di—r
| 3| ‘3 o ( " 12)( 1 41)

2|’l"13| ]_
3V2r \ 2y/p(1—p)
_ 04753
~ ony/n
0.4772d%e /2 + 0.9545¢ 4/
B dn/n
_ 0.4772(0.7358) +0.9545 ( 1 )
- n V60

0.1687

5 (3.48)

) (1 + d% + |T41|) G_d%/Z

(1.0041) (2 + 2) e /2
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Hence, by (3.43), (3.45)—(3.48)

0.775d? +1.55  0.0889  0.7424  0.1687
+ + +

on on on on
B 0.775d% + 2.55

on

Iry| <

From this fact and (3.42), the proof is completed. 2. Let

Q(T)
_(1=6p(1=p))B-THT ! C(2p-1 (51072 + TV T
24+/27p(1 — p) 24+/27p(1 — p) 72y 27p(1 — p)
= A1 + AQ + Ag.
Then
QQ(T1>€_T12/2 = A1€_T12/2 + A26_T12/2 + A3€_T12/2. (349)

60
From (3.24), (3.26), (3.28), n > 51 and 0 < 6 <1, we have

1 1+2a2T+ 2
I .
4p (1 —p) n .

=1 + 751, (350)

where

20T 20T 2
2 +ri2 )+ + 712
n n

2| 2|al2T 2
+ |7’12‘ -+ |7"12|
n
(1 125 8. 2067) . (1.125 8.2067)2

IN

2

02n 04n? 02%n 04n?
0. 1452 . 0. 0177) (0 1452 0. ()177)2

2 Jn + Jn

IN
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0.3258  0.0265
= +

vn n
0.3292
< (3.51)
vn
and
( - 1 N T N 1 I'T
Pp—206n7‘13204n7“13
L + (3.52)
=—+r )
4 525
where
2
T
|T52| = (8% — + 713
n
_ (075 N 1.7872\ 2
~\0v/n  onyn
~ 05625 2.6808  3.1941
62 02n? 0%n3
< 0.0726 N 0.0058 n 0.0001
- n Vn Vn
0.0785
= ) (3.53)
NG

By Lemma 3.2(3.), (3.34), (3.37), (3.50), (3.52), we have

(1—6p(1—p)(3—THT
24p(1 — p)V2r
1—6p(1—np) < 1

6v/21 4p(1 —p)

1-— 6(025 + 7’52) 2
= 147r5) (3 —d7 —rgy)(—dy +7
o (1+751) (3 = dj —1a1)(—ds +13)

—0.5 — 6r
= o (L) (ChB—d) + B —drs +ra(d — 1)

—0.5 = 0.575; — 6r52(1 + 1
= 21 — w2l 4 7s1) (—di(3—d}) + (3 —d})rs + raa(di — r3))

0.5d:(3—d?) 0.5
= é 5 1 —6 —27-(- ((3—d%)7’3+7’41(d1—7'3))

1:

R
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i —0.57”51 — 67“52(1 + 7"51)

6V 27

dy(3 — d%) 1 9
= — 3—di)rs +ry(dy —r

12v27  12v2x (8 = di)rs +raaldi = 13))

_ 51 + 127’52<1 + T51>

<—d1(3 —d})+ (B —=d)rs +ra(d — 7’3))

(~di(3 =) + (3 = d)rs + rar(dy — 7)) .

12v/27
and
Aje 2 = A, <€_d%/2 + 7“42)
= Alefd%/z + Airyo
_ dy(3 — d3)e4/? e, (3.54)
12v/2m
where

3— d%)?“g + 7’41(d1 — 7“3)) €_d%/2

1
rs3 = Airgg — ———
R DW= (
_ Ts At 12r59(1 + 751)

12427

=. b1 +bg+b3.

(=di(3 = d}) + (3 = d)rs + rua (dy — 75)) e~ 1/2

By (3.31), we have p(1 —p) > 0.1595 and 0 < p < 1. It’s well-known that
p(1 —p) < 0.25. This implies that 0.1595 < p(1 — p) < 0.25.

Hence
[1—6p(1 —p)] <0.5. (3.55)
From this fact, Lemma 3.2(3.), (3.34), (3.40), (3.50), (3.51) and n > 60,

1] = |A17a2]

_ '(1 —6p(1 —p))3 = TP)Th
24p(1 — p)V2r
< 11=6p(1 —p)|

1 2
= 6vor <4p(1—p)> 8+ Tl

|742]
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0.5 ( . 0.3292 2.436) 3.721

< 3+di+|r di| + —=

<o (142 )t (1l + 252 ) 22
0.5 3.721

< ——(1+0.0425) (4 + d}) (|dy| + 0.3145) —=

T 6V2r vn
0129 (|d[? + 0.3145d3 + 4|dy| + 1.258)

N vn

_0.129]d, |* + 0.0406d3 + 0.516|d;| + 0.1623

— NG :

By (3.32), (3.35) and n > 60, we have

|(3 = dD)rs 4+ raa(dy — r3)| < (34 dD)|rs| + [raa|(Jda| + |rs])
2436 4.872|d;| + 0.7661 2.436

NG + i (|di| + W)
ngfj n 4.872’(11\’/—%— 0.7661 (dy| + 0.3145)
| 7.308d2 + 2.2083|dy | + 7.5489
a vn

< (3+dY)

< (34 d?)

(3.56)

which implies that

|b2| = ‘ 12\1/% ((3 — d%)’l“g + 7"41((11 — 7“3)) e_d%/z
o1 (7.308(13 + 2.2983|d; | + 7.5489) vy
T 12v2r vn
0.2426d%e~ /2 + 0.0763|d; |~/ 4 0.2506¢ /2
Bl vn
_ 0.2426(0.7358) + 0.0763(0.6065) + 0.2506
- vn
04754
-

where we have used (3.39) in the second inequality.

From (3.39), (3.51), (3.53), (3.56) and n > 60, we obtain

’7’51 + 127’52(1 + T51>| S |7’51| + 12|T’52|(1 + |7“51|)
0.3292 n 12(0.0785) 1+ 0.3292
Vn NLD VLD




0.3292 0.942

< 1+ 0.0425
NG + NG (1+ )
13112

===

and

| —di(3—d2) + (3 —d})rs + 141 (dy — 73)]

< |di|(3+d7) + |(3 = di)rs + raa(dy — 13)]
7.308d? + 2.2983|d, | 4 7.5489
NLD
< 3|dy| + |dy|® + 0.9435d% + 0.2967|dy | + 0.9746

< 3ldy| + |dy P +

= |dy|* + 0.9435d7 + 3.2967|d; | + 0.9746

which implies that

rs1 + 12rs9(1 4+ 1 _
|bg| = | = 123;7 1) (—di(3 = d2) + (3 — d2)rs + 141 (dy — 13)) [ e~ G/?
[r51 + 12755 (1 + 751)| 2 2 —d2)2
< —dy (3 =)+ (3 —d)rs + ra(dy —r3)| e/
2v2r |=di(3 = d}) + (3 — d)rs + raa(di — 73)]
< 132 (Id1|? + 0.9435d3 + 3.2967|d, | + 0.9746) e~ %1/2
T 12v2nm !
0.0436 <|d1|36*d?/2 +0.9435d%e~%/2 4 3.2967|d, |e~91/2 + 0.97466*‘@/2)
pu— \/ﬁ
0.0436]dy e~ /% + 0.0411d2e /2 4 0.1438]dy [e~ /2 + 0.0425¢ /2
— NG
_ 0.0436(1.1594) + 0.0411(0.7358) + 0.1438(0.6065) + 0.0425
< NG
02105
-
Then

|753] < |b1] + [b2] + |bs]
- 0120]d:* + 0.0406% + 0.516]d| + 01623 | 04754  0.2105
= N NN

51
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_0.129]d, [* + 0.0406d% + 0.516]d; | + 0.8482
— NG .

By Lemma 3.2(3.), (3.37), (3.50), we have

(3.57)

AQG_TE/Q = A2 <€_d%/2 + 7’42)

= A2€7d%/2 + Aoryo

Tl 7d2/2
= e Nt 4 Aor
(24\/ 2mp(1 — p)) s

1 1 2
Tie /2 4 A
6 ,_271' (4p(1— )> 1€ + AoTyo
6\/_ (1 + 7“51) (—dl + Tg)e_d%ﬂ + A27‘42

- 6\/ 2

—dle_d%/Q
_ + 754, 3.58
6v2m o ( )

(—d1 + T3 + T51<—d1 + Tg)) €_d%/2 + AQT’42

where

(T3 + T51(—d1 —+ T3)) G_d%/Q

'S ey
o 6v2m

=:C] + Ca.

+ Aoty

From (3.32), (3.39), (3.51) and n > 60,

1| =

(rs + r51(=d1 +73)) ‘ o~ 2/2

6V 21
e—d1/2
< o (Irs| + [rs1|(|di] + |rs]))
_ e=d1/2 12436 N 0.3292 ]+ 2.436
e—d1/2 2436 0.3292
< ( 2 P2 ) + 3145))

~0.3292|dy|e /2 4 2.5395¢ /2
_ NG
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0.3292(0.6065) + 2.5395
<
_— \/ﬁ
2.7392
vn o

By Lemma 3.2(3.), (3.50), (3.51) and n > 60

|ca| = |Aoras

< |T1| ( ! ) |7“42|
~ 6v2r \4p(1 —p)

1 3.721
(|da] + [r3]) (L + |r51]) —=

vn
< 0.2474 |d ‘ n 2.436 14 0.3292
- ove U m NG

0.2474
< (|dy| + 0.3145) (1 + 0.0425)
n
~0.2579|d; | + 0.0811
- N )
Thus
754 < [c1| + [cal
L 27392 0.2579|di] +0.0811
- Vn NLD
~0.2579|dy| + 2.8203 (3.50)
= NG ) )

60 :
By (3.26), (3.28), (3.29), (3.39), (3.50) (3.51), n > 50 and 0 < § < 1, we obtain

(2p—1)* < (% + 2|7“13|)2

_ ( 1.5 N 3.5744)2

—\0yn  onyn

225 10.7232  12.7763

- 02pn 02n? 02n3
0.2905  0.0231  0.0005

="Jr T
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0.3141

N (3.60)

and

15 — 1072 + T} e /2 < 15|y e ™1/ 4 10|13 P T2 4 |1y [Pe 112
< 15(0.6065) + 10(1.1594) + 4.5887

= 25.2799

which implies that

(2p — 1) (15 — 1072 + TH) T,
2p(1 —p)V2m

2p — 1)2

2r—1) ) |15 — 1072 + T e T2/2

( 1
18v2r  \4p(1 —p)

0.3141
< 1+|r 25.2799
< s (1 Irsa) (25.2790)

1 3292
<0 76(1+039>
n

e’TlQ /2

|Agle ™"/ = ‘

(1+0.0425)

=—. (3.61)

From (3.49), (3.54), (3.57), (3.58), (3.59) and (3.61) , we have

Qa(T1)e ™2 = Ae™ T2 4 Ape /2 4 Age™ 1012

d(3 — d2 —d?/2 d —d?/2
:1( e +T5_161

1227 N>

_di(1- d2)e~%/? .

124/ 27

+ 754 + A3€—T12/2




5}

where

75| < [7s3] + |rsa] + | Asle 71/
< 01201+ 004067 + 0.516]d| + 08482 0.2579]ds| +2.8203  0.1835

Vn vn vn
~0.129]d;]* 4 0.0406d7 + 0.7739|d; | + 3.852

vn

]

Lemma 3.4. Let Q1(x), Qa(x) be defined in the Corollary 2.2. If n > max{ni,na}

1— 1
and Ty = w, then
np(1 —p)

0.0872

n

0.368
N

1 1Qu(T)| e "2 <

2. |Qa(Ty)| e TE/% <

Proof. By (3.39), we have

|1—T2|e T/2<max

T2e —~T2/2 Tie ~T2/2
= max R

0. 7358 2. 1654}

—T2/2 T2 T2/2}

Y

21654
=

60

From this fact, (3.44), (3.60) and n > 50

(1-2p)(1-13)
6+/2p(1 — p)m

e’T22 /2

|Q1(13)] e 12/? =

_ 1 —2p] 1 ‘1—T22‘6*T22/2
3v2r \ 2¢/p(1 —p)
1 0.3141 2.1654
< 1.0041
= 3van\| v | ) ( 73 )
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0.2014 (2.1654)
<

T 3V2m
~0.058

T3

By (3.31), we obtain

1
> -1
- ( 0.6006 ) v

= 0.8155v/n. (3.62)

Hence

0.058 _ 0.0872
T ~13/2 <
Qi(T2)l e = 06650 n

2. By (3.39), we have

2 ,—T2/2
T5e 2 < 0.7358

Tye T2/2 = 22 oS (3.63)
3= T3] Toe /2 < max {3Te"4/2, Tje 512
3 ~T2/2 T4 ~T2/2
= maX{ TQ }
{3 (0.7358) 2. 1654}
2
_ 22074 (3.64)

T,
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and
15— 1073 + T| Toe /2 < max {15Te /2 4 Te~73/2, 10T5e 78/2 |

15T2 Ti/2 Tge—Tz /2 10Tye T2/

= max ,
T, T

15( 0 7358) | 10.754 10(2.1654)

< max ,
Ty Ty

21791 (3.65)
== .

From (3.44), (3.60), (3.55), (3.62)—(3.65) and n > 60

|Q2(T2)| e 12/

1 1 : :
< 1—6p(1 —p)| |3 — T3| Toe /2 + The /2
<o (50=) <| p(1 - p)I[3 - TH| T :
2p — 1)? :
=17 (15 - 1072 + TH) | 2/2>

+ 3
1.0082 2.2074 0.7358 0.3141 [ 21.791
1.5612

|
)

2.2074 0.7358
> + +0.0135 ( T
2

< 1.0082
6V 2T
0.3001

0.368
<

1.5612
( 15 15

s
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1 1
a—np—s; n(l — + =

Lemma 3.5. Let n > max{nj,ns}, 71 = 4" s and Ty = &

np(1 — p) v/np(l —p)
Then
Ty
t2
/e‘?dt
Ty

2
—dy

— V2rd(d)) + e 2 (1 —2frac(=b)  2T(a’d +VTB) (1~ 2frac(—b))2)

vn n a 2n
+ T6,
here |rg| < 28.2158
where |r _ .
o= 5iny/n
Proof. We note that
Ts o) o0
2 2 2
/e‘?dt: /e‘?dt—/e_wlt. (3.66)
T T Ty
Then
oo o T3 o T3
2 2 2 Tze~ 3
0< [e2dt< — [te2dt = = -2
[ Fasy, o
T2 T2
By (3.39) and (3.62), we obtain
[ r2 07358 _ 1.3567
og/e—Tzdtg < . (3.67)
Ts ny/n
Ts
We see that
oo -1 -1
2 2 2
/e_Zdt: /e‘?dt: V21 d(dy) + / e zdt. (3.68)
Ty —00

dy
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From Lo-Bin and Ken ([14], p. 98), we have

-1y —d%
2 —d? die 7
/ e Fdt = et (=T) —dy) — 162 L (=T — d)? + e (3.69)
d1
where
_ —x2/2 2 —ax2/2 2 _ —x2/2
e %o/e 4 pie~ %0 x 1)e 0
Te1 = 6 0 (—Tl - d1)3 = ( 0 6) (—Tl - dl)g,

for some zg between —717 and d;.

By Lemma 3.2(3.) and (3.39) we obtain

3
’r61| S max {ajge*z(z)/z7 efxg/z} |7"3—1|

6
14.4555
< max {0.7358, 1}
6ny/n
2.4093
ny/n
From lemma 3.2(1.), (2.), (3.39) and n > 60,
—d? dle%d%
GT(—Tl — dl) — (-Tl — d1)2
- _ _ 2
_ i (1= 2frac(-b) N 2T (a%dy + VTP) .
Vn n
—di 2
_diez (1—2frac(=b)
2 NG "
~& (1 —2frac(—=b) 2T(c?dy +VTB) dy (1 —2frac(—b))>
= e 2 _|_ —
Vn n 2n
a2
-4 diez 2(1 — 2frac(—b))r
—reT — 12 (— 7 243
- (1 — 2frac(—b)  2T(a2d; +VTB) dy(1—2 frac(—b))2>
— e 2 + — + 762,
Vn n 2n

(3.71)
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where

2

dilez (2|r
roa] < [rafe 5 4+ 1] ( | +|r2|2>

2

20672 dife s [ 2(1.125)dy] + 3.377) L (1125l + 3377
~ 0*nyn 2 5%n\/n 6’n
_ 20672 dile s [2.25)dy| + 6.754 , L2656 +7.5083ds| + 114041
NG 2 5?ny/n d4n?
20672 dife 5t /2.95|d,| + 6.754 , 016342 + 0.9803]ds| + 14723
~ 0*nyn 2 5471\/_ 64n\/_
20.672 0 0817|d[3e = AN 6152|d[2e = > + 4.1132|dyJe =" 7
5471\/_ d*ny/n
L 20672 0.0817(L1504) + L.6152(0.7358) + 4.1182(0.6065)
~ d*ny/n d*n/n
24.4498
= —. 3.72
d*ny/n (8:72)

By (3.66)—(3.72), we have
Ty

t2
/e?dt

Ty

_ \/_(I)<d1) 1 e_;il (1 — 2frac( b) n QT(Qle + \/TB) - d, (1 _ 2frac(—b))2>

NLD n 2n

—/e_tzdt+T61—|—T62,
T>
_ 2 _ —b))2
_\/_(D(dl)ﬂ (1 —2frac(— b)+2T(a dy +VTB)  dy(1—2frac(—b)) e
NLD n 2n

where

2 1.3567  2.4093 24.4498 28.2158
76| <
Ty

~Tdt < B '
e + [re1| + |62 < oy + ny/n * diny/n - dtny/n
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60 1.2657d?

Lemma 3.6. For n > max{1007, T L. 30d3}, we have

2 (@pk(l —p)" " = 0(dy) + Fldi, 0, 8) + 17,

k=a

where |r7] < r(dy),

e (1—2frac(—b) 20(s*d+VTt) d(1— 2frac(—b))’
F(d, s, t) = \/% < NG - " B on )
( - 1)3\/_ —d2/2 T S (d2 — 1) —d?/2
e 12n2r
and

L7185[d[* +19.4642 | 47.1537

d) = :
r(d) d*ny/n ny/n
Proof. By Corollary 2.2, we have
"\ /n
m 1 _ n—m
> (})rma-»
k=a
/ /22 gy Qu(Tr)e 2/ Qi(Ty)e "t/ N Qs(Tp)e "2/
\/271' \/ﬁ \/ﬁ n
T T2/2
_ Q@)e” 7 | .
n
4.9132 N/
where |g,| < +0.9358¢~G/DVnr=P) and Q,(z), Qy(x) are

np(l —p)y/np(l —p)
defined in the Corollary 2.2.

3

Since g(z) = z°¢~ " has maximum at = 2 on [0, o),

3
< np(1 —p)> e~ 3/2V/mr(l=p) < 959.



This implies that

4.9132 .
len] < 13 10.948 0-959
np(1 —p)y/np(l —p) np(1 —p)y/np(l —p)

_ 58223 ( 1 )3
nyin \ \/p(1-p)

5.8223 471537
< (2.0082)* =

< = i

where we used (3.44) in the last inequality.

From this fact and Lemma 3.3—-Lemma 3.5, we have

_ 42

_ q)(dl) 4 e 2 1— 2frac(—b) 2T(Oz2d1 + \/Tﬁ) dy (1 - 2frac(—b))2>

\/%< Vn a n a 2n

2 2 ~T2/2
I 2(di = Dav'T _p LT di(di —1) _z/ LT Qa(Tp)e "2/

e
V2 3v/21n vnooo12
I Ql(TQ)e_Tgﬂ
NZD

- q)(dl) + F(dbaa@) + r7,

2mn n n

+én

where

\|/_| \/_ (|7’4] + ‘Q1 (T5) _T2/2D +% (‘7“5| + ‘QQ(Tz)e_Tg/QD + |en]

28.2158 1 (O.775d% +2.55 n 0.0872>

77| <

< 220
= 8n2nr Vn on n
n l (0.129’d1|3 +0.0406d? + 0.7739|dy| + 3.852 . 0.368) 47.1537

n vn vn ny/n
_ 11.2565 0.775d2 +2.55  0.0872

= d*ny/n * d*ny/n * d*ny/n
. 0.120]d:[* + 0.0406d; + 0.7730|s| +3.852  0.368  47.1537
d*n+/n 54n\/ﬁ * ny/n
_ 0129/ [* +0.8156d% + 0.7739]dy| + 17.7457  47.1537
dny/n nyn

62
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19.4642  47.1537

If |[di| <1, th < .
il < 1, then |rr] < T + =
1.7185|d |> + 17.7457  47.1537
If |dy| > 1, then |r7| < ldf” + + :
d*ny/n ny/n

Hence

1.7185|dy |* + 19.4642  47.1537
|7"7| S +
5471,\/5 n\/ﬁ

= T’(dl).

60 1.2657d3

Lemma 3.7. For n > max{1007, 51 g 2 30d2}, we have

5 () - = 00 + P+

k=a
o 2(r = A0 =67 4 0 =483 (r — N\0?) + 12(r — N, 60%)?
where & = 5 , B = 185 ,
and |rs| < r(dz)
Proof. Ob tht||<3 nd|6| 17
r00 serve that |& “ a < 185

By (3.1) and (3.2), we have

ew —d
u—d
oL _ o=/ THrdi(E)
VI HA02(L) _ =0/ THans(L)
VT2 (E) _
VS

2
eters:c -1

e2tr _ 1 )

q:

T
where t = 4§, s = (r — \,0%) and o = ¢/ —.
n

From this fact, we can follow the arguments of Lemma 3.2-Lemma 3.6 to show

that the conclusion of the Lemma holds. ]
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3.2 Proof of Main Theorem

60 1.2657 max{d?,d2
o o

for the n-period binomail model, the price of a Furopean call option satisfies

Theorem 3.8. Let n > max{1007, },30 max{d3,d3}}. Then

C(n) = Cps + SoF(dy, e, B) — Ke_"“TF(dg,d,ﬁA) +7r

where |r| < Solr(dy)| + K|r(ds)|,

ez (1-—2frac(-b) 2T (s%d +\/Tt) d(1- 2 frac(—b))”
F(d,s,t)—\/%< 7 - 5 )
(dQ - 1)3\/_ —a?z, 274 (1 — ) —d?/2
C 3mer 1227
and

L7185[d[* +19.4642 | 47.1537

r(d) = S i

Proof. We know that

n

n) = S kz: (Z)pk(l —p)" - Ke "y (Z) ¢“(1—q)" "

k=a

By Lemma 3.5 and Lemma 3.6, we have

Cln) =S l<b<d1> + F(di,a,8) +r(dy)| — K™

O(dy) + F(da, &, B) + r<d2>]

= Cps + SoF(dy, o, ) — Ke "TF(dy, &, B) +r
where

7| < Sor(dy) + Kr(ds).
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