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CHAPTER 1
INTRODUCTION

In this chapter, the motivation and significance of the current research is first presented
and then the background and review of relevant literatures indicating the historical
development and recent advances of the scaled boundary finite element method
(SBFEM) and its applications to the numerical analysis of plate bending problems is
summarized. Next, research objectives, scope of work, methodology, and research
procedure are clearly stated. Finally, the outcome and contribution of the present study
are addressed.

1.1 Motivation and Significance

A plate is one of the most frequently encountered structural elements. Its behavior is
considered quite important to structural designs and analyses. Plate structures are
widely found in civil engineering applications and are encountered in many fields of
construction technology. For this type of relatively thin structures, the bending
mechanism has been found the main factor affecting the deformation perpendicular to
the plane of the plate under the action of external forces and/or moments. The
deflections can be determined by solving the differential equations resulting from
proper plate theories to obtain the analytical solutions; however, these solutions are
only limited to plates with simple geometries, boundary conditions, and loading
conditions. To overcome these difficulties and disadvantages, the numerical solutions
have been developed. The scaled boundary finite element method is one of attractive
numerical techniques for modeling plate bending problems, which is considered the
latest numerical technique that has been applied to solve several problems in applied
mechanics with high achievement.

(a) (b)

Figure 1.1: (a) Schematic of flat slab (Photo by GEM NEXUS, 2015 [1]) and (b)
schematic of corresponding mathematical model (Photo by National Geographic South
Korea, 2015 [2])



This research topic still remains popular due to the vast applications of plate
structures especially found in broad engineering practices. A mathematical plate
model, which is defined as a structure possessing one dimension much smaller than the
other two, is often employed in the modeling because it provides valuable insight into
the behavior of the structures and is computationally simple. An example of plate
structures is the flat slab that transfers the load directly to columns without the use of
beams as shown in Figure 1.1(a) and it can be modeled mathematically as illustrated in
Figure 1.1(b). Another example of plate structures is a thin element of structural
members such as web and flange of a beam under in-plane and out-of-plane loading
conditions which transfers the transverse loads to the supports by bending and shear
actions. In general, higher stresses are developed in flexural members in comparison
with axially loaded members with the same level of applied load and the resulting
deformation due to the bending mode is also much higher. The deflection of a beam
due to the bending effect is often considered as one of the most significant factors of
the design criteria. The behavior of the beam under loading as shown in Figure 1.2 has
a similar characteristic to that of the plate bending theory.

axial load

W

- /rr

mid-plane dw LU
dx? | ;

\f\"‘?—"" M, % T
‘ d™w

= g2

("j‘ — "* ) 3 " di?

Figure 1.2: Schematic of stiffened web elements and unstiffened flange elements of
structural steel beam (Adapted from “Steel Structures Design and Behavior”, by
Charles and John, Book of HarperCollins College Publishers, 1996, fourth edition
p.328 [3])

Various mathematical models have been continuously proposed to represent the
behaviors of objects/bodies under different types of loading and boundary conditions.
In principle, all models can be reduced to a partial differential equation system, a system
of integral equations, or both depending mainly upon the type of problems and solution
procedure to be employed. Nevertheless, the analytical approaches for solving those
governing equations are commonly limited to problems with simple geometries and
boundary conditions [4-6]. The need of more powerful solution techniques to overcome
the limitation of analytical methods brings about the development of numerical
techniques e.g. the finite element method (FEM) which has been used successfully and
extensively for solving problems in applied mechanics. However, the FEM also has
some difficulties associated with its application in certain areas i.e. the static and
dynamic analysis of large or unbounded domains, problems involving cracks/notches
and singular fields, and other stress concentration problems [7-12].

To circumvent the inefficiency of the FEM to solve problems involving
unbounded domains, another group of numerical techniques termed the boundary
element method (BEM) has been established. In such group of techniques, the key



governing equations of the boundary value problems are expressed in terms of
boundary integrals containing only unknowns on the boundary of the domain and, as a
direct consequence, the discretization of the field variable is restricted to the domain
boundary. It is worth noting that the governing integral equations underlying the BEM
require the availability of essential fundamental solutions. In addition, the form of
fundamental solutions is problem dependent and is generally complicated to be
constructed since they are required to satisfy the governing differential equations
exactly for the entire domain [13, 14]. Besides the reduction of spatial dimension
associated with the unknown data, such major disadvantage is found to reduce the
capability of the boundary element method to solve general boundary value problems
in comparison to the FEM.

A novel numerical method capable of modeling the deformation of solids and
structures, termed the scaled boundary finite element method (SBFEM), was introduced
and has been widely used for the past three decades. The SBFEM combines the
advantages and features of both analytical techniques and numerical approximations
[15, 16], involves the approximation of the solution in the boundary direction, and
generally yields a set of linear, ordinary, differential equations in the radial direction
that can be solved analytically via simple schemes found in the theory of differential
equations, e.g., the method of undetermined coefficients and the representation of
solutions. The enforcement of boundary conditions and the assemblage of element
coefficient matrices follow the standard procedure of the finite element method.
Recently, the SBFEM has been successfully applied to solve several problems of
continuum/solid mechanics such as electrostatic problems, problems in transient
elastodynamics and unbounded domains, linear piezoelectric problems, stress analysis
of cracked bodies and simulations of crack advances, biomaterials and multi-field
materials, and thin plate and laminated plate problems [17-29]. Adaptive strategies have
been also incorporated into the SBFEM to enhance its computational efficiency. The
optimal mesh providing sufficiently accurate results while containing the number of
degrees of freedom as small as possible is of interest. To ensure the computed result
quality, the analyses are generally performed on several meshes with different sizes
which drastically increase the overall cost of modeling and analysis. It is also known
that the accuracy of approximate solutions depends primarily on the discretization level;
the higher the level of discretization, the higher the accuracy of predicted results, but
also the higher the number of degrees of freedom and the more the computational
expense. An inadequate level of discretization can lead to inaccurate numerical
solutions. Therefore, it is desirable to use the minimum number of degrees of freedom
necessary in order to achieve the required level of accuracy preferred. To achieve this
task in an efficient manner, the stress-recovery and the error estimation techniques were
integrated into SBFEM along with the h-hierarchical adaptive procedure to solve both
bounded and unbounded domains for linear elasticity problems [30, 31]. Normally,
among the adaptive strategies, the h-refinement is the most essential one and it has been
accomplished by using only a single type of elements.

Even though the SBFEM has been applied to several problems of applied
mechanics with high success rate; heretofore, the SBFEM for modeling thin plates
under transverse loadings and different types of boundary conditions with h-
hierarchical adaptive procedure has not been implemented. This research presents an h-
hierarchical adaptive scaled boundary finite element method for plate bending



problems. The governing equation is derived based primarily on Kirchhoff’s plate
theory while the weak formulation is obtained via a standard weighted residual
technique. The scaled boundary finite element equations and the solution methodology
follow the standard procedure of SBFEM. An h-hierarchical adaptive scheme with the
moment-recovery error estimator is integrated in the implementation to obtain the
optimal level of discretization for a specified level of accuracy.

1.2 Background and Review

In this section, the historical background and review of plate bending problems,
adaptive procedure, and the scaled boundary finite element method are briefly
discussed. In addition, applications of the scaled boundary finite element method to
plate bending problems are also provided. The advantages and disadvantages of the
scaled boundary finite element method in comparison with the finite element method,
the boundary element method are also presented in this section.

1.2.1 Plate bending problems

The first simulation of plate problems, which was probably done by Euler in 1776,
involved the free vibration analysis. Later on, Cauchy and Poisson were among the first
who formulated the problem of plate bending based on theory of linear elasticity [32].
A plate theory reduces the full three-dimensional settings to two dimensional problems
by taking into account the advantage of the disparity in the length scale. To further
simplify the plate bending problems, Kirchhoff plate theory or thin plate theory was
also introduced. Kirchhoff model is generally applied for relatively thin plates
undergoing small deflections, negligible shear energy, and uncoupled membrane-
bending action and also enforcing zero transverse shear strain at a selected location of
the elements [33].

Solutions of plate bending problems can be obtained by means of analytical
approaches; however, their inherent mathematical difficulties and analytical solutions
restricted these problems to some simple geometries and boundary conditions [4-6, 34].
As mentioned earlier, for many plate problems of considerable practical interest,
analytical solutions to the governing differential equations cannot be found; thus,
numerical methods must be engaged to obtain approximate solutions. There are some
effective numerical methods capable of performing the analysis of plates, such as the
finite element method [35], the smoothed FEM [36, 37], the boundary element method
[38, 39], and the Trefftz FEM [40, 41]. Various investigations mentioned earlier have
led to the significant progress in efficiently modeling the plate bending problems while
eliminating the locking phenomenon. In order to satisfy the C-continuity requirement
in the discretization of plate bending problems, high-order elements must be employed.
In 1981, Tsach [25] investigated the relationship between the shear locking and the
order of polynomials used in the approximation of the displacement. This work
indicated that the lower order displacement-based elements normally produce results of
stresses/internal-forces with lower accuracy and the high-order elements were less
prone to shear locking. Zrahia and Bar-Yoseph [26] found similar results in their
investigation that in comparison with low-order elements, the spectral elements lead to
higher accuracy and computational efficiency. Similarly, Xenophontos et al. [27]
developed the p-version mixed interpolation of tensorial component elements. Those
p-MITC elements were extremely effective for plate problems, even when the curved



elements were used, provided that special care was taken in constructing the element
mappings. In addition, Man et al. [42] employed high-order spectral elements together
with the SBFEM in the analysis of plate structures and demonstrated that the technique
yielded higher accuracy and faster convergence in comparison with the SBFEM using
linear or quadratic elements and the p-MITC using linear or quadratic basis [42].

1.2.2 Scaled boundary finite element method

The primitive work with basic ideas in the scaled boundary finite element method under
the name exterior finite elements for two-dimensional field problems with open
boundaries was recognized by Silvester et al. [43]. In the SBFEM, only boundaries were
discretized so that the modeled spatial dimensions were reduced by one similar to the
BEM; however, it does not require the fundamental solutions. Figure 1.3 illustrates the
scaled boundary coordinate system for both bounded and unbounded domains. The
scaling center for a bounded medium is inside the domain and is generally chosen to be
coincident with the origin of reference Cartesian coordinate system. The dimensionless
radial coordinate & starts from the origin with & = 0 to the boundary where it is
commonly normalized to unity, i.e., & = 1. The bounded domain is thus covered by 0 <
& < 1. The s-coordinate coincides with the circumferential direction on the domain
boundary.

This method had originally been developed by Wolf and Song [44] to compute
the dynamic stiffness of an unbounded domain in elastodynamics. Clearly, the
consistent infinitesimal finite-element cell method does not require a fundamental
solution. In addition, the free surface and the fixed boundaries and the layer interfaces
between different materials extending from the structure-medium interface to infinity
are incorporated automatically with later developments, allowing the analysis of
incompressible materials and bounded domains [45] and the body loads inclusion [46].
The complexity of the original derivation of the technique was formulated by using a
weighted residual approach and a mechanical-based approach to obtain the scaled
boundary governing equations [16]. This solution procedure was clearly demonstrated
by solving both homogenous bounded and unbounded media. Later, Deeks and Wolf
[47] applied the principle of virtual work to derive the scaled boundary formulation. It
was found that the semi-analytical SBFEM can be also obtained in a similar manner to
the standard FEM and has the potential to be used with the great success rendering this
method more accessible.

It has been shown that the SBFEM was highly benefits modeling stress
singularities present at crack-tips by Zhenjun Yang [48] and, in addition, the developed
methodology was capable of accurately and effectively predicting mixed-mode
cracking paths and load—displacement relations for a wide range of problems. The
SBFEM was also extended and employed in the modeling of two- and three-
dimensional stress singularities in piezoelectric multi-material systems [49] and
analysis of problems in transient elastodynamics [18]. All of the research studies
indicated above showed that the SBFEM is an alternative, powerful and robust
numerical technique useful for constructing approximate solutions of problems in
applied mechanics. The scaled boundary finite element method can be classified as a
combination of the boundary element method and the finite element method since only
unknowns on the boundary appear in the key governing equation and the idea of finite
element approximations is employed in the discretization. It also has appealing features
of its own, for instance, the certain straight boundaries passing through the scaling



center are not necessary to be discretized. In addition, the SBFEM also combines the
advantages of both numerical and analytical procedures. Features of the scaled
boundary finite element method compared with those of the finite element and
boundary element methods [15, 30] are indicated in Table 1.1.
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Figure 1.3: Notation of scaled boundary coordinate system for (a) bounded domain
with side-faces and (b) unbounded domains with side-faces (figures are taken from the
work of Deeks and Wolf [47])

While the SBFEM has been used successfully in the analysis of various classes
of problems, the method still possesses some limitations and shortcomings. For
example, the SBFEM has been developed mainly for solving problems with linear
governing equations, although it was also applied to address nonlinear problems by a
linearization of the physical problem prior to the SBFEM calculations [50]. The
technique is also not flexible to deal with arbitrary material property distribution,
although some specific distribution modes can be addressed. In this regards, the sub-
structuring technique can be applied as a resort, although it introduces extra number of
degrees of freedom [51]. Apart from this, the SBFEM has been found not competitive
to the FEM in solving problems concerning bounded domain and when the smooth
stress variations is present, but it outperforms the FEM in cases that the stress
singularity appears even though a bounded computational domain is involved. With
limited cases of drawbacks, the SBFEM has been applied to many engineering fields
and has the great potential to further expand its applications.

1.2.3 Scaled boundary finite element method for plate bending problems

The application of the SBFEM to analyze plate problems under the framework of
Kirchhoft’s plate theory was first recognized in the work of Dieringer and Becker[23].
In their work, the principle of virtual work was employed to derive the scaled boundary
equation by ignoring the transverse shear deformations and body loads and Hermitian
polynomials of cubic order were used as the displacement shape functions. According
to the virtual work equivalence, the scaled boundary equation of the transverse
displacements was represented by the fourth-order eigenvalue. A system of Euler-
Cauchy, ordinary differential equations, is then obtained from the scaled boundary
finite element approximations. Applying a discrete form of the Kantorovich reduction
method leads to a set of ordinary differential equations, which can be further solved in



a closed form. The assemblage of element stiffness matrices and the solution strategy
can be preceded following the standard finite element procedure. Along the discretized
boundaries, the approximation at present corners must be treated specially to ensure the
satisfaction of the C!-continuity requirement since the gradient of the displacement may
not be specified uniquely along the corner line of two adjacent elements. Various
numerical examples have indicated that the SBFEM is efficient for solving plate
bending problems. In particular, the number of the degrees of freedom used in the
approximation is reduced drastically in comparison with the FEM but still retains the
high quality of approximations. As can be seen from Figure 1.4, the scaled boundary
finite element solution converges rapidly to the reference finite element solution
generated by a very fine mesh with 30000 degrees of freedom. For a discretization with
only four elements along the plate boundary, with exactly forty degrees of freedom, the
relative error is found less than 0.2% [23].
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Figure 1.4: Comparison of the maximum displacement obtained from SBFEM with
different discretization and that from FEM with 30,000 degrees of freedom (This graph
is taken directly from the work of Dieringer and Becker [23]).

Later, Dieringer and Becker [52] applied the SBFEM in the analysis of notches
and cracks contained in circular Kirchhoff plates. The scaled boundary finite element
method was used to directly compute the order of singularity for a crack of notched
circular plate. If the scaling center was selected at the crack tip or notch root, the
SBFEM enabled the effective and precise computation of the order of singularity [52].
Furthermore, Man et al. [22] had developed a unified 3D-based technique for plate
bending analysis using scaled boundary finite element method. The formulation was
based on the three-dimensional governing equation without enforcing the same kinds
of kinematics used in plate theories. Only the in-plane dimensions were discretized into
a collection of finite elements. Any two-dimensional, displacement-based elements
could be employed in the approximation. The solution along the thickness was
expressed analytically by using a matrix function. This technique was in line with the
three-dimensional theory and applicable to both thick and thin plates without exhibiting



the numerical locking phenomenon. The scaled boundary finite element equations for
displacement of plate structures were in the second-order. Also, the Gauss—Lobatto—
Legendre quadrature was used to discretize the in-plane dimensions of the plate. The
numerical study on four plate bending problems was applied to the patch test with the
aim to verify the proposed technique to be able to describe the exact state of a constant
bending moment [22]. Obtained results indicated that this technique can pass the patch
test and possesses the high accuracy and the fast convergence compared the FEM. For
the open-hole square plate subjected to bending loads, the proposed technique was
found to accurately capture the stress-concentration was observed and computed results
showed the good agreement with the conventional FEM.

Recently, Man et al. [42] developed the high-order plate bending analysis based
on the scaled boundary finite element method which significantly improved the
prescribed method in terms of efficiency and simplicity for thin to moderately thick
plates. The SBFEM in this paper was derived for the plate bending problems through
the principle of virtual work. The scaled boundary formulation was derived directly
from the three-dimensional, field equations. The in-plane dimensions of the plate were
modeled by two-dimensional finite elements. The solution along the thickness was
expressed analytically via the Padé expansion by using the SBFEM. Furthermore, the
utilization of high-order spectral elements, in turn, allows the accurate treatment of
plates with curved boundaries, leads to the high accuracy and convergence rate, and
remove the shear locking [42]. Results from their study also indicated the high
computational efficiency and accuracy when compared with analytical and finite
element solutions. All examples revealed that the proposed technique was able to
converge to thin plate solutions when reducing the thickness-to-length ratio without
causing any locking phenomenon. Examples with the curved boundaries also
underlined the competency of the proposed technique to model curves with minimal
number of high-order spectral elements. This technique was able to gain high accuracy
and fast convergence as well as to accurately handle plates with relatively complex
boundaries.



Table 1.1: Comparisons of features among BEM, FEM, and SBFEM

Features BEM FEM SBFEM

» No fundamental solution required, expanding the
scope of application and singular integrals to be X X
evaluated

 Reduction of spatial dimension by one as only
the boundary is discretized with surface finite
elements, reducing the data preparation and
computational efforts

« Radiation condition satisfied exactly for
unbounded medium

 Body loads processed without additional domain

. o . — X X X
discretization and thus additional approximation 9

« Symmetric static-stiffness and mass matrices or
dynamic-stiffness matrix and symmetric dynamic-
stiffness and unit-impulse response matrices for
unbounded media.

(X) X X

« No approximation other than that of the surface
finite elements on the boundary.

«  Straightforward  calculation of  stress
concentrations and intensity factors based on their X
definition

» No discretization od free and fixed boundaries or
interfaces between different materials

* Analytical solution inside domain permitting
efficient calculation of displacements, stresses, X
and stress-intensity factors

» No fictitious eigen-frequencies for unbounded
medium

« Straightforward coupling by standard X X
assemblage of structure discretized with finite
elements with unbounded medium

Note. From “The scaled boundary finite element method” by Wolf, J.P., 2003, Book of
John Wiley & Sons Ltd, p. 148 [30].
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1.2.4 An h-hierarchical adaptive

Numerical methods are computationally efficient when error dispersion is taken into
consideration during the refined model construction. Babuska and Rheinboldt [53]
introduced adaptive approaches in the finite element analysis. They originally
developed the posteriori estimate which indicates how the results can be extended to
the nonlinear case without losing their effectiveness. The error indicators are very
effective and optimal approach in the adaptation of finite element meshes [53]. Several
studies have been reported regarding methods to produce refined finite element and
boundary element meshes from a considered distribution of errors or the energy norm
of errors (e.g., [54]). In the h-hierarchical approach, the whole mesh is regenerated from
the domain-boundary definition and the computed error distribution at each step. The
h-hierarchical adaptive procedure tries to automatically refine meshes, the connection
between nodes in each element with interpolations in the same order of the shape
functions. The entire mesh is the description of the domain boundary which determines
the error distribution at each step. This type of adaptivity is the most popular one since
its procedure can be easily implemented in the analysis [55]. Rank et al. [56]
investigated the computational performance, such as the accuracy and convergence, of
h-, p-, and h-p adaptivities. Results from their study indicated that the h-p adaptivity is
the best strategy and exhibits the exponential rate of convergence. It was also concluded
that the h-adaptive scheme with linear elements is nearly as good as the h-p adaptive
scheme and the convergence rate also depends on the geometric configuration [56].
Deeks and Wolf [31] reviewed applications of error estimator used in the adaptive
procedures for both finite element and boundary element methods. In the boundary
element method, the h-hierarchical adaptivity is often derived by adding h-hierarchical
shape functions to the original elements. This procedure has shown the advantage
regarding to the build-up of the coefficient matrices in the current iteration and, as a
result, it can save both the computational time and storage in the next iteration and the
matrices are simply augmented during the iteration process. Nevertheless, this strategy
does not work well for the finite element analysis since the banding of the stiffness
matrix is demolished and the computational time increases more than necessary to
reduce the coefficient matrices [57, 58].

1.2.5 An h -hierarchical adaptive for scaled boundary finite element method

An h-hierarchical adaptive procedure and the stress recovery procedure to obtain the
error estimation for the scaled boundary finite element method have been developed by
Deeks and Wolf [59]. The h-hierarchical adaptive scheme has been formulated and
integrated into the scaled boundary finite element method to further enhance its
capability. The adaptive procedure results in significant computational time savings
over a uniform mesh if the discretized boundary contains a singular point. If the
variation of solutions in the circumferential direction is mild, the procedure can be
regarded a convenient method to achieve a specified level of error; however, it does not
lead to the significant saving of computational time. The error estimators are assessed
based mainly on the energy norm of the stress errors and the computational cost spent
with the same accuracy level can be compared. Basically, the computed stresses and
displacements are in very close agreement; however, the scaled boundary finite element
method can vyield results with higher accuracy near points of singularity and for
unbounded problems [31, 59]. Yang et al. [60] further developed the method by
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deriving a stress recovery technique that was later adopted in the adaptive h-refinement
technique applied to structural elasto-dynamics. Results computed by the adaptive
SBFEM were in good agreement with those from the literature and those calculated
from the adaptive FEM. An adaptive procedure was devised to be capable of
automatically identifying an optimal mesh to effectively capture the stress wave
propagation in each time step. Then effectiveness and accuracy of the developed
method have been concluded [60].

The scaled boundary finite element method has been found to reduce the
computational effort considerably. Various investigations have shown that the SBFEM
has several positive features such as the accuracy, simplicity, and efficiency for plate
bending problem analysis. However, on the basis of extensive literature review, such
the adaptive schemes have not been implemented for plate bending problems. For
simplicity, the discussion in the present research is limited only to the h-refinement,
although any of other refinement methods could be equally applied to the SBFEM with
the same ease. The SBFEM supplied by the h-adaptivity can be seen as a means to
automatically generating the optimal refinement by maintaining the level of accuracy.

1.3 Research Objectives

The key objectives of the proposed research are to (i) develop the h-hierarchical
SBFEM for solving plate bending problems and (ii) investigate the computational
performance of developed technique such as the accuracy and convergence of
numerical solutions.

1.4 Scope of Work

The proposed study is to be carried out within following context: (i) plate is made of a
homogeneous, isotropic, and linearly elastic material; (ii) plate is assumed initially flat
and its behavior is completely governed by a Kirchhoff’s plate bending with no corner
along its entire boundary; (iii) plate is loaded by arbitrarily distributed transverse forces;
and (iv) both infinite and finite plates are considered.

1.5 Research Methodology

The present investigation mainly concerns the development of a numerical technique,
based on the scaled boundary finite element technique, for solving plate bending
problems. The computational performance of the implemented technique is fully
explored to demonstrate its accuracy and convergence. In order to accomplish the key
objectives indicated above, the following methodology and research procedure are
proposed.

(1) A classical theory of plate bending (i.e., Kirchhoff’s plate theory) is utilized to
derive the governing differential equations of plates subjected to transverse
loading.

(2) A conventional weighted residual technique together with the integration by
parts via Green-Gauss divergence theorem is adopted to construct the weak-
form equation.

(3) A scaled boundary coordinate transformation is introduced to describe the
geometry of the plate and, in addition, all differential operators involved in the
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formulation are transformed into those concerning the scaled boundary
coordinates.

(4) The geometry of the plate and the corresponding differential operators are
approximated via the discretization of the defining curve along with the
description of the scaled boundary coordinate transformation.

(5) The weight function and the deflection are approximated in terms of unknown
nodal functions defined in the scaling coordinate direction by using standard
element-based basis functions defined in the boundary coordinate direction.

(6) The scaled boundary finite element equation is established by applying the
scaled boundary finite element approximation along with the integration by
parts to the weak-form equation. For this particular step, the weak-form
equation is properly converted into a system of linear, nonhomogeneous, fourth-
order, ordinary differential equations, and a set of boundary conditions.

(7) A standard technique in the theory of differential equations is utilized to
determine a homogeneous solution of the obtained system of linear differential
equations. The resulting linear eigenvalue problem is then solved numerically
using a selected efficient Eigen search algorithm.

(8) A particular solution of the obtained system of linear differential equations
associated with applied transverse loads and prescribed conditions on the side
faces is obtained systematically using the method of undermined coefficients.

(9) The general solution of a particular boundary value problem is obtained directly
by enforcing prescribed conditions on the boundary of the plate.

(10) All field quantities of interest such as the deflection, force, and moment
resultants can be computed using the interpolant involving the nodal basis
functions in the boundary coordinate direction and the solved unknown nodal
functions in the scaling coordinate direction.

(11) An h-adaptive scheme together with the moment recovery technique for
computing the error estimator is implemented into the developed SBFEM.

(12) The implemented algorithm is verified with available benchmark solutions for
certain cases and its computational performance is then fully investigated for
various scenarios.

1.6 Anticipated Outcome and Contribution

This research should offer an alternative, efficient, and accurate numerical technique
that is capable of performing the analysis of plate bending problems with h-hierarchical
adaptivity. The integration of the h-adaptivity should enhance the capability of the
proposed technique to generate results with the optimal mesh within the specified level
of accuracy. The proposed technique can be considered as a semi-analytical approach
that only requires the discretization along the boundary direction. This apparently
renders the significant reduction of the number of degrees of freedom in the
approximation and also reduces efforts associated with the pre-processing step such as
the mesh generation and mesh adaptation. One obvious application of this
computational tool with such integrated features is the use in the modeling/analysis of
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flat slab and local analysis of thin components of structural members such as web and
flange under the conditions of in-plane and out-of-plane loading.



CHAPTER 2
PROBLEM FORMULATION

In this chapter, a clear problem description is first presented and then the integration of
three basic equations from the well-known Kirchhoff’s plate theory (i.c., kinematics,
constitutive relations, and equilibrium equations) to form a complete set of linear
differential equations governing the plate bending problems is addressed. Finally, a
weak-form statement is derived using a standard weighted residual technique.

2.1 Problem Description

The present study focuses on a thin plate of uniform thickness h with its in-plane
geometry fully described by a two-dimensional regionQ . For convenience in further
reference and presentation of relevant results, a reference Cartesian coordinate system
{X., %,, X} is introduced such that the x, -axis is perpendicular to the plate and directs
downward whereas Q is contained in the x, —x, plane. The boundary of the plate,
denoted by T", is assumed to be piecewise smooth and the outward unit normal vector
at any smooth point is denoted by n={n, n,}" . Further restrictions on the geometry

of the plate will be clearly addressed further below once the scaled boundary coordinate
transformation is introduced. For the present investigation, the plate is made of a
homogeneous, isotropic, and linearly elastic material with the prescribed Young’s
modulus E and Poisson’s ratiov. The plate is loaded by a sufficiently smooth
distributed transverse force p(x), x € Q, as illustrated in Figure 2.1. The boundary of

the plate I" can be decomposed into I", on which the natural boundary conditions (i.e.,
shear and moment resultants) are fully prescribed, I", on which the essential boundary
conditions (i.e., deflection and rotation) are fully prescribed, and I",, on which the
mixed boundary conditions are fully prescribed.

mid-plane

Figure 2.1: Schematic of thin plate subjected to transverse and in-plane loadings
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The statement of the problem is to find the solution of the vertical deflection, the
rotation, and the corresponding internal resultants such as the shear forces, the bending
moments, and the twisting moments due to the action of the applied loads and
prescribed boundary conditions.

2.2 Basic Equations

Basic field equations governing responses of the plate including the kinematics, the
moment-curvature relationship, and equilibrium equations are obtained from the well-
known Kirchhoff’s plate theory. The key assumptions and the detailed derivation of all
equations are standard and can be found from existing literatures (e.g., [61, 62]). The

rotation vector, denoted by 0={6, 6,}' where 6, and 6, denote the rotations about
the x  and x,-axes, respectively, the curvature-twist vector, denoted by
k={x, k, Ky} where x,, x,, and x;, are the curvature about the x, -axis, the
curvature about the x,-axes and the twisting curvature, respectively, and the vertical

deflection, denoted by w, at any point of the plate are linearly related by following
linearized kinematics:

0=Vvw (2.1)
k =-L(Vw) (2.2)

where V and L are linear differential operators defined by

v {alﬁxl} 2.3)
0/0ox,
olox, 0

L=| 0 0/ox, (2.9)
olox, 0lox

The in-plane moment vector, denoted by M={M,, M,, M,,}' where M, and M,,
represent the bending moments per unit length about the Xx,-axis and x -axes,
respectively, whereas M,, denotes the twisting moment per unit length, can be linearly
related to the curvature-twist vector k by

M = Exk (2.5)

where the matrix E depends primarily on Young’s modulus, Poisson’s ratio, and the
thickness of the plate given explicitly by

1 v 0
Eh?
Vo 0 @a-vre
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By enforcing equilibrium of the plate in its deformed configuration together with the
infinitesimal deformation assumption, it leads to the following equilibrium equations

VIN=0 (2.7)
-V'Q=p (2.8)
L'M=Q (2.9)

where 1 is an identity matrix and the shear force vector Q is defined by

Q
= 2.10
Q- {2} @10

The vertical force per unit length on the boundary of the plate, denoted by V., can be
related to the shear force vector Q generated by

V.=Q'n (2.11)

where n" ={n, n,} denotes the outward unit normal vector to the boundary of the
plate and V. is positive if it directs along the X, -coordinate direction. Similarly, the in-

plane moment vector on the boundary of the plate, denoted by M. = {Mlr M{}T , can
also be related to the moment components M by

M, =—AM (2.12)

where n is matrix containing components of the outward unit normal vector n given
by

A =[n1 0 ”Z} (2.13)

0 n, n

By combining equations (2.2), (2.5), and (2.7)-(2.9), it leads to a non-homogeneous,
linear, fourth-order, partial differential equation governing the vertical deflection of the
platew:

(LV) E(LVW) = p (2.14)

Now, the problem statement simply reduces to find the vertical deflection w=w(x)
that satisfies (2.14) VX € int Q2 and the boundary conditions along I'=T", UI', UT, .

2.3 Weak Formulation

The weak statement of the linear partial differential equation (2.14), which is essential
for the development of the scaled boundary finite element method presented in the next
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chapter, can be accomplished by applying the standard weighted residual technique
together with the integration by parts via Green-Gauss divergence theorem. By
multiplying the equilibrium equation (2.8) by an arbitrary, sufficiently smooth weight

function v =Vv(X;, X,) and then integrating the result over the entire domain, it yields

—_[ VW QVWIA = I vpdA (2.15)
Q Q

By performing the integration by parts of the first integral of (2.15) using Green-Gauss
divergence theorem and then applying the relation (2.11) to treat the boundary term, it
gives rise to

[ (7v)" QdA = [vpdA+ [w,dI (2.16)

By applying the relation (2.9) to the second integral of (2.16), then performing the
integration by parts via Green-Gauss divergence theorem, and finally employing the
condition (2.12), it results in

—[(LYV)" MdA = [vpdA+ [w,dl + [ (Vv)" MdI (2.17)
Q Q T Iy

Finally, by substituting the moment vector M in terms of the vertical deflection w via
the moment-curvature relationship (2.5) and the linearized kinematics(2.2), the weak-
form equation becomes

j (LVV)  E(LVW)dA = j vpdA + j wW.dl + j (Vv)" M_dl (2.18)

It should be evident from the derivation that there is no restriction placed on the choice
of the weight function v except that it must be sufficiently smooth rendering all
involved integrals exist in an ordinary sense. To ensure the integrability of all terms
contained in the weak-form equation(2.18), the weight function must satisfy the
condition

[(LYV)" (LVV)dA+ [ (VV)T VvdA+ [VPdA <0 (2.19)

By defining V as a space of all functions satisfying the condition (2.19), the problem
statement can be changed to find the vertical displacement w=w(x) such that the

weak-form equation (2.18) is satisfied YveV and the boundary conditions along
I'=1,ul' Ul are satisfied.



CHAPTER 3
SCALED BOUNDARY FINITE ELEMENT FORMULATION

This chapter clearly presents the scaled boundary finite element formulation for general
plate bending problems. The chapter begins with the introduction of the scaled
boundary coordinate transformation and the description of two-dimensional regions in
terms of scaled boundary coordinates. Next, the discretization of the plate geometry,
the solution, and the weight function based on the scaled boundary finite element
approximation are presented. Finally, such approximations are utilized together with
the integration by parts via Green-Gauss divergence theorem to deduce the boundary
finite element equation

3.1 Scaled Boundary Coordinate Transformation

Let X, =(Xg %,) beapointin R? and C be a simple, piecewise smooth curve in R?
such that it does not contain the point X,. The curve C is parameterized by a vector
valued function r:se[a,b] — (X, +%(S), X,, +X,(S)) as illustrated in Figure 3.1 and
I is a given one-to-one function on an open interval (a,b). Let 4(s) be a swept angle
of any point r(s) on the curve C measured in a counter clockwise direction from a line
connecting a point X, and a point r(a) to a line connecting a point X, and a pointr(s)
. In the present study, the curve C can be either closed (i.e., r(a) = r(b) ) or opened (i.e.,
r(a) =r(b)) and is limited to those satisfying the following conditions: (i) 8(b) <2x
and (ii) 6(s) is a monotonically increasing function of s (i.e., d@/ds>0 Vs e (a,b)).
Later, the point X, is known as the scaling center and the curve C is termed the

defining curve.
Let us, now, introduce the following two-dimensional coordinate transformation

relating the Cartesian coordinates {X,X,} and the so-called scaled boundary
coordinates {&,s} such that

X, =X,0+EX,(S) (3.1)

wherex e{1,2} and &>0. This particular coordinate transformation simply scales the
defining curve C in the radial direction with respect to the scaling center X, using the
coordinate &, which is commonly termed the scaling coordinate. Any point along a
scaled curve S associated with &=¢&; can be completely described by the coordinate

s which is known as the boundary coordinate. It can also be pointed out that a straight
line £=0,a<s<b andastraight line £=1,a<s<b inthe &—s plane are mapped to

the scaling center X, and the defining curve C in the x-X, plane, respectively. In
addition, any straight line s=s,,&>0 in the £—s plane is mapped to a radial line
L(s=s,) passing through the scaling center and the defining curveC.
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Figure 3.1: Schematic of scaling center X, and defining curve C used in the scaled
boundary coordinate transformation

It is apparent from the coordinate transformation (3.1) that partial derivatives with
respect to the scaled boundary coordinates {&, s} can be related to those with respect to

the Cartesian coordinates {x;, x,} by

9 o
8
O |_ 1% (3.2)
10 9
& 08 OX,

where J is the Jacobian matrix of transformation given by

o0, oX, . .
'y % X,
o o

~ldg  dg 3.3
100 10 || B & o
Eos & os s ®

By inverting the relation (3.2), it gives rise to
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0 0 dx, . 0

B Y % |l =

6 2

X _Jt ¢ :i dSA og (34)
o T jraf s o f|1e

OX, & os ds % & os

where J =detJ = XdX,/ds—X,dX /ds . Based on the transformation (3.1), it can also be
verified that an infinitesimal element d& along any straight line with a constant s in
the &£ —s plane is mapped to an infinitesimal element dl in the x, —x, plane such that

R2+RdE=T7(S)dE, J°(s) =R+ % (3.5)

Similarly, an infinitesimal element ds along any straight line with the constant & in
the £—s plane is mapped to an infinitesimal element dl in the x, — X, plane such that

= J(dR/ds)’ +(dR,/ds)’ &ds = I°(s)éds, I°(s) = y(dR,ds)’ +(dR,/ds)’ 356)

In addition, the an infinitesimal rectangular area d&ds inthe £—s plane is mapped to
an infinitesimal area dA in the x, — X, plane such that

dA=JEdEds (3.7)

Now, by applying the relation (3.4), the linear differential operators V and L defined
in the X, —X, plane by (2.3) and (2.4), respectively, can be expressed in terms of
derivative with respect to the scaled boundary coordinates by

o 1n

L= b(s)%+§b()— (3.8)
~ o 1,
V—b3(3)£+gb4(3)£ (39)

where the matrices b,, b,, b, and b, depends only on the boundary coordinate and
are given explicitly by

1‘d>22/ds 0 . %, 0
51(8)=3 0 —di/ds| , b (s)—— 0 % (3.10)
| —d% /ds  dR,/ds 2%

. 1[ dx,/ds %,
bs(s)zj_—d&/ds} , 4()——[)(1} (3.11)



21

By applying the relations (3.8) and (3.9), the product operator LV can also be
expressed in terms of the scaled boundary coordinates by

2 2 2
Lv=b 12 4p 10,5 O p 1O 510 (3.12)
os | o& E2 85 & 0E0S

10
"&og

where the matrices b, , b,, b, and b, are defined in terms of the matrices b,, b,, b,
and b, by

db

b= 55

b, = b, (L_;_ b,6,.6. =b,b,, b, =b,b,,b, = b5, +b,b, (3.13)

It should be noted that if % and %, are linear functions of s, the matrix b, identically

vanishes. It is ready, now, to pose the restriction on the geometry of the plate. In the
present study, the in-plane geometry Q must be completely described by a rectangular

region [&,&,]1x[s,,S,] in the &—s plane via the scaled boundary coordinate
transformation (3.1). The scaling center X, and the defining curve C must exist. Based

on the description of Q in the scaled boundary coordinate system, the geometry is said
to be closed if the defining curve is closed and opened if the defining curve is opened.

For the opened geometry, portions of T associated with s=s, and s=s, are termed
the side faces. The geometry Q is said to be unbounded if &, =oo; otherwise, it is
bounded. The region contains the scaling center X, if & =0.

3.2 Scaled Boundary Finite Element Approximation

In this section, the discretization of the geometryQ, the vertical deflectionw, and the

weight function v based on the scaled boundary finite element approximation is
introduced.

3.2.1 Approximation of Geometry
Since the geometry Q is completely described via the transformation (3.1) once the
scaling center and the defining curve are selected, its discretization can directly be

achieved by approximating the geometry of the defining curve. The defining curve is
first discretized into n elements and m nodes with the coordinates

Xi) = %o+ Xgy,1=12,..,m where X, can be viewed as the coordinates of the i node
relative to the scaling center. The coordinates of any point on the defining curve

X =X, + X(s) can be approximated by
X:z (8) =X, + )A(:[ (8) =X, + Z¢(i) (S))’za(i) =X, + N © X, (3.14)
i=1

where the superscript “h” is used to indicate the approximation, ¢;, = ¢, (s) is the nodal

basis function defined in terms of the boundary coordinate, N° ={dyy P Pt
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IS a vector containing the nodal basis functions used in the geometry approximation,
and X, ={%,y R, - R,m} Isa vector containing the relative coordinates of

all nodes. The discretization of the geometry Q can now be achieved by using the
transformation (3.1) along with the chosen scaling center and the discretized defining
curve, and the discretized geometry is denoted by Q" . With the approximation (3.14),
the derivatives dX_/ds can be approximated by

sh
Py _ B°X, (3.15)
ds

where B® =dN°®/ds ={d¢,/ds dgy,/ds --- dg,,/ds} . Then, the parameter J and

the matrices b,, b,, b,, and b, can be approximated by

J"=N®XB®X,-N°®X,B®X, (3.16)
| B®X, 0
N
by =3r 0 -B®X, (3.17)
-B°X, B°X,
. -N°X, 0
b =55 O N®X, (3.18)
NeX, -N°X,
., 1[B°®X
A 2 3.19
3 Jh _—BGX1:| ( )
b= L -N°X, (3.20)
I NeX, '

The approximation of the matrices 65,66, 67, and 68 can be obtained using (3.13)

(3.13) and (3.16)-(3.20). Finally, the approximate linear differential operatorL ,V and
LV are given by

L“:B;‘iﬁ”;ﬁ (3.21)
& & 2 os
V" =b! iﬁﬁzﬁ (3.22)
o8 & ' os
2 2 2
Uy oprl O g0 g O g 1O gl 0 (3.23)

FoE o s Tog 8o 0 E ogs
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3.2.2 Approximation of Solution and Weight Function

By employing the scaled boundary coordinate transformation along with the
approximation (3.14), the vertical deflection w=w(&,s) can be approximated by

w'=w"(&,8) = Z(D(U(S) ,)(§)+ZW(,)(S) I) (68) NSW" (3.24)

where w(“i)(f) and (,)(5)/83 are the vertical deflection and its gradient along the line
$=S;, ¢ (s)and w (s) are nodal basis functions defined in terms of the boundary
coordinate, N° ={oy, Yo P2 Yo  Pm WYmr IS a vector containing all
nodal basis functions, and WwW" ={w(“l) (&) owy, (E)Ias Wy (&) owpy(E)los ...

Wi (€) 8wm)(§)/as} is a vector containing all functions W(“i)(f)and 8W(“i)(§)las.

Note that the basic functions ¢;,(s)and w;(s) can be constructed locally based on

Hermitian polynomials of a cubic order defined on each element (e.g., [63, 64]) and
this, therefore, ensures the satisfaction of the C' -continuity and integrability
requirement.

Now, the in-plane moment vector M=-E(LVw) and the gradient of the

deflection Vw can also be approximated by

2 2 2
M" = —E(L"V"W") = (“1a+bhla oyl bhla jNW“

For S Fas TaF 8 Fos % Z oges

- —E(%B%Wh JF%B59 d;/g“ +B, d;\é\zlhj (3.25)

AT :(Bg o, bh ajN wh=1g W' 4B, dw? (3.26)
o ¢ ‘o S dg

where the matrices B,, B,, B.,, B, and B, are given by
B, =bIN® 3.27)
B,=b" d;\': (3.28)
B, =bIN® + b} dg': (3.29)
Bgs =b; d;\l : b d;SNZS (3.30)
B, =bN°® (3:31)
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Similarly, the weight function v and the corresponding quantities LVv and Vv can
be discretized using the same basis functions

V' =V(&,5) = Zw(.)(S)V(.)(§)+ZW(.)(S) al S =NV (3.32)
2 2 2
AV A A lohiza B Ny
B AR " Y: E2os? P E0EDs (3.39)
h 2\ sh )
—%Begvuissg v +B7d \/2
& T dé dé
h
(b“ o, bh ajN syh=1g V" +B, v (3.34)
o ¢ S dg

where V(,)((S) and av(,)(f)/as are arbitrary function defined along the line s=s;, and

{V(l)(é:) 6V(1)(§)/88 V(z)(éz) 0V(2)(§)/83 (m)(é:) 8V(m)(§)/as}T is an
arbitrary vector containing all functions v(,)(é) and av(,)(é)las.

3.3 Scaled Boundary Finite Element Equations

In this section, a set of scaled boundary finite element equations are formulated for a
representative plate with a general geometry Q shown in Figure 3.2. The boundary of
the domain I is assumed consisting of four parts resulting from the scaled boundary

coordinate transformation (3.1) with the scaling center X, and defining curveC : the

inner boundaryT’, , the outer boundaryT,, the side-face-1 I'; and the side-face-2T;.
The approximate geometry Q" is achieved via the discretization of the defining curve
C" along with the mapping region [61, fz]x [Sl, Sz] inthe £ —s plane. More specifically,
the approximate inner boundaryl‘lh , the approximate outer boundaryl“'; , the side-face-
1T, and the side-face-2 T, are fully described by a curve £ =&,5, <s<s,, acurve, a
straight lines=s,£ <&<¢&,, and a straight lines=s,,& <&<E,, respectively;
$=6 8 <8<5,.

By focusing on the representative geometry Q shown in Figure 3.2 along with

the boundary decomposition I'=T, UI',UT;UT”,, the weak-form equation (2.18)
becomes

I(LVV) E(LVW)dA = jvpdA+jvv dl + jvv dl + jvv dl + jvv di

1 2

+j(Vv) M d|+j(Vv) M dI+_[(Vv) M d|+j(Vv) M . (3.35)

1 2
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Xy

Figure 3.2: Schematic of a representative Q and its approximation Q". The dashed
lines are used to represent the approximation of the defining curve, the inner and outer
boundaries.

By applying the transformation eq.(3.1) along with the relations (3.5)-(3.7) to the weak-
from equation (3.35), it yields

Sy & Sy &)

[ [ vy E(Lyw)cadéds = [ [vpsdeds + j vV, J%(s)&ds + j vV, J5(s)&,ds

5151 S &

+Iv5\/ de§+ij de§+j(v\/) M, J(s)&d s+j(Vv) M, J%(s)&,ds

Sl

+j(va)T Mride§+I(Vv§)T M. J5d¢ (3.36)
a &

where v, V,, V*, and V' are the restriction of the weight function v on the boundaries
r,,T,, I, and I';, respectively; V V- VFS ,and V_, are the vertical force per unit

length on the boundaries ', , T',, I';, and I3, respectively; M. ,M; ,M_,,and M ,

r;’
are the in-plane moments on the boundaries T', , T,, I}, and T, respectively;

J:=J°(s);and J; =J°(s,). Next, by applying the approximation (3.25) and (3.33)
along with the geometry discretization, the first integral on the left-hand side of (3.36)
, denoted by 7, , becomes

Sy & T
jj( B, v“+ B,V +B v“j E(éB%Wh+§BSQW2+B7WE§J§Jd§dS
S G

(3.37)
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where (-),g denotes the derivative with respect to the scaling coordinate &. By
manipulating the involved matrix algebra, the integral J, can be expressed as

1 1 1
J-(V ) (—3E w" +?EIW,2+EE;W2§)‘1§

+_[(V)[ EW“+2

EW! +E]W! jdg
1
+ j (VL) (E E,W"+E,W" + §E0W2§jd§ (3.38)
a

where the matrices E,, E,, E,, E;, E, and E; are defined by

E, = j (B,)"EB,Jds (3.39)
S

E, = [ (B,)"EBy,Jds (3.40)
S

E, = | (B,)" EB,Jds (3.41)
S

E, = [ (Bs,)" EByJds (3.42)
S

E, = [ (Bs) EBg;Jds (3.43)
S

E; = [ (Bgs)" EBgeJds (3.44)
S

It is evident that the matrices E,, E, and E, are symmetric. Now, by integrating the

second and third integrals of (3.38) by parts with respect to the scaling coordinate, it
leads to

&
1 1 1
J = J’(Vh)T (E (2E, + E,)W" +?(E3 +E, —E,)W! +E(EZ ~Ej)W, ETWL‘%jdf

1

j(V) [ 5 EW“+§EW“+(E o +E)W! +§Ewﬁgjd(§

&

&
1

+(V")T [ EW"+= EW“+ETW")
& 4

1
oy (Tew e s cew, |

<1 a

(3.45)
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By further performing the integration by parts of the second integral of (3.45), it finally
gives rise to

J-(V ) foWh +EEWL +EEWS, + S EW L, +& EW . — )d‘f

+(vh2 {gowh+glwg+gzw ~SE WL -}
~(VT{GW! + GWE +GWE —CE WL +2)

1

+(V2Y : E,W'"+E,W! +£E W, -M?}

$=%

-V { 2 E,W"+EW!+ZE W, + M*} (3.46)

=&

where V" =V"(§=£) V" =V"({=&), VI =Vi(E=¢&) and VI =V (£ =¢,).
Now, the integral associated with the prescribed transverse load p on the right hand
side of (3.36), denoted by 7,, can be approximated by

Sy &)

g, =[NV ngdgds_j(v ) EEPdE (3.47)

S &
where F* is a prescribed matrix defined by

FP = [(N®)" pJds (3.48)
S

Similarly, all the boundary terms associated with the vertical force in the weak-form
equation (3.36), denoted by 7, can be approximated by

&
Jy= (VM P (V) P2+ [ (V)T (F +FY2)dé (3.49)
where the matrices P', P*, F"* and F'? are given by
Pl = j (N®)TV, J°(s)&ds (3.50)
S

p? :T(NS )"V, 3%(5)&,ds (3.51)

St
FYi o EYig) = (N81)Tvr;‘]f (3.52)
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vz _pve(g) = (NSZ)TV@J’E (3.53)

and N =N°(s=s,), N?=N°(s=s,). By following the same procedure, all the

boundary terms associated with the moment in the weak-form equation, denoted by J,
, can be approximated by

J, = j( B,V"+B v“lj M, J¢ (s)§1ds+j[§

2

.
B,V"+B v“zj M, J°(s)&,ds

T

j{ BIV" +BLV j §d§+j[ Bv“+ij M. J5d¢ (3.54)

whereB; =B,(s=s,), B:=B,(s=s,), B.=B,(s=s), and B:=B,(s=s,). By
manipulating the matrix operations and performing the integration by parts of terms
associated with Vv'; , (3.54) reduces to

Z — (Vhl)T Mll + (\/’gl)T M12 + (VhZ)T MZl 3 (\/’ZZ)T MZZ

&
+J‘(Vh)T (FM11+FM21_F2/|12 _F’?ZZ)dé
S
h2\T fE=M12 M 22 hINT (=M12 M 22
+(V™) R 1 F }Hz—(v ) {FY2+F }s=:l (3.55)

where all the matrices M M*? M* M# FMH EY2 EMZ ond FM? are defined
explicitly by

t= I (B)" My, J%(s)ds, M* = T(Ba)T M, 3°(s)5,ds (3.56)
S S
"= f (B.)"M;,J*(s)ds, M* = I (By)" M, J°(s)&,ds (3.57)
St S
FM =FY (&) =é(Bi)T M3, F"2=F"2(5) =(B;) M. J; (3.58)
FM21 — FMZl(é:) :é(Bi)T MFZJS&, FMZZ — FMZ?_(é;) — (B;)T MF;Jg (359)

By substituting the approximate integrals 7, J,, J,, and J, into the weak-form
equation(3.36), it finally gives



J<V> (W EEWE + SEWL + EEWL, + £ E WL -

{%Wh+%wg+%w +Q3W§§§ 2}5:52
—(VHGW +GWE WL +gWL + 2

1

+ (V“Z)T : —E,W"+ Elwg +§EOW2§ - MZZ}

£=6

- (VL‘})T {% E,W"+ EIV\/; + §EOW2§ + Mlz} =0
$=G

where the matrices ¥,&,, &, &6, &, 6,6, G, G, G, &
F=CFP+E(F 1+ P2+ P FYH R _FY#)
& =2E,+2E, +E;

§=-2E,+E,—E, +E,

& =E,+E,-E,

& =2E,+E,-E]

& =E,

G, =(E,+E,)/ &’

G=(CE+E)/¢

G :_EO_E1+EI
G =—E,
gj: P1+M11_FM12_FM22

i

‘(l; :P2+M21+FM12+FM22
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)iz

(3.60)

g, are given by

(3.61)
(3.62)
(3.63)
(3.64)
(3.65)
(3.66)
(3.67)
(3.68)
(3.69)
(3.70)
(3.71)

(3.72)

Now, by employing the arbitrariness of \/" and its values and gradient on the boundary,

it can be concluded from (3.60) that

EW" +EEW] +EEWL + PEWL, +EEW. =F VEe(4.6) (3.73)
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_‘ih (&) 5
m"(&,) M?*

where the matrices ¢" and m", known as the nodal internal force and moment, are
given by

4" (€)= GW" +GW" +GW", + W (3.75)

m" (&) =%E2wh +EW! + EE, W, (3.76)

A system of equations (3.73)-(3.74) is commonly known as the scaled boundary finite
element equations governing the unknown nodal functions W" =W"(&). The first

equation (3.73) is a system of linear, fourth-order, non-homogeneous, ordinary
differential equations whereas the remaining four equations constitute the boundary
conditions on the inner and outer boundaries of the plate.



CHAPTER 4
SOLUTION METHODOLOGY

This chapter presents the procedure for obtaining the analytical solution of a linear
system, fourth-order, ordinary differential equations, nonhomogeneous(3.73) and the
boundary conditions(3.74). A corresponding nonlinear eigenvalue problem is first
solved to determine the homogeneous solution. A particular solution of the obtained
system of linear differential equations using the method of undetermined coefficient
with the distributed transverse loads and the prescribed conditions on the side faces.
The general solution is obtained, the boundary conditions on the boundary of the plate
are enforced to determine all involved constants. Finally, the post-process for all field
quantities of interest such as the vertical deflection, internal shear forces and bending
moments are presented.

4.1 Determination of Homogeneous Solution

The homogenous solution of a system of Euler-Cauchy differential equations (3.73),
denoted by W, is obtained by solving a system of Euler-Cauchy ordinary differential
equations

EW," +EEW,  t EXEW, at EEW, et EEW,) sz =0 (4.1)

It is well known that W,' must admit the following form
N

W' =2 cc ¢ (42)
i=1

where N denotes the number of solution terms, A denotes the i" modal scaling factor

for the radial direction, and ¢ represents the i" independent deformation mode. By

substituting (4.2) into(4.1), it leads to a fourth-order eigenvalue system governing both
A andg :

486, + 23(6, ~66,) + 22(6, ~36, +116) + 4,(§ ~ & +26, ~6€) + 14 =0 (43)

This eigenvalue problem (4.3) can be solved numerically by a selected efficient Eigen
search algorithm (e.g.,, QZ factorization, polynomial root search, etc.). The
homogeneous solution now can be expressed as

W,"(&)=0*TI'C" +@*TI'C =F,(¢£)C (4.9)
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where F (&) =®II, ® is a matrix whose i" column containing the eigenvector ¢, Il

is a diagonal matrix containing &% ; C is a vector containing unknown constants; @**

and @’ are matrices whose columns containing eigenvectors associated with
eigenvalues with the positive real part and negative real part, respectively; IT"and IT~
are diagonal matrices whose the diagonal containing function &% for eigenvalues with

the positive real part and negative real part, respectively; and C*and C~ are arbitrary

constants. Note that the arbitrary constants C*and C™ reflect the weightings of the
corresponding modal deformation due to the boundary conditions. It is apparent that

the diagonal entries of IT" and II™ become infinite when &—»o and &—0,

respectively. As a result, C* is taken to O to ensure the boundedness of the solution
for unbounded bodies and, similarly, the condition C~ =0 is enforced for bodies

containing the scaling center. Once the homogeneous solution Whh is obtained, by
substituting (4.4) into (3.75)-(3.76), the corresponding nodal internal force and bending
moment, denoted by ¢ (&) and m,' (&), respectively, are given by

9 () =(GF, (£)*GF.(£),+GF. (&) . +GF.(£) . JC=F,(¢)C (4.5)
m:@)=(§EZFW<5)+E1FW(§>,§+§E0FW(¢),§§jc=Fm(s>c “5)

4.2 Determination of Particular Solution

A particular solution of the obtained system of linear differential equations (3.73)
associated with applied transverse loads and prescribed conditions on the side faces,
denoted by W,'}(é), is obtained systematically using the method of undermined
coefficients. In the present study, the transverse load p, the vertical forces on the side-
face-1 Vr; , the vertical forces on the side-face-2 Vr% , the in-plane moment vector on

the side-face-1 M., and the in-plane moment vector on the side-face-2 M. of the
plate are assumed to admit the form

P(&s)= 2, 7y (5) (4.7)
Vi (é)=ﬁ§* &V (4.8)
Vi (é)=§*é”\7@j (4.9)
M. () - 2 "M, (4.10)

; en”

M, (&)= z*fKil\_/lrzj (4.11)

KjeR
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where %" denotes a set of non-negative real numbers, P;(s) are prescribed functions

of sand V., V., M_ and M, are prescribed constants. Substituting (4.7) into

S ) S )
I I2j Iy 2j

(3.48), (4.8) into (3.52), (4.9) into (3.53), (4.10) into (3.58) and (4.11) into (3.59) yields

FP=> &FP (4.12)
}/J-eiR*
EVi_ Z gﬂjlf}/l (4.13)
Bie®
F'2= 3 &F) (4.14)
TjeR
F'i= 3 & F, Fi= 3 & oF (4.15)
w;jeR eR
FM 2 _ Z* é:KjflIEjMZl’ FM 2 _ Z* gglcrlK_jIEjM’Z; (416)
KjeR R

where IEJ.p is defined, in terms of the prescribed data, by

Er o f ey ﬁj(s)st={js?°¢(l)(S)ﬁj(S)st J.:‘//(l)(s)ﬁj(s):]ds

P —

(4.17)
LS .5)(s)P; (s)Jds _LS v (8)P; (S)st}

M12 —=M2

and F/*, F/?, F"", F'", F'" and F,'" can be defined as follows. Without loss of

generality, the first node (1) and the last node (J) resulting from the discretization of

opened bodies are taken as a node on the side-face-1 and a node on the side-face-2,
respectively, and this applies in what follows. It should be remarked from the Kronecker

property of the nodal basis function that ¢, (s,) =1, ¢, (s,) =0, (5) =0, v, (s,) =0
Viz2, 94(8,)=0, ¢;(s,)=0, y(s,) =1 and y;,(s,) =0 Vvj<m-2. Now, both
the matrices N°" and N°? clearly contain many zero entries and simply take the form

A {Imxm O O Omxm} (4.18)

N°* ={0,un Omem Vs O} (4.19)

Substituting (4.18) into (4.13) and (4.19) into (4.14) leads to
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_ _ _ T
F}”z(NSl)TVFS_Jf:{VFS_JE 00 - o} (4.20)
_ _ T

=NV, 95 =0 0 V3 0 of (4.21)
F =) '\_"r;- Jf (4.22)
M“_(Bl)TM 3 (4.23)
F =B M. 3 (4.24)
Fr:=(B)'M,J; (4.25)

Based on this form of prescribed data, the particular solution W," (&)must take the
form

h 5): Z*éy1+4Cf+§3{Z§ﬁJCV1+Z§ CVZ"‘Zé: 1|\/|11+Z§ 1M21
7iER BieR 7. eR ER eR

_ Z . (5 -1 dMlZ Z Kj(:,‘Kj_lC?MZZ (4.26)
o;eR” KjeR”
where ¢f, ci*, c/?, ¢, ¢, c'® ¢™?and ¢ are vectors of unknown

[ G B NS B N
constants. By substituting (4.12)-(4.16) and (4.26) into(3.73), it leads to

Zg““‘ [{&+&(r;+4)+& (7, +4) (7 +3)+ & (7, +4) (7, +3) (7, +2)

7jeR

+& (7, +4)(7; +3)(7 +2) (7, +1)}ij _'Ejp}L
Zg’*i”‘[{fo +&(B;+3)+& (B, +3)(B; +2)+ &( B, +3) (B, +2)( 8, +1)

+&, (ﬁ,— +3)(ﬁ,— + 2)(ﬂ,— +1)ﬁj}cjyl _'ij}r
> E(&+E (7, +3)+ & (7, +3)(7; +2)+ & (7, +3) (7, +2)(z; +1)

rjE‘R

+g4(7j +3)(rj +2)(rj +1)rj}c‘j’2 _|Ejv2}+
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w%g“’”z[{eﬁ +& (0, +2)+& (0, +2)(0; +1)+ & (o, + 2) (o, +1) o

+€4(a)j +2)(a)j +l)a)j (a)j —1)} ;‘“1 —IEMM}+

Z;’“i”[{gwl(,cﬁz)u;(xﬁ )(x; +1)+ & (i, +2) (i, +1)
(K‘ +2)(KJ +1 )} C; 21—F }

Z éwﬁz[{é‘ow +&o, (coJ +2)+¢E‘2 (a) +2)(a) +1)+€3a) (a) +2)(a) +1)

+& ! (a)j+2 o, +1 o, - 1 }c _MHJ

I
K;fg’“z[{eoxj + &, (1, +2)+ & (1, +2) (5, +1) + Ex2 (x, +2) (x, +1)

+& (1, +2) (1, +1) (x, ~1) 2 +F]T =0 (4.27)

Equation (4.27) can be satisfied V& e(&,&,) if and only if

{Q+£l(yj+4)+€?(yj+4)( +3)+£3( )( j+3)(7/j+2)

+&, (7/J +4)(;/J +3)(;/J +2)( )}cp —FJ (4.28)
{&+&(8,+3)+& (8 +3)(8 +2)+ & (8, +3) (5, +2)(B, +1)
+&(8;+3)(B,+2)(8;+1) B }c‘”—F (4.29)
{& +£1(rj+3)+€2(rj+3)(r.+2)+§(rj+3)(rj+2)(rj+1)

+& (7, +3)(z;+2) (7, +1)7; fe)? = F (4.30)
{&+& (0, +2)+& (o, +2)(o, +1) & (o, +2)(w, +1) o,

+&,(0;+2) (0, +1) o, (o, 1)} =F" (4.31)
{& +£1(1< +2)+€2(/c +2)(1< +1) ( )(K'-+1)K'J-

+& (1, +2) (s + 1) x; (3 -1)} ¢} =F" (4.32)
{an)j +8o, (a)j +2)+€2a). (a) +2)(a) +1)+€3a)j (a)j +2)(a)j +1)

+ &0} (0;+2) (o, +1)(@; 1)} +F]'; =0 (4.33)

{é}ﬂcj +&x; (K'j +2)+€2K- (K +2)(K +1)+€3K‘j (K'j +2)(Kj +1)

+€4Kj2 (K‘j + 2)(Kj +l)(1< 1)} cM? 4 IEJ.M; =0 (4.34)
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A system of linear algebraic equations (4.28)-(4.34) is sufficient for determining all

unknown constant vectorsc?, ¢i*, c}?, ¢}, ¢i'* ¢! and ¢{"*. Once the particular

i
solution th («f)is obtained, the corresponding particular the nodal internal force and

moment, denoted by qg(é) and mg(f) respectively, are given by

49 (E) =GW, +QW, . +QW, .. +GW, ... (4.35)
1 h

m; (&) = : E,W, +EW, . +SEW, .. (4.36)

4.3 Final General Solution

The general solution W"(&) of the system of differential equations (3.73) and the
corresponding general nodal internal force qh (&) and general nodal bending moment
m" (&) are then given by

W' (£)=W," (&)+W." (&) =F, (£)C+W."(£) (4.37)
4" (&) = 4. (E)+q, (£)=F,(£)Ctg, (&) (4.38)
m"(£) =m! (&) +m(E)=F, (£)C+m) (&) (4.39)

where ¢ (&), m, (&), ¢,(&) and m) (&) are given by (4.5), (4.6), (4.35) and (4.36),

respectively. To determine the constants contained in C, the boundary conditions on
both inner and outer boundaries are enforced. By substituting (4.38) and (4.39) into
(3.74), it results in

F (51),5555 _WPh (é:l),ééé_
_ ga gz gl 1% Fw(él)@f C_ ga 9)2 gl 1% th(é:l),g :{ g;}
0 ¢E B B | R(4), 0 & B ZE||wi(g), | M
L FW(é:l) _ L th(él) i
] ) i i (4.40)
I:w (52 )1555 th (52 ),g;g
“ & 6 SR, | [P F 9 S Iwe), (2]
0 ¢E B B | R (5), 0 & B ZE | W), | M7
L FW(§2) i L th(‘§2) i
(4.41)

The two systems of equations (4.40) and (4.41) can be combined to obtain
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4 _Fq (51) _‘I/E (&)
MEL_)Fa(a) C+ _”h”p(gl) =F,C+F, (4.42)
% F (< 9,(%,)

)
M? Fm (52) mg (52)

Similarly, kinematical conditions on both inner and outer boundaries of the domain can
be also obtained as

w) (W)
O _IWE| e, (4.43)
[T wigy [T

W
6, (Wi(&)

where F, and F, are defined by

F.(&) W, (&)
_JFRue(&) - W, (&) (4.44)
CIRE T W)

Fue (&) W (&)

From the relation (4.43), the constant vector C can be expressed as
C=F'U-F'F, (4.45)

where the vector U is defined by

> =

c
Il

(4.46)

=

By substituting (4.45) into the relation (4.42), it leads to a well-known system of linear
algebraic equations

P=KU (4.47)

where the load vector P and the stiffness matrix K are defined by
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R
MlZ
P=P,+P,; P, = o [ P, =FF'F, -F, (4.48)
M222
K=FF" (4.49)

By enforcing both essential and natural boundary conditions on the inner and outer
boundaries of the plate, the system of linear algebraic equations (4.47) can be solved to
obtain all unknowns on the boundary. Once (4.47) is solved, the constant vector C and

the general solution W"(&) can be obtained from equations (4.45) and (4.37),
respectively.
4.4 Post-Process for Field Quantities

Once the approximate general solution W" (&) is obtained, the approximate transverse
displacement at any point (&,s) can be obtained from (3.24) as

W' (£,5) = NSW" = N°[W,"(&) +W (&) ] (4.50)
The approximate in-plane moment M" can be also computed from (3.25) as

M“(é,s)=—E(§Beg(wh“(é)+vvp“(é))+§859(vvhh(5),§+wp“(§),5)

+B, (W, (£) , + W," (&) g,g,)) (4.51)



CHAPTER 5
H-HIERARCHICAL ADAPTIVITY

A level of discretization in the boundary direction has the significant effect on the
accuracy of approximation solutions by the scaled boundary finite element method. An
insufficient discretization level can lead to incorrect numerical results [65]. Since the
exact solution is unknown a priori, the error of approximate solutions must be estimated
in a certain fashion. In the present study, a moment-recovery error estimator is
developed to control the adaptive procedure and to provide a solution with an optimal
error within a prescribed cost range. The discretization along the boundary direction is
adapted automatically and the solution procedure described above is repeated until the
estimated error is less than the target error. To specify exact values of all displacements
or moments under a specified tolerance, the general criterion used for indicating total
error in engineering use is the energy norm. It is required that the error does not exceed
a specified percentage of the total energy norm of the solution. However, using a
moments-recovery of error estimator, it is possible to adaptively refine the mesh in
order to acquire the accuracy of certain quantities of interest. The h-refinement with the
same class of elements but different in size, either larger or smaller in some locations,
is introduced in order to provide optimal economy in achieving the desired solution.

5.1 Moments-recovery and Error Estimation

An error estimator is determined based on the recovered moment field and the bending
energy norm specialized for plate bending problems using the SBFEM. The procedure
is analogous to that employed by [31] for linear elasticity problems. In this approach, a
recovery procedure is utilized to construct an approximation of an exact moment field

within the plate. The recovery total error estimator 77 can be defined as

- _ He:" (g’S)HA

= x100% 51
" e, o

where M’ (&,s) is the recovered moment field, e, (£,s) =M’ (&,s)—M"(&,s) is the
error function of the approximate moment field M"(&,s), and ||-||, is a properly

selected norm. The approximate moment M"(&,s) given by (3.25), which is a weighted
sum of the modal vertical deflections, can be re-written as

M" =Y cm,(£,9) 52)

where the modal moment m, (&,s) is defined by

mi(gas):_E[Bezﬁ'/l.Bsg""?ﬁ(ﬂﬁ _1)B7]¢9M?2 (5-3)
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A recovered modal moment, denoted by m; (£,s) , is sought in a form
m; (£,5)=N°m;&** (5.4)

where M, denotes the recovered modal moment at the boundary nodes. In the present
study, a procedure analogous to the work of [31] together with the least square
technique is employed to construct rTf; . Itis evident from (5.4) that each modal moment

field is C?-continuous in radial and circumferential directions. The total recovered
moment field can be formed by multiplying each recovered modal moment field by the

corresponding modal participation factor ¢, by

N N

M™(£,5) =D em; (£,5) = D c.&" *Nom; (5.5)
i=1 i=1

The recovery error function is then obtained as

ey (£,8) =M (&,5)-M"(&,9)
= icigw [N°m; +E[Bg, + 4By + 4 (4 ~1)B, |¢ ]

N
=2 c&" %, (5) (5.6)
i=1
In the present study, | - |, is chosen as the total energy norm defined for any function

f (&,s) such that

[f (&), {I f'E” fdA] (5.7)

The energy norm of the error function e, (£,s) can then be obtained by substituting
(3.7) and (5.6) into (5.7) and the result is given by

j) (5.8)

where n is the number of elements in the discretization, |e,, (¢,s)|, denotes the energy

Jev (£.9)], = [ZHeM (£.5)

norm of the error in moment within the region modeled by an element e. By using (5.6)
, It leads to

e (£.9)], = (iicicj 1(2,) [ (€, () E e, (S)stJ (5.9)
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where I(4,4;) is a constant resulting from the direct integration of the function

cf“l"_s in the radial direction. It is evident that the value of 1(4;,4;) depends on the

values of eigenvalues 4,4; and the range of integration from the inner to outer

boundaries. The energy norm of the recovered moment field can be also computed in
the same way as

M7 (£.9)], = (iicicj 1(4,4,) j (M (s))'E'm (s)st} (5.10)

i=l j=1 S

where m’; (s) denotes the recovered modal moment on the boundary and e;, (s) is the

modal moment error on the boundary. Equations (5.9) and (5.10) can be substituted into
(5.1) to determine the total error estimator 77 .

5.2 An h-hierarchical Adaptive Procedure

In general, the size of elements used in the approximation is reduced in regions
possessing large error under the h-hierarchical adaptive scheme. The whole mesh is
regenerated from the definition of the domain boundary and the profile of computed
errors at each analysis step. This type of adaptive procedure can be simply incorporated
into the existing scaled boundary finite element method [59]. The basic algorithm for
the adaptivity is straightforward and can be illustrated in Figure 5.1.

The shape functions from the coarser meshes are retained as the basis for
constructing the shape functions for the finer meshes in the h-hierarchical scheme. A
simple method to achieve this is to subdivide any elements in which its error is higher
than the target error at each analysis step in the adaptive process. Every subsequent
mesh always contains all nodes of the previous mesh. In addition, the mesh structure
can be demonstrated efficiently by a tree structure as illustrated in Figure 5.2. Ideally,
such approach is suitable for object-oriented programming and recursive techniques.
For one-dimensional elements, a binary tree may be utilized in order to describe the
refined mesh. A basic example is shown in Figure 5.2. The aim of all adaptive procedure
is to offer the user a specified level of accuracy at a minimal computational cost. In the
present investigation, the following optimal criterion is employed

len &9, < HM*(g,s)Hi In (5.12)

where " denotes the target error in the energy norm of each element. When the initial
coarse mesh is built, a first scale boundary finite element analysis is performed and the
energy norm of the error for a region described by each element He:,I (5,5)” IS
e
computed. Each element will be refined if the above criterion (5.11) is not satisfied.

The analysis process is repeated until the estimated error of each element becomes less
than the target error for the entire discretization.
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Figure 5.1: Diagram indicating algorithm for h-hierarchical adaptive scheme in scaled
boundary finite element method (Adapted from “The scaled boundary finite element
method” by Wolf, J.P., 2003, Book of John Wiley & Sons Ltd, p. 336 [30])

Parent ‘

Figure 5.2: Local refinement strategies; an h-hierarchical refinement is related to a
binary tree of two-node line elements (Adapted from “The scaled boundary finite
element method” by Wolf, J.P., 2003, Book of John Wiley & Sons Ltd, p. 336 [30])



CHAPTER 6
NUMERICAL RESULTS

The proposed scaled boundary finite element method together with the h—hierarchical
adaptive scheme has been successfully implemented in terms of an in-house computer
code. In this chapter, results of various representative examples are reported to not only
verify the formulation and numerical implementation but also demonstrate the accuracy
and computational efficiency of the developed SBFEM. In the verification, plate
problems with existing reference and analytical solutions are considered.

6.1 Verifications

Several problems with analytical or reference solutions are presented in this section to
verify the implemented SBFEM without using the adaptive algorithm. Standard two-
node elements with Hermite cubic shape functions are employed in the discretization
of the trial and test functions whereas standard two-node, linear, straight and circular-
arc elements are utilized to discretize the straight and circular-arc defining curves,
respectively.

6.1.1 Circular plate with concentric hole under transverse shear

First, consider a circular elastic plate containing a concentric circular hole as shown

schematically in Figure 6.1. The thickness, outer radius and inner radius of the plate are
given by t, b and a, respectively, and Young modulus and Poisson ratio of the
constituting material are given by E = 200,000 N/mm?2 and v = 0.3. The plate is fully
fixed against the movement along the entire outer boundary whereas its inner boundary
is subjected to a uniform transverse shear load V = 10 N/cm. For this particular
problem, the analytical solution for the deflection and the bending moment can be
readily constructed using results from the work of [66].

<
<

v

Figure 6.1: Schematic of circular plate containing concentric circular hole clamped
along its entire outer boundary and loaded by uniform transverse shear load along its
entire inner boundary
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Figure 6.2: Schematic of uniform meshes with 4, 8, 16, 32 and 64 two-node elements
used in discretization of defining curve

The center of the plate and the outer boundary are chosen as the scaling center and the
defining curve, respectively. Meshes of the defining curve used in the analysis are
shown in Figure 6.2. The computed numerical results are reported in Table 6.1-Table
6.3 for the deflection at a point A, the bending moment at a point B and the radial
rotation at a point A, respectively. It can be seen that numerical solutions generated by
the proposed technique for all meshes are in good agreement with the analytical
solutions. The convergence of numerical results is investigated and confirmed, and the
percent error of field quantities is also plotted against the number of elements used in
the discretization in Figure 6.3. Obtained results indicate that the rate of convergence
for the bending moment is lower than that of the deflection. It is evident from results
shown in Figure 6.4 that the proposed technique exhibit excellent convergence
characteristics to analytical solutions as the number of elements in the discretization
increases; the discretization with only four elements can accurately capture the solution

with error less than 1x107°% in comparison with the analytical solution.

Table 6.1: Deflection at point A for circular plate containing concentric circular hole
clamped along its outer boundary and loaded by uniform transverse shear load along

inner boundary for various ratios of t/b.

Elem. (Dof.) ub
0.1 (e-3) 0.05 (e-2) 0.02 0.005

4(8) 0.1271928833 0.1017543068 0.0158991104 1.0175430620
8 (16) 0.1271928829 0.1017543063 0.0158991104 1.0175430639
16 (32) 0.1271928830 0.1017543064 0.0158991104 1.0175430642
32 (64) 0.1271928832 0.1017543065 0.0158991104 1.0175430638
64 (128) 0.1271928829 0.1017543061 0.0158991104 1.0175430645
Analytical sol. 0.1271928830 0.1017543064 0.0158991104 1.0175430639
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Table 6.2: Radial bending moment at point B (M, x10%) for circular plate containing
concentric circular hole clamped along its outer boundary and loaded by uniform
transverse shear load along inner boundary for various ratios of t/b.

b
Elem. (Dof ) 0.1 0.05 0.02 0.005

e) 2.3793796522 23793796788 | -2.3793796813 | -2.3793796846
8 (16) -2.3793796581 23793796798 -2.3793796838  -2.3793797197
16 (32) -2.3793796235 23793796585  -2.3793796423  -2.3793796749
32 (64) -2.3793794513 23793794449 -2.3793795144  -2.3793795784
64 (128) -2.3793802323 23793802683 -2.3793807904  -2.3793796653
Analytical sol. _-2.3793796765 23793796765 -2.3793796765 ___ -2.3793796765

Table 6.3: Radial rotation at point A (6,) for circular plate containing concentric
circular hole clamped along its outer boundary and loaded by uniform transverse shear
load along inner boundary for various ratios of t/b.

b
Elem. (Dof ) 0.1 (-5) 0.05 (-4) 0.02 (-3) 0.005 (¢-2)

49 ~0.4236789258 [0.3380431402 | -0.5295986603 | -3.3894314393
8 (16) -0.4236789281 -0.3380431423  -0.5295986603  -3.3804314251
16 (32) -0.4236789284 .0.3380431427  -0.5295986606  -3.3804314265
32 (64) -0.4236789286 .0.3380431434  -0.5205986604  -3.3804314265
64 (128) -0.4236789282 .0.3380431410  -0.5295986602  -3.3894314286
Analytical sol. __-0.4236789283 [0.3380431426 __ -0.5295986603 __ -3.3894314261
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Figure 6.3: Percent error of numerical solutions versus number of elements for circular
plate containing concentric circular hole clamped along its outer boundary and loaded

by uniform transverse shear load along inner boundary(t/b = 0.05) :
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Figure 6.4: Deflection at point A, radial bending moment at point B, and radial rotation
at point A of circular plate containing concentric circular hole clamped along its outer
boundary and loaded by uniform transverse shear load along inner boundary

(t/b=0.05).
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6.1.2 Circular plate under applied moment

( 2

e T

a

Figure 6.5: Schematic of simply-supported, elastic, circular plate subjected to moments
along its boundary

Now, consider a simply-supported, elastic, circular plate of radius a=20cm and
thickness t =0.2 cm as shown in Figure 6.6. The plate is made of an isotropic, linearly
elastic material with Young modulus E = 200,000 N/mm? and Poison ratio v = 0.3

and subjected to the distributed moment M =275 N-cm/cm. The scaling center is
chosen at the center of the plate and the outer boundary is treated as the defining curve.
For this particular problem, the analytical solution for the transverse displacement is
given, again, by [66].

Table 6.4: Deflection for simply-supported, elastic, circular plate subjected to
distributed moments along its boundary.

Elem. (Dof.) rla
0 0.5 05 0.75 1
2(4) 2.8586169 27070244 21656213 1.2632802 0.0000000
4(8) 2.8586444 27070306 21656240 1.2632808 0.0000000
8 (16) 2.8640574 2 7070500 21656298 1.2632825 0.0000000
16 (32) 28641574 27070300 21656264 1.2632825 0.0000000

Analytical sol. 2.8875000 2.7070312 2.1656250 1.2632813 0.0000000
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Figure 6.6: (a) Plot of deflection for simply-supported, elastic, circular plate subjected
to distributed moments along its boundary and (b) mesh containing 4 elements.
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Figure 6.7: Error in deflection of simply-supported, elastic, circular plate subjected to
distributed moments along its boundary

The scaled boundary finite element mesh used in the analysis is shown in Figure 6.6(b).
The transverse deflection along the radial direction of the plate is reported in Table 6.4
for various values of the ratio r/a and, as illustrated in Figure 6.6(a), the maximum
deflection occurs at the center of the plate. The percent error of computed deflection
along the xi-direction is also shown in Figure 6.7 for four different levels of
discretization. Clearly, the maximum error in deflection occurs at the scaling center.
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6.1.3 Circular plate with concentric hole under applied moment

2

Figure 6.8: Schematic of circular plate containing concentric circular hole and
subjected to uniform moments along its inner boundary

e

Consider, next, an elastic circular plate containing a concentric circular hole and fully
clamped along its outer boundary as shown in Figure 6.8. The thickness t, the inner
radius a, and the outer radius b of the plate are taken as t=5cm, a=50cm, and
b =100 cm, respectively. The plate is made of an isotropic, linearly elastic material
with Young modulus E = 200,000 N/mm? and Poison ratio v = 0.3 and subjected to
uniformly distributed moment M =250 N-cm/cm along its entire inner boundary. The
closed form solution for the transverse displacement for this particular case is obtained
by the method of superposition along with results reported by [66]. In the analysis, the
scaling center and the defining curve are chosen at the center of the plate and the outer
boundary, respectively, and six meshes containing 4, 8, 16, 32, 64 and 128 two-node
elements are adopted as indicated in Figure 6.9.

The computed deflections along the radial direction of the plate for different
levels of discretization are reported in Figure 6.10 and Table 6.5 in comparison with
the analytical solution. The percent error of the computed deflection along the xi-
direction is also shown in Figure 6.11. It is evident from these results that the
discretization with only four elements can accurately capture the solution with error
less than 0.0004% in comparison with the analytical solution. The maximum deflection
of the plate occurs along the inner boundary of the plate for this particular loading
condition as can be seen in Figure 6.12(a). In addition, profiles of the bending moments

M.}, M}, and M/, obtained from the mesh with 8 elements are also shown in Figure
6.12(b)-(c).
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Figure 6.9: Schematic of six meshes containing 4, 8, 16, 32, 64 and 128 elements used
in discretization of defining curve.
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Figure 6.10: Deflections along the radial direction of circular plate containing
concentric circular hole and subjected to uniform moments along its inner boundary for
different levels of discretization.
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Figure 6.11: Percent error in deflection along the radial direction of circular plate
containing concentric circular hole and subjected to uniform moments along its inner

boundary.

Table 6.5: Deflection along radial direction of circular plate containing concentric

circular hole and subjected to uniform moments along its inner boundary.

r/b

Elem. (Dof.)
0.5 0.6 0.7 0.8 0.9 1
4(8) 0.0008473576 =~ 0.0005082475 0.0002708022 0.0001149090 0.0000275940 0.0000000001
8 (16) 0.0008473578 0.0005082477 0.0002708021 0.0001149091 0.0000275941 0.0000000000
16 (32) 0.0008473578 0.0005082478 0.0002708024 0.0001149092 0.0000275942 0.0000000000
32 (64) 0.0008473579  0.0005082478 0.0002708025 0.0001149092 0.0000275942 0.0000000000
64 (128) 0.0008473579  0.0005082478 0.0002708025 0.0001149092 0.0000275943 0.0000000000
128(256) 0.0008473580 0.0005082478 0.0002708025 0.0001149092 0.0000275943 0.0000000000
Analytical sol.  0.0008473579 0.0005082478 0.0002708025 0.0001149092 0.0000275943 0.0000000000
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Figure 6.12: Plots of (a) deflected shape, (b) moment Mlhl, (c) moment Mzhz, and (d)

moments M., of circular plate containing concentric circular hole and subjected to
uniform moments along its inner boundary obtained from mesh with 8 element.

6.1.4 Circular plate with concentric hole under applied moments

v
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b

()"

Figure 6.13: Schematic of elastic, circular plate containing concentric circular hole and
subjected moments along its inner and outer boundaries.
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Consider, next, an elastic, circular plate containing a concentric circular hole and
simply-supported along its outer boundary as shown in Figure 6.13.The thickness t, the
inner radius a, and the outer radius b of the plate are takenas t =5 cm, a=50 cm, and
b =100 cm, respectively. The plate is made of an isotropic, linearly elastic material
with Young modulus E = 200,000 N/mm? and Poison ratio v = 0.3 and subjected to

uniformly distributed moment Ml =500 N-cm/cm along its entire inner boundary and

M, =250 N-cm/cm along its entire outer boundary. Again, the reference solution for

the transverse displacement for this particular case is generated by using results
reported by [66] and the method of superposition. In the numerical study, the scaling
center and the defining curve are chosen at the center of the plate and the outer
boundary, respectively, and six meshes containing 4, 8, 16, 32, 64 and 128 two-node
elements are adopted as indicated in Figure 6.9.

The computed deflection for various locations along the radial direction of the

plate is reported in Table 6.6 for t/b=0.05. Clearly, as the number elements used in

the discretization of the defining curve increases, numerical results converge rapidly to
the benchmark solution. In addition, the plots of the maximum deflection versus the
number of elements and the percent error of computed deflections along the x1-
direction are presented in Figure 6.14 and Figure 6.15, respectively. To further
demonstrate the accuracy of the computed numerical solutions, the bending moments

M.}, MJ, and M), along the circumferential direction for & = 0.5, 0.6, 0.7, 0.8, 0.9

and 1 are plotted in Figure 6.16. The deflected shape of the plate and its contour plot
are shown in Figure 6.17. As is evident from this set of results, the maximum deflection
occur within the plate approximately &£ =0.75.

Table 6.6: Deflection for circular plate containing concentric circular hole and
subjected moments along its inner and outer boundaries for t/b=0.05

r/b

Elem. (Dof.)
0.5 0.6 0.7 0.8 0.9 1
4(8) 5.78E-11 0.00031707 0.000445178 0.000420299 0.000266301 9.66E-11
8 (16) 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663012 0.0000000000
16 (32) 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663012 0.0000000000
32 (64) 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663011 0.0000000000
64 (128) 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663012 0.0000000000
128(256) 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663012 0.0000000000

Analytical sol. 0.0000000000 0.0003170704 0.0004451780 0.0004202988 0.0002663012 0.0000000000




54

.00050

.00049 ® SBFEM

00048 —— Analytical solution

.00047

.00046

.00045

.00044

.00043

Maximum displacement (cm.)

.00042

.00041

00040 PRSI S A S S N T T T [ T S T S SN S S S S
25 50 75 100 125
Number of elements

o

Figure 6.14 : Maximum deflection of circular plate containing concentric circular hole
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elements used in discretization of defining curve for t/b=0.05

4e-5
i —@&——— 4 elements
v SRR VAR 8 elements
3e-5 - —— - —— 16 elements
- — —>-— - 32elements
N 5 — A& — 64 elements
c 25 — —0O— — 128 elements
2 i
o B
o B
S 1le5 |-
o] |
=
_1e_5_/
_2e_5 i L L L L I L L L L I L L L L I L L L L I L L L L
50 60 70 80 90 100

X

1
Figure 6.15: Percent error of computed deflection of circular plate containing
concentric circular hole and subjected moments along its inner and outer boundaries for

t/b=0.05



55

Mh11

Mh22

Mh12

400 1 1 1 1 | 1 |

Angle (radians)

Figure 6.16: Bending moments M., M., and M), along circumferential direction of

circular plate containing concentric circular hole and subjected moments along its inner
and outer boundaries for £=0.5, 0.6, 0.7, 0.8, 0.9 and 1.
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Figure 6.17: Deflected shape and contour plot of the deflection of circular plate
containing concentric circular hole and subjected moments along its inner and outer

boundaries obtained from mesh with 8 element and t/b=0.005.

6.1.5 Trapezoidal plate under transverse shear

Consider, as the final example used in the verification process, a trapezoidal plate of
thickness t =1 mm and clamped along its inner boundary with all other sides free as
shown schematically in Figure 6.18. The plate is made of an isotropic material with
Young modulus = 210,000 N/mm? and Poison ratio = 0.3 and loaded by a uniform
transverse shear force 10 N/mm along the outer boundary.
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Figure 6.18: Schematic of trapezoidal plate clamped along the inner boundary and
loaded by uniform transverse shear along the outer boundary.

For this particular problem, the scaling center is located outside the plate at the origin
of the X, —X, reference coordinate system and the free outer boundary is chosen as the
defining curve. Results reported by Dieringer and Becker [23] are employed as the
reference solution. The spectrum of all eigenvalues obtained by solving the fourth-order
eigenvalue system is reported in Figure 6.20 for the discretized plate with 10 elements
along its outer boundary. It is evident that the spectrum plot is symmetric with respect
to both vertical and horizontal axes and show the good agreement with that reported in
[23].
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Figure 6.19: Schematic of six meshes used in discretization of defining curve of
trapezoidal plate
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Figure 6.20: Spectrum of eigenvalues for the discretization of plate with 10 elements
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Figure 6.21: Maximum transverse displacement of trapezoidal plate versus number of
elements used in discretization of defining curve.
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Table 6.7: Transverse displacement at points A, B and C of trapezoidal plate (mm)
loaded by uniform transverse shear force along the outer boundary.

Number of elements
1 2 4 6 8 10 20
A 0.076742 0.081179 0.081603 0.081613 0.081620 0.081628 0.081681 0.081692
B 0.031661 0.029377 0.029929 0.030039 0.030099 0.030137 0.030225 0.030390
C 0.076742 0.081179 0.081603 0.081608 0.081620 0.081628 0.081683 0.081692

At point Ref. [20]
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Figure 6.22: (a) Deflections along the straight line = 8 mm for different levels of
discretization and (b) deflections along the radial boundary for different levels of
discretization.

To demonstrate the convergence of the computed numerical solutions, the maximum
deflection of the plate (occurring at the corners on the outer boundary, i.e., points A and
C) is reported for different levels of discretization in Figure 6.21. It is evident from this
set of results that the computed solutions converge rapidly to the reference result
reported by Dieringer and Becker [23] as the number of elements in the discretization
increases; the discretization with only four elements can accurately capture the solution
with error less than 1 % in comparison with the reference solution. The deflections
along the straight line = 8 mm and along the radial boundary are also reported for
different levels of discretization in Figure 6.22, and the same convergence behavior is
observed. The percent error of computed deflection at points A, B, and C (as indicated
in Figure 6.18) versus the number of elements used to discretize the defining curve is
also reported in Figure 6.23. These results additionally confirm the convergence of
numerical solutions. In particular, the percent error of the computed deflection at point
A and C are less than 0.2% and at point B is less than 1 % when the mesh with 8
elements is employed. The values of the computed deflection at points A, B and C are
also reported in Table 6.7 along with the reference solutions generated by Dieringer
and Becker [23]. It can be seen that the proposed SBFEM can yield very accurate
deflection; the discrepancy relative to the reference solution is less than 2% and 0.9%
for discretization with 4 and 10 elements, respectively. These results confirm the good
convergence behavior as the mesh is refined. It should be noted also that the high quality
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of the approximate solution should stem from the analytical feature of the solution along
the scaling direction.
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Figure 6.23: Percent error of computed deflection of trapezoidal plate clamped along
the inner boundary and loaded by uniform transverse shear along the outer boundary at
points A, B and C.

6.2 Results from h-hierarchical adaptive SBFEM

In the particular section, three examples are presented to demonstrate the accuracy and
computational performance of the implemented h-hierarchical adaptive scaled
boundary finite element method (denoted, for convenience, by ASBFEM).

6.2.1 Circular plate with concentric hole under transverse shear

Consider, again, the circular plate containing a concentric circular hole and subjected
to the uniformly distributed transverse shear along its entire inner boundary as shown
in Figure 6.1. In the analysis, the initial mesh containing four elements which is the
same as that indicated in Figure 6.2 and the target allowable error in the energy norm

7 =0.001% are employed. The energy norm of the analytical moment obtained from
[66] can be also computed using equation (5.7) and denoted by ||M||A Intermediate
meshes resulting from the ASBFEM are reported in Figure 6.24 along with the
corresponding maximum error in each element, denoted by 77;. It is evident that five

analysis steps are required to achieve the target error and the final mesh contains 64
elements of equal size. The obtained final uniform mesh is anticipated since the
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problem data is axisymmetric. The plots of energy norms of the recovered moment for
all five analysis steps of ASBFEM and the analytical moment |[M|, are also shown in

Figure 6.25. It is evident that as the analysis progresses, the energy norm of the
recovered moment converges to the benchmark solution and this additionally confirm

the validity of the proposed scheme. The total error estimate ﬁ computed from (5.1)

versus the computational time associated with the SBFEM with the uniform refinement
scheme (denoted, here and in what follows, by USBFEM) and the ASBFEM is reported
in Figure 6.26. It can be seen that numerical results generated by the proposed technique
obtained from the final mesh are in good agreement with the analytical solutions. It is
worth noting that the improvement of computational efficiency from using the
ASBFEM s insignificant for this particular case since there is no variation of the
solution in the circumferential direction. Converged bending moments along the
circumferential direction at & =1 (along the defining curve) is also shown in Figure

6.27. As can be seen from these results, the bending moments are smooth along the
discretized direction.
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Figure 6.27: Bending moment along circumferential direction at £ =1 of circular plate
with concentric circular hole loaded by transverse shear along its entire inner boundary.

6.2.2 Circular plate with concentric hole under partially loaded transverse shear

Consider, next, a circular elastic plate containing a concentric circular hole as shown
schematically in Figure 6.28. The thickness t, the outer radius b and the inner radius a
of the plate are chosen such that t =0.5cm, b =100 cm, and a =50 cm, respectively,
and Young modulus and Poisson ratio of the constituting material are given by E =
200,000 N/mm? and v = 0.3. The plate is fully fixed against the movement along the
entire outer boundary whereas its inner boundary is subjected to a uniform transverse
shear load V = 175 N/cm along —7/6 <6 < z/6 where @ denotes the angle measured
relative to the x, -axis. Again, the center of the plate and its outer boundary are taken as
the scaling center and the defining curve in the analysis, respectively.

Results for the maximum computed deflection obtained from the ASBFEM with
USBFEM are reported in Table 6.8. These results indicate that use of ASBFEM can
significantly reduce the computational time and number of degrees of freedom to
achieve the same level of accuracy in comparison with the USBFEM. Meshes resulting
from the sequence of analysis steps required in the ASBFEM to achieve the target error

7 = 1% of the energy norm of the moment error are illustrated in Figure 6.29. The

bending moments obtained from the final mesh of the ASBFEM with 7" =1% are

smooth in the circumferential direction as can be seen in Figure 6.30. It is apparent from
the sequence of refinements that the discretization is concentrated in the region where

the load applied. The total error estimate of computed moments 7_7 versus the number

of degrees of freedom and the computational time is reported in Figure 6.31 and Figure
6.32, respectively for both USBFEM and ASBFEM. As can be seen from these results,
the ASBFEM vyields the higher rate of convergence and requires less computational
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time to achieve the same level of accuracy in comparison with the USBFEM. The
deflected shape of the plate and the contour plot of the transverse deflection obtained

from the final mesh for the target error 7 =1% are also shown in Figure 6.33.

Table 6.8: Comparison of computational performance of USBFEM and ASBFEM for
circular plate with concentric hole under partially loaded transverse shear

Refine mesh Dof. computation time The target error iteration Max. disp
(sec.) n* % (cm.)
USBFEM 80 1498 5.00 4 4.222552
ASBFEM 22 195 ' 3 4.694672
USBFEM 160 3102 1.00 5 5.840132
ASBFEM 46 730 ' 5 5.727749
USBFEM 320 4545 0.10 6 5.846216
ASBFEM 122 1725 ' 7 5.841390
xZ
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\
-§ > X
%+
a
2y
v
\ 4
N

Figure 6.28: Schematic of circular plate containing concentric hole, clamped at its outer
boundary and subjected to transverse shear along —7/6 to 7/6
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6.2.3 Semi-circular plate subjected to sinusoidal transverse shear
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Figure 6.34: Schematic of semi-circular plate containing concentric semi-circular hole,

clamped at its inner boundary and subjected to sinusoidal transverse shear at the outer
boundary along 57/6 <0< r.
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Consider, as a final example, a semi-circular plate containing a concentric semi-circular
hole as shown schematically in Figure 6.28. The thickness t, the outer radius b and the
inner radius a of the plate are chosen such that t =2 cm, b =100 cm, and a =30 cm,
respectively, and Young modulus and Poisson ratio of the constituting material are
given by E = 200,000 N/mm?and v =0.3. The plate is fully fixed against the movement
along the entire inner boundary whereas its outer boundary is subjected to a sinusoidal

transverse shear load V =45 [2+sin(26°)] N/cm for 57/6 <@ < where 6 denotes
the angle measured relative to the xi-axis. Again, the center of the plate and its outer
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boundary are taken as the scaling center and the defining curve in the analysis,
respectively.

In the analysis, the initial mesh containing two elements as indicated in Figure
6.35(a) is employed. The computational performance of the proposed technique is
investigated, again, by comparing results with those of the USBFEM. Meshes resulting

from the analysis by the ASBFEM with the target error 7 =1% are illustrated in Figure

6.35. The relationship between the total error estimate and the number of degrees of
freedom and the computational time using both USBFEM and ASBFEM is illustrated
in Figure 6.36 and Figure 6.37, respectively. This set of results additionally confirms
the advantage gained by using the ASBFEM. The final mesh obtained adaptively to
achieve the specified target error contains only 32 degrees of freedom, while a uniform
mesh with the same number of degrees of freedom achieves total error of 4.62%. It is
evident, from results in Figure 6.38 and Figure 6.38, that rate of decreasing in the error
estimate, for the ASBFEM, increases as the number of degrees of freedom used in the
approximation the computational time consumed increases. The deflected shape and
contour plot of the transverse deflection of the plate obtained from the final mesh with
the target error are reported in Figure 6.38.

Table 6.9: Comparison of computational performance of USBFEM and ASBFEM for
semi-circular plate with concentric semi-circular hole under sinusoidal transverse shear

Refine mesh Dof. computation time  The target error iteration Max. disp
(sec.) n* % (cm.)

USBFEM 18 234 5.00 3 0.549631
ASBFEM 14 125 4 0.551464
USBFEM 66 1636 100 5 0.547434
ASBFEM 32 724 9 0.542825
USBFEM 130 2686 0.10 6 0.542434
ASBFEM 58 1064 ' 6 0.542729
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Figure 6.38: Deflected shape and contour plot of transverse deflection for semi-circular
plate containing concentric semi-circular hole, clamped at its inner boundary and
subjected to sinusoidal transverse shear obtained from final mesh for target error

n =1%.

6.2.4 Trapezoidal plate under partially loaded transverse shear

Consider, as the final example, a trapezoidal plate of thickness t =1 cmand clamped
along a shorter paralleled side as clearly indicated in Figure 6.39. The plate is made of
an isotropic material with Young modulus E = 210,000 N/mm? and Poison ratio v =

0.3 and loaded by a linearly distributed transverse force S =10x, N/cm , X, €[0,-10cm]
along a longer paralleled side.

(51 '5)

— |

X, (5.5) E=0.5 E=1

(10, 10)

Figure 6.39: Schematic of trapezoidal plate clamped along shorter paralleled side and
subjected to linearly distributed transverse shear along longer paralleled side.

To describe the geometry of the plate, the scaling center is located outside the plate at
the origin of the X, — X, reference coordinate system (see Figure 6.39) and the free outer
boundary is chosen as the defining curve. In the analysis, the initial mesh containing
only two elements as indicated in Figure 6.40(a) is employed. The computational
performance of the proposed technique is investigated, again, by comparing obtained
results with those of the USBFEM. Meshes resulting from the analysis steps of the
ASBFEM with the target error 777 =0.1% is shown in Figure 6.40. The relationship
between the total error estimate versus the number of degrees of freedom used in the
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approximation and the computational time consumed for both USBFEM and ASBFEM
is illustrated in Figure 6.41 and Figure 6.42, respectively. This set of results additionally
confirms the computational advantage of using the ASBFEM. The final mesh obtained
adaptively to achieve the specified target error n° =0.1% contains only 26 degrees of

freedom, while a uniform mesh with about the same number of degrees of freedom
achieves only total error of 2.01%. The deflected shape and the contour plot of the
transverse deflection of the plate obtained from the final mesh with the target error

n =0.1% are also reported in Figure 6.43.

=t 0 ——= 10 - e D

58 5 8 5 88 BS 7 75 8 85 95 5 55 5 7 715
X1 X1 X1

(@) Mesh 1(2elem.) 77, =13.513% (b) Mesh 2(3elem.) 77, =8.324%  (c) Mesh 3(4elem.) 7, =3.591%

(d) Mesh 4(6elem.) 777, =0.499% (e) Mesh 5(%elem.) 77, =0.221% (f) Mesh 6(12elem.) 7, =0.078%
Figure 6.40: Sequence of meshes resulting from the analysis by ASBFEM for target
error 7 = 0.1%.

Table 6.10: Comparison of computational performance of USBFEM and ASBFEM for
trapezoidal plate clamped along shorter paralleled side and subjected to linearly
distributed transverse shear along longer paralleled side

Refine mesh Dof. computation time  The target error iteration Max. disp
(sec.) n* % (cm.)
USBFEM 18 23 5 3 0.049738708
ASBFEM 10 11 3 0.046612868
USBFEM 34 83 1 4 0.045199153
ASBFEM 14 18 4 0.045152133
USBFEM 66 499 01 5 0.042808039
ASBFEM 26 59 ' 6 0.042853386
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Figure 6.41: Relationship between total error estimate of computed moment and the
number of degrees of freedom using USBFEM and ASBFEM.
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Figure 6.42: Relationship between total error estimate of computed moment and the
computational time using USBFEM and ASBFEM.
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transverse shear along longer paralleled side obtained from final mesh for target error
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CHAPTER 7
CONCLUSIONS AND REMARKS

The efficient computational procedure, based upon the scaled boundary finite element
method (SBFEM) and the h—hierarchical adaptive scheme, has been established to solve
plate bending problems. In the formulation, the Kirchhoff’s plate theory has been
adopted along with the standard weighted residual technique and the scaled boundary
approximation to form a complete set of scaled boundary finite element equations. The
resulting system of linear, non-homogeneous, fourth-order ordinary Euler-Cauchy
differential equations has been successfully solved using conventional techniques such
as the solution representations and method of undetermined coefficients to obtain the
general solution. The involved fourth-order Eigen problem has been solved by an
efficient Eigen search algorithm to obtain all Eigen pairs. The prescribed conditions on
the boundary of the plate have been enforced to establish a system of linear algebraic
equations governing all unknowns on the domain boundary. Other field quantities of
interest have been readily post-processed from the general solution of the transverse
displacement of the plate. An extensive numerical study on various scenarios has
indicated that the proposed technique can yield highly accurate numerical solutions
even when relatively coarse meshes with few degrees of freedom are employed to
discretize solutions along the scaled boundary direction and, in addition, the good
convergence behavior is observed as the mesh is refined. To further enhance the
computational efficiency and corresponding cost, the h-hierarchical adaptivity has been
integrated into the scaled boundary finite element method to automatically obtain an
adequate and optimal level of refinement within the specified error tolerance. The
smoothing process via the least square technique has been adopted to obtain the
reference solution for the internal bending moment used in the error estimation for each
analysis step. The implemented adaptive procedure has led to the significant
improvement in the computational time over the use of uniform meshes.

Results obtained from the analysis of several examples have indicated that the h-
hierarchical adaptive procedure implemented in the scaled boundary finite element
method for solving Kirchhoff’s plate bending problems can significantly reduce the
number of degrees of freedom and the computational time in comparison with that using
the uniform mesh. This significant improvement becomes more apparent when
problems possessing significant spatial variation of the solution are considered. In
particular, the proposed technique has been found able to reduce the computational time
by approximately 40 percent of that spent by the SBFEM with uniform meshes. Using
the h-hierarchical adaptivity has automatically identified regions requiring the mesh
refinement and finally led to the level of discretization that is commonly termed
optimal. While the h-hierarchical adaptive SBFEM has been successfully established,
its development is still restricted to certain settings. Extension of the present work to
treat corner effects, multiple scaling centers, and non-zero prescribed data on the side-
face is considered essential since it can further enhance the capability of the technique
to model more general plate bending problems.
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