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CHAPTER I

INTRODUCTION

Let (Xn)n∈N be a sequence of random variables and Sn =
n∑

i=1

Xi. One common

objective of different versions of strong law of large numbers (SLLN) is to find suffi-

cient conditions on the sequence of random variables (Xn)n∈N that make Sn − an
bn

converges to 0 almost surely (a.s.) where (an)n∈N and (bn)n∈N are sequences of

real numbers such that bn > 0 for all n ∈ N. It is called the Kolmogorov SLLN

when an = ESn and bn = n for each n ∈ N and it is called the Marcinkiewicz-

Zygmund(M-Z) SLLN if an = ESn and bn = n
1
p for n ∈ N and 0 < p < 2.

Therefore the Kolmogorov SLLN is a special case of the Marcinkiewicz-Zygmund

SLLN when p = 1.

For the classical SLLN, the random variables Xn’s are assumed to be indepen-

dent and identically distributed (i.i.d.) random variables with finite first moment

which is stated as follows.

Theorem 1.1. ([8]) Let (Xn)n∈N be a sequence of i.i.d. random variables. If

E|X1| < ∞, then

Sn − nEX1

n
−→ 0 a.s.

The classical SLLN has been extended into two different directions, relaxing

the dependency assumption and removing the assumption of identical distribu-

tion. For example, Etemadi[7] proposed an alternative version of the SLLN by

relaxing the dependency assumption of the sequence of random variables (Xn)n∈N

from independence to pairwise independence. Sancetta[14] replaced pairwise in-

dependence assumption studied in Etemadi[7] by pairwise positively quadrant de-

pendence (pairwise PQD) assumption without assuming the identical distribution.
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In Chapter 3, we study the relations of dependence structures and provide

some examples which show their relations.

In Chapter 4, we consider the SLLN with the assumption of the identical dis-

tribution. For example, Kruglov[10] gave the SLLN for pairwise i.i.d. with infinite

means and then Sung[17] proposed the SLLN for pairwise i.i.d. random variables

with general moment conditions
(

∞∑
n=1

P (|Xn| > bn) < ∞

)
where (bn)n∈N is a se-

quence of positive constants. Later, Korchevsky[9] obtained the Marcinkiewicz-

Zygmund SLLN for pairwise i.i.d. random variables. In 1992, Matula[13] relaxed

the dependency assumption studied in Etemadi[7] by pairwise negatively quad-

rant dependence (pairwise NQD) assumption. Then the SLLN for pairwise NQD

and identically distributed random variables with infinite means which relaxed the

moment condition of Matula[13] and the dependency assumption of Kruglov[10]

is proposed by Chaidee and Neammanee[2]. Later in 2014, Shen et al.[16] gave

the SLLN for pairwise NQD and identically distributed random variables with

general moment conditions by relaxing the moment condition of Chaidee and

Neammanee[2] and the dependency assumption of Sung[17]. Moreover, Chen et

al.[5] presented the SLLN for extended negatively dependent (END) random vari-

ables with assuming finite first moment.

In this study, we propose the Marcinkiewicz-Zygmund SLLN for END random

variables which is a generalization of the Marcinkiewicz-Zygmund SLLN for pair-

wise i.i.d. random variables of Korchevsky[9]. Moreover, our result generalizes

the Kolmogorov SLLN for END random variables in Chen et al.[5]. Our result is

stated as follows.

Theorem 1.2. Let (Xn)n∈N be a sequence of END and identically distributed

random variables. For 0 < p < 2, if E|X1|p < ∞,

Sn − nE(X1)

n
1
p

−→ 0 a.s.

In chapter 5, we obtain the Marcinkiewicz-Zygmund SLLN for pairwise NQD

random variables which is generalized from the SLLN of Chandra and Goswami[4]
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and it also relaxes the identical distribution and pairwise independence assumption

in the result of Korchevsky[9]. Our result is stated as follows.

Theorem 1.3. Let (Xn)n∈N be a sequence of pairwise NQD random variables. For

0 < p < 2, if

(i) sup
n∈N

1

n
1
p

n∑
i=1

E|Xi| < ∞,

(ii)
∞∑
n=1

1

n
1
p

E|Xn|I(|Xn| > nα) < ∞ for some α ∈
(
0,min

(
1

2
,
1

p
− 1

2

))
,

then Sn − ESn

n
1
p

−→ 0 a.s.

Tables 1.1 and 1.2 shown below explain series of studies in the context of

SLLN and our new contributions for identically distributed random variables and

non-identically distributed random variables, respectively.
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pairwise independent pairwise NQD END

Sung(2013) Shen et al.(2014)
∞∑
n=1

P (|Xn| > bn) < ∞
∞∑
n=1

P (|Xn| > bn) < ∞

where bn
n

↑ ∞ where bn
n

↑ ∞

Kruglov(2008) Chaidee and Neammanee

E|X1| = ∞ (2009)

E|X1| = ∞K
ol

m
og

or
ov

SL
LN

Etemadi(1981) Matula(1992) Chen et al.(2010)

E|X1| < ∞ E|X1| < ∞ E|X1| < ∞

Korchevsky(2014) Our work Our work

E|X1|p < ∞ E|X1|p < ∞ E|X1|p < ∞

for 0 < p < 2 for 0 < p < 2 for 0 < p < 2

M
-Z

SL
LN

(Chapter 4) (Chapter 4)

Table 1.1: SLLN for identically distributed random variables

pairwise independent pairwise NQD

Kolmogorov SLLN M-Z SLLN

Chandra and Goswami(2003) Our work

sup
n∈N

1

n

n∑
i=1

E|Xi| < ∞, sup
n∈N

1

n
1
p

n∑
i=1

E|Xi| < ∞,

∞∑
n=1

1

n
E|Xn|I(|Xn| > nα) < ∞

∞∑
n=1

1

n
1
p

E|Xn|I(|Xn| > nα) < ∞

for some α ∈
(
0,

1

2

)
for some α ∈

(
0,min

(
1

2
,
1

p
− 1

2

))
for 0 < p < 2

(Chapter 5)

Table 1.2: SLLN for non-identically distributed random variables



CHAPTER II

PRELIMINARIES

In this chapter, we review some basic knowledge in probability and collect some

definitions and theorems which will be used in this work. These can be found in

Chung[6] and Grimmett and Stirzaker[8] .

2.1 Basic Knowledge in Probability

In this section, we review some basic knowledge in probability such as event,

probability measure and random variable.

Definition 2.1. Let Ω be a set and F be a σ-algebra. Let P : F → [0, 1] be a

measure such that P (Ω) = 1. Then (Ω,F , P ) is called a probability space and P

is called a probability measure. The set Ω is the sure event and the elements of F

are called events.

Definition 2.2. A random variable is a function X : Ω → R with the property

that for every Borel set B in R,

{ ω ∈ Ω | X(ω) ∈ B } ∈ F .

Note that the event { ω ∈ Ω | X(ω) ∈ B } is always abbreviated by (X ∈ B).

Definition 2.3. Let E be an event on Ω. A function IE : Ω → R defined by

IE(ω) =

1 if ω ∈ E,

0 if ω /∈ E

is a random variable, called an indicator random variable.
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Theorem 2.4. Let X be a random variable on a probability space (Ω,F , P ) and f

be a Borel measurable function. Then f(X) is a random variable on a probability

space (Ω,F , P ).

Corollary 2.5. Let X be a random variable on a probability space (Ω,F , P ).

Then X+ and X− are random variables on a probability space (Ω,F , P ) where

X+ = max(X, 0) and X− = max(−X, 0).

Proposition 2.6. Let X and Y be random variables on a probability space

(Ω,F , P ). Then aX + bY and XY are random variables on (Ω,F , P ) for any

a, b ∈ R.

Theorem 2.7. Let (Xn)n∈N be a sequence of random variables on (Ω,F , P ). Then

lim inf
n→∞

Xn, lim sup
n→∞

Xn and lim
n→∞

Xn are random variables.

2.2 Expectation, Variance and Covariance

In this section, we review definitions of expectation, variance and covariance

and their properties.

Definition 2.8. Let X be a random variable on a probability space (Ω,F , P )

and a measurable function g : R → R. The expectation or mean of the random

variable g(X) is defined as

E (g(X)) =

∫
Ω

g(X)dP.

Note that E(IE) = P (E).

Definition 2.9. If k is a positive integer, the kth moment of X is defined as

E(Xk). The kth central moment is E[(X − E(X))k].

The 2nd central moment is called the variance of X is denoted by V ar(X).

The covariance of X and Y is Cov(X, Y ) = E[(X − E(X))(Y − E(Y ))].

Remark 2.10. (i) V ar(X) = E [(X − E(X))2] = E(X2)− (E(X))2.

(ii) Cov(X,Y ) = E(XY )− E(X)E(Y ).
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Theorem 2.11. Let X and Y be random variables and a, b ∈ R. Then the

followings are true.

(i) If E(X), E(Y ) < ∞, then E(aX + bY ) = aE(X) + bE(Y ) for any a, b ∈ R.

(ii) If X ≤ Y , then E(X) ≤ E(Y ).

(iii) |E(X)| ≤ E|X|.

Theorem 2.12 (Chebyshev’s Inequality). Let X be a random variable. Then for

any t > 0,

P (|X − E(X)| ≥ t) ≤ V ar(X)

t2
.

Theorem 2.13 (Hölder’s inequality). Let X and Y be random variables. If

p, q > 1 and 1

p
+

1

q
= 1, then

E|XY | ≤ (E|X|p)
1
p (E|Y |q)

1
q .

Remark 2.14. In counting measure, for all (x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ Rn

n∑
i=1

|xiyi| ≤

(
n∑

i=1

|xi|p
) 1

p
(

n∑
i=1

|yi|q
) 1

q

.

2.3 Type of Convergence

In this section, we review type of convergence and its useful properties which

will be used in this work.

Definition 2.15. Let (Xn)n∈N be a sequence of random variables on a probability

space (Ω,F , P ).

(i) We say that Xn converges to X almost surely, written Xn −→ X a.s., if

{ω ∈ Ω | Xn(ω) → X(ω) as n → ∞} is an event whose probability is 1, i.e.,

P ( lim
n→∞

Xn = X) = 1,
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(ii) We say that Xn converges to X in probability, written Xn −→ X in probability,

if for every ϵ > 0,

lim
n→∞

P (|Xn −X| > ϵ) = 0,

(iii) We say that Xn converges to X in distribution, written Xn −→ X in distribution,

if

lim
n→∞

P (Xn ≤ x) = P (X ≤ x)

for all points x ∈ R at which the function FX(x) = P (X ≤ x) is continuous.

Theorem 2.16. Suppose that Xn −→ X a.s. and Yn −→ Y a.s.

Then for any a, b ∈ R,

aXn + bYn −→ aX + bY a.s. and XnYn −→ XY a.s.

Theorem 2.17. Suppose that Xn −→ X a.s. and f is a continuous function.

Then

f(Xn) −→ f(X) a.s.

Remark 2.18. Theorem 2.16 and Theorem 2.17 are also true for the convergence

in probability and the convergence in distribution.

2.4 Law of Large Numbers

In this section, we review the concept of law of large numbers.

Definition 2.19. Let (Xn)n∈N be a sequence of random variables on a probability

space (Ω,F , P ) and Sn =
n∑

i=1

Xi. We say that (Xn)n∈N satisfies the strong law of

large numbers (SLLN) if
Sn − an

bn
−→ 0 a.s. as n → ∞,

where (an)n∈N and (bn)n∈N are sequences of real numbers such that bn > 0 for all

n ∈ N and we say that (Xn)n∈N satisfies the weak law of large numbers (WLLN) if
Sn − an

bn
−→ 0 in probability as n → ∞.
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Remark 2.20. We say that a sequence of random variables (Xn)n∈N satisfies the

Kolmogorov SLLN if for every n ∈ N, an = E(Sn) and bn = n and we say that

(Xn)n∈N satisfies the Marcinkiewicz-Zygmund SLLN if for every n ∈ N, an = E(Sn)

and bn = n
1
p for 0 < p < 2. Thus the Kolmogorov SLLN is a special case of the

Marcinkiewicz-Zygmund SLLN when p = 1.



CHAPTER III

DEPENDENCE STRUCTURE

In this chapter, we study the relations of dependence structures which are

studied in SLLN and give some examples.

Definition 3.1. The collection of random variables X1, X2, . . . , Xn is called inde-

pendent if for all xi ∈ R, i = 1, 2, . . . , n

P

(
n∩

i=1

(Xi ≤ xi)

)
=

n∏
i=1

P (Xi ≤ xi).

An infinite sequence (Xn)n∈N is call independent if for each positive integer n, the

random variables X1, X2, . . . , Xn are independent.

A relaxation of independence was introduced which is called pairwise indepen-

dence. The definition of pairwise independence is given as follows.

Definition 3.2. A sequence (Xn)n∈N of random variables is called pairwise inde-

pendent if for i ̸= j, any real numbers xi, xj

P (Xi ≤ xi, Xj ≤ xj) = P (Xi ≤ xi)P (Xj ≤ xj).

In 1966, Lehmann[11] introduced the concept of negatively quadrant depen-

dence (NQD). The definition of NQD is stated as follows.

Definition 3.3. The collection of random variables X1, X2, . . . , Xn is called neg-

atively quadrant dependent (NQD) if for all xi ∈ R, i = 1, 2, . . . , n

P

(
n∩

i=1

(Xi ≤ xi)

)
≤

n∏
i=1

P (Xi ≤ xi).

An infinite sequence (Xn)n∈N is call NQD if for each positive integer n, the random

variables X1, X2, . . . , Xn are NQD.
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The dependency assumption used in some articles is pairwise independence

which could be not applicable in some applications. Therefore relaxations of the

condition were considered. For example, Lehmann[11] introduced a concept of

pairwise negatively quadrant dependence (pairwise NQD) and pairwise positively

quadrant dependence (pairwise PQD) which are more flexible than pairwise inde-

pendence. The definition of pairwise NQD and pairwise PQD are given as follows.

Definition 3.4. A sequence (Xn)n∈N of random variables is called pairwise nega-

tively quadrant dependent (pairwise NQD) if for i ̸= j, any real numbers xi, xj

P (Xi ≤ xi, Xj ≤ xj) ≤ P (Xi ≤ xi)P (Xj ≤ xj)

equivalently

P (Xi > xi, Xj > xj) ≤ P (Xi > xi)P (Xj > xj)

and it is called pairwise positively quadrant dependent (pairwise PQD) if for i ̸= j,

any real numbers xi, xj

P (Xi ≤ xi, Xj ≤ xj) ≥ P (Xi ≤ xi)P (Xj ≤ xj)

equivalently

P (Xi > xi, Xj > xj) ≥ P (Xi > xi)P (Xj > xj).

The following is an example of a sequence of random variables which are not

pairwise independence but pairwise NQD.

Example 3.5. A box contains p balls of p different colors (p ≥ 3). Choose two

balls randomly (without replacement).

Let X̃i, i = 1, 2, . . . , p (p ≥ 3) be a random variable indicating the presence of a

ball of the ith color such that

X̃i =

1 if the ithcolor is picked,

0 otherwise.
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For i ∈ N, let Xi be a random variable defined by

Xi =

X̃i if 1 ≤ i ≤ p,

0 otherwise.

For each i, j = 1, 2, . . . , p and i ̸= j,

P (Xi = 1, Xj = 1) =
2

p(p− 1)
<

(
2

p

)2

= P (Xi = 1)P (Xj = 1).

Therefore (Xi)i∈N is not a sequence of pairwise independent random variables.

For 1 ≤ i, j ≤ p, 0 ≤ a < 1 and 0 ≤ b < 1, we have

P (Xi > a) = P (Xi = 1) =
2

p
= P (Xj > b)

and for i ̸= j

P (Xi > a,Xj > b) = P (Xi = 1, Xj = 1) =
2

p(p− 1)
.

Then

P (Xi > a,Xj > b) =
2

p(p− 1)
≤
(
2

p

)2

= P (Xi > a)P (Xj > b).

Therefore (Xi)i∈N is a sequence of pairwise NQD random variables.

The properties of a sequence of pairwise NQD random variables are presented

in the following proposition.

Proposition 3.6. ([11]) Let (Xn) be a sequence of pairwise NQD random vari-

ables. Then the following results hold.

(i) Cov(Xi, Xj) ≤ 0 for all i ̸= j;

(ii) (fn(Xn)) is a pairwise NQD sequence for any sequence of monotonically

increasing functions (fn)n∈N;

(iii) (gn(Xn)) is a pairwise NQD sequence for any sequence of monotonically

decreasing functions (gn)n∈N.
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Remark 3.7. From Proposition 3.6(ii), if (Xn)n∈N is a sequence of pairwise NQD,

then (X+
n )n∈N and (X−

n )n∈N are pairwise NQD sequences.

The properties of a sequence of pairwise PQD random variables are presented

in the following proposition.

Proposition 3.8. ([11]) Let (Xn) be a sequence of pairwise PQD random vari-

ables. Then the following results hold.

(i) Cov(Xi, Xj) ≥ 0 for all i ̸= j;

(ii) (fn(Xn)) is a pairwise PQD sequence for any sequence of monotonically

increasing functions (fn)n∈N;

(iii) (gn(Xn)) is a pairwise PQD sequence for any sequence of monotonically

decreasing functions (gn)n∈N.

Remark 3.9. From Proposition 3.8(ii), if (Xn)n∈N is a sequence of pairwise PQD,

then (X+
n )n∈N and (X−

n )n∈N are pairwise PQD sequences.

Proposition 3.10. ([11]) Let X and Y are random variables. Then X and Y

are pairwise NQD if and only if X and −Y are pairwise PQD.

The converse of Proposition 3.6(i) and Proposition 3.8(i) are not always true

such as this following example.

Example 3.11. Let X =

−1 with probability 0.5,

1 with probability 0.5.

If X = −1, let Y = 0 and if X = 1, let Y =

−1 with probability 0.5,

1 with probability 0.5.

Then EX = −1(0.5) + 1(0.5) = 0, EY = 0(0.5) + (−1)(0.25) + 1(0.25) = 0

and EXY = (1)(−1)(0.25) + (1)(1)(0.25) = 0.

Therefore Cov(X,Y ) = EXY − (EX)(EY ) = 0.
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Note that

P (X ≤ −1, Y ≤ 0) = P (X = −1, Y = 0)

= 0.5

> (0.5)(0.25) + (0.5)(0.5)

= P (X = −1)P (Y = −1) + P (X = −1)P (Y = 0)

= P (X ≤ −1)P (Y ≤ 0) (3.1)

and

P (X ≤ −1, Y ≤ −1) = 0

< (0.5)(0.25)

= P (X = −1)P (Y = −1)

= P (X ≤ −1)P (Y ≤ −1). (3.2)

From (3.1) and (3.2), X and Y are neither pairwise NQD nor pairwise PQD

random variables.

Further extensions of dependence structures in the context of SLLN have also

been considered. For example, Liu[12] introduced the concept of extended neg-

atively dependence (END), which is a generalization of NQD. The definition is

stated as follows.

Definition 3.12. The collection of random variables X1, X2, . . . , Xn is called lower

extended negatively dependent (LEND) if there is some M > 0 such that, for all

xi ∈ R, i = 1, 2, . . . , n

P

(
n∩

i=1

(Xi ≤ xi)

)
≤ M

n∏
i=1

P (Xi ≤ xi).

It is called upper extended negatively dependent (UEND) if there is some M > 0

such that, for all xi ∈ R, i = 1, 2, . . . , n

P

(
n∩

i=1

(Xi > xi)

)
≤ M

n∏
i=1

P (Xi > xi).
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It is called extended negatively dependent (END) if it is both LEND and UEND. An

infinite sequence (Xn)n∈N is call LEND, UEND or END if for each positive integer

n, the random variables X1, X2, . . . , Xn are LEND, UEND or END, respectively.

When M = 1, the END sequence induced to NQD sequence. The following is

an example of a sequence of random variables which are not pairwise NQD but

END.

Example 3.13 (Pólya’s Urn Process). An urn contains a red balls and b green

balls. A ball is randomly drawn from the urn and replaced back to the urn along

with additional(fixed) c balls of the same color as the drawn ball.

Let Xi denote the color of the ball selected at time i such that

Xi =

1 if the ith picked ball is red,

0 if the ith picked ball is green.

Let n ∈ N. First, we will show that X1, X2, . . . , Xn are exchangeable, that is

P (X1 = x1, X2 = x2, . . . , Xn = xn) = P (X1 = xπ(1), X2 = xπ(2), . . . , Xn = xπ(n))

for every permutation π(·) on {1, 2, . . . , n} and x1, x2, . . . , xn ∈ R.

Note that the joint probability depends only on number of events of observing red

balls.

For each n ∈ N, let x1, x2, . . . , xn ∈ {0, 1} and k = x1 + x2 + · · · + xn where

1 ≤ k ≤ n− 1,

P (X1 = x1, X2 = x2, . . . , Xn = xn)

=
a(a+ c) · · · (a+ (k − 1)c)b(b+ c) · · · (b+ (n− k − 1)c)

(a+ b)(a+ b+ c)(a+ b+ 2c) · · · (a+ b+ (n− 1)c)

= P (X1 = xπ(1), X2 = xπ(2), . . . , Xn = xπ(n)).

That is the variables X1, X2, . . . , Xn are exchangeable.

Then for each i = 1, 2, . . . , n,

P (Xi = 1) = P (X1 = 1) =
a

a+ b
and P (Xi = 0) = P (X1 = 0) =

b

a+ b
. (3.3)
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and for i ̸= j,

P (Xi = 1, Xj = 1) = P (X1 = 1, X2 = 1) =

(
a

a+ b

)(
a+ c

a+ b+ c

)
.

Therefore for each i ̸= j,

Cov(Xi, Xj) = E(XiXj)− EXiEXj

= P (Xi = 1, Xj = 1)− P (Xi = 1)P (Xj = 1)

=

(
a

a+ b

)(
a+ c

a+ b+ c

)
−
(

a

a+ b

)2

=
a

a+ b
· bc

(a+ b)(a+ b+ c)

=
abc

(a+ b)2(a+ b+ c)

> 0.

By Proposition 3.6(i), (Xn)n∈N is not a sequence of pairwise NQD random vari-

ables.

For arbitrary fixed n ∈ N, we will show that X1, X2, . . . , Xn are LEND and UEND

random variables. From (3.3), we have that for each i = 1, 2, . . . , n,

P (Xi ≤ xi) =


0 if xi ∈ (−∞, 0),

b

a+ b
if xi ∈ [0, 1),

1 if xi ∈ [1,∞).

Then we consider P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn).

Case 1 There exists i ∈ {1, 2, . . . , n} such that xi ∈ (−∞, 0).

Then P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn) = 0 =
n∏

i=1

P (Xi ≤ xi).

Case 2 For all i ∈ {1, 2, . . . , n}, xi ∈ [1,∞).

Then P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn) = 1 =
n∏

i=1

P (Xi ≤ xi).

Case 3 There exists a nonempty subset A of {1, 2, . . . , n} such that for all i ∈ A,

xi ∈ [0, 1) and for all i /∈ A, xi ∈ [1,∞).

Since the variables Xi and Xj are exchangeable, we can assume
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without loss of generality that x1, x2, . . . , xk ∈ [0, 1) and

xk+1, xk+2, . . . , xn ∈ [1,∞). Then

P (X1 ≤ x1, . . . , Xk ≤ xk, Xk+1 ≤ xk+1, . . . , Xn ≤ xn)

= P (X1 = 0, . . . , Xk = 0, Xk+1 ≤ 1, . . . , Xn ≤ 1)

= P (X1 = 0, . . . , Xk = 0)

=

(
b

a+ b

)(
b+ c

a+ b+ c

)
· · ·
(

b+ (k − 1)c

a+ b+ (k − 1)c

)
=

k∏
i=1

b+ (i− 1)c

a+ b+ (i− 1)c

=

(
k∏

i=1

b+ (i− 1)c

a+ b+ (i− 1)c

)
k∏

i=1

P (Xi ≤ xi)(
b

a+ b

)k

≤ Mn

k∏
i=1

P (Xi ≤ xi)

= Mn

n∏
i=1

P (Xi ≤ xi).

where Mn =

n∏
i=1

b+ (i− 1)c

a+ b+ (i− 1)c(
b

a+ b

)n and we use the fact that

b+ kc

a+ b+ kc
≥ b

a+ b
for all k ∈ N in the first inequality.

From the above 3 cases and the fact that Mn ≥ 1, X1, X2, . . . , Xn are LEND

random variables.

Similarly, we can show that X1, X2, . . . , Xn are UEND random variables by

choosing

Mn =

n∏
i=1

a+ (i− 1)c

a+ b+ (i− 1)c(
a

a+ b

)n .

Hence X1, X2, . . . , Xn are END random variables where
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Mn = max


n∏

i=1

a+ (i− 1)c

a+ b+ (i− 1)c(
a

a+ b

)n ,

n∏
i=1

b+ (i− 1)c

a+ b+ (i− 1)c(
b

a+ b

)n

.

The properties of a sequence of END random variables are presented in the

following proposition.

Proposition 3.14. ([12]) Let (Xn) be a sequence of END random variables. Then

the following results hold.

(i) For each n ∈ N, there exists a constant M > 0 such that

E

(
n∏

i=1

X+
i

)
≤ M

n∏
i=1

EX+
i ;

(ii) (fn(Xn)) is an END sequence for any sequence of monotonically increasing

functions (fn)n∈N;

(iii) (gn(Xn)) is an END sequence for any sequence of monotonically decreasing

functions (gn)n∈N.

Remark 3.15. From Proposition 3.14(ii), if (Xn)n∈N is a sequence of END, then

(X+
n )n∈N and (X−

n )n∈N are END sequences.



CHAPTER IV

STRONG LAW OF LARGE NUMBERS FOR

IDENTICALLY DISTRIBUTED RANDOM VARIABLES

Let (Xn)n∈N be a sequence of random variables. We define Sn =
n∑

i=1

Xi,

S+
n =

n∑
i=1

X+
i and S−

n =
n∑

i=1

X−
i .

In 2014, Korchevsky[9] obtained the Marcinkiewicz-Zygmund SLLN for pair-

wise i.i.d. random variables. His result is presented as follows.

Theorem 4.1. ([9]) Let (Xn)n∈N be a sequence of pairwise i.i.d. random variables.

For 0 < p < 2, if E|X1|p < ∞, then

Sn − nE(X1)

n
1
p

−→ 0 a.s.

In this chapter, we propose a relaxation of dependency assumption in Korchevsky[9]

and derive the Marcinkiewicz-Zygmund SLLN for END and identically distributed

random variables. To obtain this result, we follow the techniques in Chen et al.[5].

We first restate a definition of infinitely often and a lemma of Chen[5] which

are used in the proof of our result (Theorem 4.4).

Definition 4.2. Let (An)n∈N be a sequence of events. Then

{An i.o.} = lim sup
n→∞

An =
∞∩
n=1

∞∪
k=n

Ak

is the event that an infinite number of the events An occur. The i.o. stands for

“infinitely often”.

Lemma 4.3. ([5]) Let (Xn)n∈N be a sequence of END and identically distributed

random variables with mean 0 and a dominating constant M > 0. For arbitrarily
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fixed 0 < v < 1, define for each i = 1, 2, . . . and x ∈ (0,∞)

X̃i = −vxI(Xi < −vx) +XiI(−vx ≤ Xi ≤ vx) + vxI(Xi > vx).

Then for every γ > 0, 0 < δ ≤ 1 and 0 < θ < 1, there is some x0 = x0(v, γ, δ, θ) > 0

such that for all n ∈ N and x ≥ max{γn, x0},

P (|S̃n| > x) ≤ 2M

(
1

(vx)δ

∫
|y|≤vx

|y|1+δF (dy) + vxP (|X1| > vx)

) 1−θ
v

,

where S̃n =
n∑

i=1

X̃i and F denoted the distribution of X1.

Our result is stated as follows.

Theorem 4.4. Let (Xn)n∈N be a sequence of END and identically distributed

random variables. For 0 < p < 2, if E|X1|p < ∞,
Sn − nE(X1)

n
1
p

−→ 0 a.s.

Proof. For 0 < p ≤ 1, it was completed in Sawyer[15]. It remains to prove the

case when 1 < p < 2. For this case, it suffices to prove that both
S+
n − nµ+

n
1
p

−→ 0 a.s. and S−
n − nµ−

n
1
p

−→ 0 a.s.

hold where µ+ = EX+
1 and µ− = EX−

1 .

For arbitrary fixed v > 0 and n ∈ N, we define for each 1 < p < 2, i = 1, 2, . . . , n,

X̃+
i,n =− vn

1
p I(X+

i − µ+ < −vn
1
p ) + (X+

i − µ+)I(−vn
1
p ≤ X+

i − µ+ ≤ vn
1
p )

+ vn
1
p I(X+

i − µ+ > vn
1
p )

and S̃+
n =

n∑
i=1

X̃+
i,n.

Then we follow the proof of Theorem 1.1 in Chen[5] as follows.

Let ϵ > 0 and α > 1 be arbitrarily fixed.

By Lemma 4.3, with suitable chosen 0 < v < 1 and 0 < θ < 1 such that 1− θ

v
= 1,

there is a positive integer n0 = n0(v, ϵ, δ, θ) such that for all n ≥ n0,

P

(∣∣∣∣∣ S̃+
n

n
1
p

∣∣∣∣∣ > ϵ

)
≤ 2M

[
1

(vϵn
1
p )δ

∫
|y|≤vϵn

1
p

|y|1+δF̃+(dy) + vϵn
1
pP
(
|X+

1 − µ+| > vϵn
1
p

)]
,

(4.1)
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where F̃+ denotes the distribution of X+
1 − µ+ and M is a dominating constant

such that M > 0. Then

∞∑
n=1

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)
=

max{⌊logα n0⌋,−⌊ log(α−1)
logα

⌋}∑
n=1

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)

+
∞∑

n=max{⌊logα n0⌋+1,1−⌊ log(α−1)
logα

⌋}

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)

≤ max{⌊logα n0⌋,−⌊ log(α− 1)

logα
⌋}

+
∞∑

n=max{⌊logα n0⌋+1,1−⌊ log(α−1)
logα

⌋}

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)
. (4.2)

From (4.1), for n ≥ max{⌊logα n0⌋+ 1, 1− ⌊ log(α−1)
logα

⌋}

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)

≤ 2M

[
1

(vϵ⌊αn⌋
1
p )δ

∫
|y|≤vϵ⌊αn⌋

1
p

|y|1+δF̃+(dy) + vϵ⌊αn⌋
1
pP
(
|X+

1 − µ+| > vϵ⌊αn⌋
1
p

)]
.

Then
∞∑

n=max{⌊logα n0⌋+1,1−⌊ log(α−1)
logα

⌋}

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)

≤ 2M
∞∑
n=1

1

(vϵ⌊αn⌋
1
p )δ

∫
|y|≤vϵ⌊αn⌋

1
p

|y|1+δF̃+(dy) + 2Mvϵ
∞∑
n=1

⌊αn⌋
1
pP
(
|X+

1 − µ+| > vϵ⌊αn⌋
1
p

)
≤ 2M

[
∞∑
n=1

1

(vϵα
n−1
p )δ

∫
|y|≤vϵ⌊αn⌋

1
p

|y|1+δF̃+(dy)

]
+ 2MvϵΣ2

≤ 2M

(vϵα
−1
p )δ

∞∑
n=1

1(
α

n
p

)δ ∫
|y|≤vϵα

n
p

|y|1+δF̃+(dy) + 2MvϵΣ2

=
2M

(vϵα
−1
p )δ

Σ1 + 2MvϵΣ2, (4.3)

where Σ1 =
∞∑
n=1

1(
α

n
p

)δ ∫
|y|≤vϵα

n
p

|y|1+δF̃+(dy), Σ2 =
∞∑
n=1

⌊αn⌋
1
pP
(
|X+

1 − µ+| > vϵ⌊αn⌋
1
p

)
and we use the fact that αn−1 ≤ ⌊αn⌋ ≤ αn for α > 1.
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By (4.2) and (4.3),

∞∑
n=1

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)
≤ max{⌊logα n0⌋,−⌊ log(α− 1)

logα
⌋}+ 2M

(vϵα
−1
p )δ

Σ1 + 2MvϵΣ2.

(4.4)

Note that

Σ1 =
∞∑
n=1

1(
α

n
p

)δ ∫
|y|≤vϵα

n
p

|y|1+δF̃+(dy)

=

∫ ∞

−∞

 ∞∑
n=max{1,logα

|y|p
(vϵ)p

}

1

α
nδ
p

 |y|1+δF̃+(dy)

≤
∫ ∞

−∞

 ∞∑
n=max{1,⌊logα

|y|p
(vϵ)p

⌋}

1

α
nδ
p

 |y|1+δF̃+(dy)

=

∫ ∞

−∞

1

α
δ
p
max{1,⌊logα

|y|p
(vϵ)p

⌋}
(
1− α− δ

p

) |y|1+δF̃+(dy)

≤ (vϵ)δ

1− α− δ
p

∫ ∞

−∞
|y|F̃+(dy)

= K1E|X+
1 − µ+|

< ∞, (4.5)

where K1 =
(vϵ)δ

1− α− δ
p

> 0 and

Σ2 =
∞∑
n=1

⌊αn⌋
1
pP
(
|X+

1 − µ+| > vϵ⌊αn⌋
1
p

)

≤
∞∑
n=1

⌊αn⌋
1
p

⌊(α− 1)αn−1⌋

⌊(α−1)αn−1⌋∑
i=1

P
(
|X+

1 − µ+| > vϵ
(
⌊αn−1⌋+ i

) 1
p

)

=
∞∑
n=1

⌊αn⌋
1
p

⌊(α− 1)αn−1⌋

⌊(α−1)αn−1⌋∑
i=1

P
(
|X+

1 − µ+|p > (vϵ)p
(
⌊αn−1⌋+ i

))
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≤
∞∑
n=1

⌊αn⌋
⌊(α− 1)αn−1⌋

⌊(α−1)αn−1⌋∑
i=1

P
(
|X+

1 − µ+|p > (vϵ)p
(
⌊αn−1⌋+ i

))
≤ K2

∞∑
n=1

P
(
|X+

1 − µ+|p > (vϵ)pn
)

= K2E

∣∣∣∣X+
1 − µ+

vϵ

∣∣∣∣p
=

K2

(vϵ)p
E|X+

1 − µ+|p

< ∞, (4.6)

for some a constant K2 > 0.

From (4.4) – (4.6), we can show that

∞∑
n=1

P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ

)
< ∞. (4.7)

Hence

P

(∣∣∣∣∣S
+
⌊αn⌋ − ⌊αn⌋µ+

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ i.o.

)

≤ P

(∣∣∣∣∣ S̃
+
⌊αn⌋

⌊αn⌋
1
p

∣∣∣∣∣ > ϵ i.o.

)
+ P

(
S+
⌊αn⌋ − ⌊αn⌋µ+

⌊αn⌋
1
p

̸=
S̃+
⌊αn⌋

⌊αn⌋
1
p

i.o.

)

≤ lim
m→∞

P

(
∞∪

n=m

(
S̃+
⌊αn⌋

⌊αn⌋
1
p

> ϵ

))
+ lim

m→∞
P

 ∞∪
n=m

⌊αn⌋∪
i=1

(
X+

i − µ+ ̸= X̃+
i,⌊αn⌋

)
≤ lim sup

m→∞

∞∑
n=m

P

(
S̃+
⌊αn⌋

⌊αn⌋
1
p

> ϵ

)
+ lim sup

m→∞

∞∑
n=m

⌊αn⌋P
(
Xi − µ+ > v⌊αn⌋

1
p

)
= 0

where in the last step the convergence of the first series is from (4.7) and the

convergence of the second series can be verified in the same way as (4.3).

Then

lim
n→∞

S+
⌊αn⌋ − ⌊αn⌋µ+

⌊αn⌋
1
p

= 0 a.s. (4.8)

For every positive integer n, there is a unique positive integer kn such that
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⌊αkn−1⌋ ≤ n < ⌊αkn⌋. Thus for 1 < p < 2, ⌊αkn−1⌋
1
p ≤ n

1
p < ⌊αkn⌋

1
p . Therefore

S+
n − nµ+

n
1
p

≤
S+
⌊αkn⌋ − ⌊αkn−1⌋µ+

⌊αkn−1⌋
1
p

=
⌊αkn⌋

1
p

⌊αkn−1⌋
1
p

[
S+
⌊αkn⌋ − ⌊αkn⌋µ+

⌊αkn⌋
1
p

]
+

(
⌊αkn⌋ − ⌊αkn−1⌋

)
µ+

⌊αkn−1⌋
1
p

≤ ⌊αkn⌋
1
p

⌊αkn−1⌋
1
p

[
S+
⌊αkn⌋ − ⌊αkn⌋µ+

⌊αkn⌋
1
p

]
+ ⌊αkn⌋1−

1
p

(
⌊αkn⌋
⌊αkn−1⌋

− 1

)
µ+

and

S+
n − nµ+

n
1
p

≥
S+
⌊αkn−1⌋ − ⌊αkn⌋µ+

⌊αkn⌋
1
p

=
⌊αkn−1⌋

1
p

⌊αkn⌋
1
p

[
S+
⌊αkn−1⌋ − ⌊αkn−1⌋µ+

⌊αkn−1⌋
1
p

]
+

(
⌊αkn−1⌋ − ⌊αkn⌋

)
µ+

⌊αkn⌋
1
p

=
⌊αkn−1⌋

1
p

⌊αkn⌋
1
p

[
S+
⌊αkn−1⌋ − ⌊αkn−1⌋µ+

⌊αkn−1⌋
1
p

]
+ ⌊αkn⌋1−

1
p

(
⌊αkn−1⌋
⌊αkn⌋

− 1

)
µ+

It follows from (4.8) that

⌊αkn⌋1−
1
p (1− α)µ+

α
≤ lim inf

n→∞

S+
n − nµ+

n
1
p

≤ lim sup
n→∞

S+
n − nµ+

n
1
p

≤ ⌊αkn⌋1−
1
p (α− 1)µ+

Since α is arbitrary, we have that lim
n→∞

S+
n − nµ+

n
1
p

= 0 a.s.

By the same technique, we can show that lim
n→∞

S−
n − nµ−

n
1
p

= 0 a.s.

Then the proof is completed.



CHAPTER V

STRONG LAW OF LARGE NUMBERS FOR

ARBITRARY PAIRWISE NQD RANDOM VARIABLES

There are some extensions of SLLN considering a sequence of random vari-

ables (Xn)n∈N which is not necessary to assume identically distributed random

variables. For example, Chandra and Goswami[4] proposed the SLLN for pairwise

independent random variables without assuming identical distribution. In this

chapter, we consider the SLLN for non-identically distributed random variables.

Let (Xn)n∈N be a sequence of random variables. We define Sn =
n∑

i=1

Xi,

S+
n =

n∑
i=1

X+
i and S−

n =
n∑

i=1

X−
i .

First, we recall a Kronecker Lemma which is used in this chapter.

Lemma 5.1 (Kronecker Lemma). ([6]) Let (xn)n∈N be a sequence of real numbers

such that
∞∑
n=1

xn converges. Then we have for all 0 ≤ b1 ≤ b2 ≤ b3 ≤ . . . and

bn → ∞ that

lim
n→∞

1

bn

n∑
i=1

bixi = 0.

5.1 Marcinkiewicz-Zygmund SLLN for Pairwise NQD Ran-

dom Variables

In the begin of this section, we obtain the Marcinkiewicz-Zygmund SLLN for

non-negative random variables with EXiXj ≤ EXiEXj for all i ̸= j by using the

technique of Chandra and Goswami[4]. Our result relaxes the identical distribu-

tion and pairwise independence assumption studied in Korchevsky[9] and it also
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generalizes the Kolmogorov SLLN of Chandra and Goswami[4] by considering the

SLLN when bn = n
1
p for any 0 < p < 2.

For proving our main theorem, we first recall a theorem and introduce an

inequality which are used in the proof of our result.

Theorem 5.2. ([3]) Let (bn)n∈N be a sequence of positive constants with bn ↑ ∞.

Let (Xn)n∈N be a sequence of non-negative random variables with finite V ar(Xn).

Assume that

(i) sup
n∈N

1

bn

n∑
i=1

EXi < ∞,

(ii) there is a double sequence (ρij) of non-negative real numbers such that

V ar(Sn) ≤
∞∑
i=1

∞∑
j=1

ρij,

(iii)
∞∑
i=1

∞∑
j=1

ρij
(max(bi, bj))2

< ∞.

Then Sn − ESn

bn
−→ 0 a.s.

Lemma 5.3. Let (an)n∈N be a sequence of positive real numbers. For each j ∈ N

and p > 0,
∞∑
k=j

ak

k
2
p

≤ 2

j
1
p

sup
m∈N

1

m
1
p

m∑
k=1

ak.

Proof. For each n ∈ N, let An =
n∑

k=1

ak and S = sup
m∈N

1

m
1
p

m∑
k=1

ak.

By Abel’s summation formula([1]), for any positive sequence (bk)k∈N such that
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bk ≥ bk+1 for all k ∈ N
n∑

k=j

akbk = bn+1An +
n∑

k=j

Ak(bk − bk+1)

≤ n
1
p bn+1S +

n∑
k=j

k
1
pS(bk − bk+1)

= n
1
p bn+1S +

[
j

1
p (bj − bj+1) + (j + 1)

1
p (bj+1 − bj+2) + · · ·

+ (n− 1)
1
p (bn−1 − bn) + n

1
p (bn − bn+1)

]
S

=
[
j

1
p bj + ((j + 1)

1
p − j

1
p )bj+1 + ((j + 2)

1
p − (j + 1)

1
p )bj+2

+ · · ·+ (n
1
p − (n− 1)

1
p )bn

]
S.

Choose bk =
1

k
2
p

for all k ∈ N. Then

n∑
k=j

ak

k
2
p

≤

[
1

j
1
p

+
(j + 1)

1
p − j

1
p

(j + 1)
2
p

+ · · ·+ n
1
p − (n− 1)

1
p

n
2
p

]
S

≤ 1

j
1
p

S +

[
(j + 1)

1
p − j

1
p

j
1
p (j + 1)

1
p

+ · · ·+ n
1
p − (n− 1)

1
p

(n− 1)
1
pn

1
p

]
S

=
1

j
1
p

S +

[(
1

j
1
p

− 1

(j + 1)
1
p

)
+ · · ·+

(
1

(n− 1)
1
p

− 1

n
1
p

)]
S

=

(
2

j
1
p

− 1

n
1
p

)
S

≤ 2

j
1
p

S.

Theorem 5.4. Let (Xn)n∈N be a sequence of non-negative random variables sat-

isfying EXiXj ≤ EXiEXj for all i ̸= j. For 0 < p < 2, if

(i) sup
n∈N

1

n
1
p

n∑
i=1

EXi < ∞,

(ii)
∞∑
n=1

1

n
1
p

EXnI(Xn > nα) < ∞ for some α ∈
(
0,min

(
1

2
,
1

p
− 1

2

))
.

Then Sn − ESn

n
1
p

−→ 0 a.s.
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Proof. The argument proceeds essentially along the same steps as in the proof of

Theorem 2.1(b) in Chandra and Goswami[4].

For each i ∈ N, define Yi = XiI(Xi ≤ i
1
p ) and Tn =

n∑
i=1

Yi. Then

Sn − ESn

n
1
p

=
Tn − ETn

n
1
p

+
ETn − ESn

n
1
p

+
1

n
1
p

n∑
i=1

XiI(Xi > i
1
p ). (5.1)

To prove the main result, we will show that each of three terms on the right side

of (5.1) converges to zero almost surely.

The convergence of the second term follows immediately from the assumption (ii)

and the Kronecker Lemma(Lemma 5.1), that is

1

n
1
p

(ETn − ESn) = − 1

n
1
p

n∑
i=1

EXiI(Xi > i
1
p ) −→ 0 as n → ∞. (5.2)

To prove the convergence of the third term, we notice that
∞∑
n=1

P (Xn ̸= Yn) =
∞∑
n=1

P (Xn > n
1
p )

≤
∞∑
n=1

1

n
1
p

EXnI(Xn > n
1
p )

≤
∞∑
n=1

1

n
1
p

EXnI(Xn > nα)

< ∞.

This implies that (Xn)n∈N and (Yn)n∈N are tail equivalent.

Hence
∞∑
n=1

XnI(Xn > n
1
p ) converges almost surely.

By Kronecker Lemma(Lemma 5.1), 1

n
1
p

n∑
i=1

i
1
pXiI(Xi > i

1
p ) −→ 0 a.s. This implies

1

n
1
p

n∑
i=1

XiI(Xi > i
1
p ) −→ 0 a.s. (5.3)

The last step in proving this theorem is to show that
1

n
1
p

(Tn − ETn) −→ 0 a.s.
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To this end, we will show that (Yn)n∈N satisfies the three conditions of Theorem

5.2 stated below :

(a) sup
n∈N

1

n
1
p

n∑
i=1

EYi < ∞,

(b) V ar(Tn) ≤
∞∑
i=1

∞∑
j=1

ρij,

(c)
∞∑
i=1

∞∑
j=1

ρij

(max(i
1
p , j

1
p ))2

< ∞,

where ρij = [Cov(Yi, Yj)]
+.

First, we see that (a) and (b) are clearly proved as the followings.

sup
n∈N

1

n
1
p

n∑
i=1

EYi = sup
n∈N

1

n
1
p

n∑
i=1

EXiI(Xi ≤ i
1
p ) ≤ sup

n∈N

1

n
1
p

n∑
i=1

EXi < ∞

and

V ar(Tn) =
n∑

i=1

n∑
j=1

Cov(Yi, Yj) ≤
n∑

i=1

n∑
j=1

[Cov(Yi, Yj)]
+.

Then it remains to prove (c).

Note that
∞∑
i=1

∞∑
j=1

ρij

(max(i
1
p , j

1
p ))2

=
∞∑
i=1

ρii

i
2
p

+ 2
∞∑
i=2

i−1∑
j=1

ρij

i
2
p

. (5.4)

To prove that the first term on the right of (5.4) converges, we notice that
∞∑
i=1

ρii

i
2
p

≤
∞∑
i=1

1

i
2
p

EY 2
i

=
∞∑
i=1

1

i
2
p

EX2
i I(Xi ≤ iα) +

∞∑
i=1

1

i
2
p

EX2
i I(i

α < Xi ≤ i
1
p )

≤
∞∑
i=1

1

i2(
1
p
−α)

P (Xi ≤ iα) +
∞∑
i=1

1

i
1
p

EXiI(i
α < Xi ≤ i

1
p )

≤
∞∑
i=1

1

i2(
1
p
−α)

+
∞∑
i=1

1

i
1
p

EXiI(Xi > iα)

< ∞. (5.5)
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For the second term on the right of (5.4), since Xn’s are non-negative with

EXiXj ≤ EXiEXj for all i ̸= j, we can show that

ρij = [Cov(Yi, Yj)]
+

= [E(YiYj)− EYiEYj]
+

≤ [E(XiXj)− EYiEYj]
+

≤ [EXiEXj − EYiEYj]
+

= EXiEXj − EYiEYj

= (EXi − EYi)EXj + EYi(EXj − EYj)

= EXjEXiI(Xi > i
1
p ) + EYiEXjI(Xj > j

1
p )

≤ EXjEXiI(Xi > i
1
p ) + EXiEXjI(Xj > j

1
p ).

Thus,

∞∑
i=2

i−1∑
j=1

ρij

i
2
p

≤
∞∑
i=2

i−1∑
j=1

1

i
2
p

EXjEXiI(Xi > i
1
p ) +

∞∑
i=2

i−1∑
j=1

1

i
2
p

EXiEXjI(Xj > j
1
p ).

(5.6)

Finally it remains to show the convergence of the two terms on the right of (5.6)

which will be proved as follows.

The first series follows
∞∑
i=2

i−1∑
j=1

1

i
2
p

EXjEXiI(Xi > i
1
p ) ≤

∞∑
i=1

(
1

i
1
p

i∑
j=1

EXj

)
1

i
1
p

EXiI(Xi > i
1
p )

≤

(
sup
n∈N

1

n
1
p

n∑
j=1

EXj

)
∞∑
i=1

1

i
1
p

EXiI(Xi > i
1
p )

≤

(
sup
n∈N

1

n
1
p

n∑
j=1

EXj

)
∞∑
i=1

1

i
1
p

EXiI(Xi > iα)

< ∞. (by the assumptions (i) and (ii))

(5.7)
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For the second series, we apply Lemma 5.3 as follows.

∞∑
i=2

i−1∑
j=1

1

i
2
p

EXiEXjI(Xj > j
1
p ) =

∞∑
j=1

EXjI(Xj > j
1
p )

∞∑
i=j+1

1

i
2
p

EXi

≤
∞∑
j=1

EXjI(Xj > j
1
p )

2

j
1
p

sup
n∈N

1

n
1
p

n∑
i=1

EXi

≤ 2(sup
n∈N

1

n
1
p

n∑
i=1

EXi)
∞∑
j=1

1

j
1
p

EXjI(Xj > jα)

< ∞. (by the assumptions (i) and (ii))

(5.8)

By (5.6) – (5.8), we have

∞∑
i=2

i−1∑
j=1

ρij

i
2
p

< ∞. (5.9)

Combining (5.4), (5.5) and (5.9),
∞∑
i=1

∞∑
j=1

ρij

(max(i
1
p , j

1
p ))2

< ∞.

By Theorem 5.2,

1

n
1
p

(Tn − ETn) −→ 0 a.s. (5.10)

It follows from (5.1) – (5.3) and (5.10) that Sn − ESn

n
1
p

−→ 0 a.s.

From Theorem 5.4, we can replace the condition of random variables from

non-negative random variables with EXiXj ≤ EXiEXj to pairwise NQD random

variables. Then we obtain the following corollary.

Corollary 5.5. Let (Xn)n∈N be a sequence of pairwise NQD random variables.

For 0 < p < 2, if

(i) sup
n∈N

1

n
1
p

n∑
i=1

E|Xi| < ∞,

(ii)
∞∑
n=1

1

n
1
p

E|Xn|I(|Xn| > nα) < ∞ for some α ∈
(
0,min

(
1

2
,
1

p
− 1

2

))
,

then Sn − ESn

n
1
p

−→ 0 a.s.
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Proof. By Remark 3.7, (X+
n )n∈N and (X−

n )n∈N are sequences of pairwise NQD.

By Proposition 3.6(i), EX+
i X

+
j ≤ EX+

i EX+
j and EX−

i X
−
j ≤ EX−

i EX−
j . By

conditions (i) and (ii) and the fact that E|Xi| = EX+
i + EX−

i , we can see that

sup
n∈N

1

n
1
p

n∑
i=1

EX±
i < ∞ and

∞∑
n=1

1

n
1
p

EX±
n I(X

±
n > nα) < ∞

Therefore the sequences (X+
n )n∈N and (X−

n )n∈N satisfy the conditions of Theorem

5.4. Hence the almost surely convergence holds for S+
n and S−

n and therefore for

Sn. The theorem is then proved.

Remark 5.6. If we replace the assumption (ii) of Theorem 5.4 by the weaker

assumption

(ii′)
1

n
1
p

n∑
i=1

EXiI(Xi > iα) −→ 0 as n → ∞ for some α ∈
(
0,min

(
1

2
,
1

p
− 1

2

))
,

then the asymtotic result reduces to convergence in probability, i.e. Sn − ESn

n
1
p

−→ 0

in probability which is called Marcinkiewicz-Zygmund WLLN. The proof follows

Chandra and Goswami[4] directly.

5.2 Generalization of Order

In this section, we consider the rate of convergence for the SLLN when (Xn)n∈N

is a sequence of pairwise NQD random variables.

We first introduce these following lemmas which are used in the proof of our

main result of this section.

Lemma 5.7. Let (an)n∈N be a sequence of real numbers such that for any r ≥ 0,

inf
i∈{1,2,...,n}

ai ≥ −nr and
∞∑
n=1

(a1 + a2 + · · ·+ an)
2

nδ
< ∞ for some δ ∈ (0,∞). Then

n∑
i=1

ai
n

= o(n
4r+δ−3

4 ).

Proof. To prove this lemma, we can follow the proof of Lemma 11 in Sancetta[14].

Since
∞∑
n=1

(a1 + a2 + · · ·+ an)
2

nδ
< ∞ and the Kronecker Lemma(Lemma 5.1), we
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have that 1

nδ

n∑
i=1

(a1 + a2 + · · ·+ ai)
2 −→ 0 as n → ∞. By Hölder’s inequal-

ity(Remark 2.14), for each xi ∈ R, 1√
n

n∑
i=1

xi ≤

(
n∑

i=1

x2
i

) 1
2

. Then

1

n
δ+1
2

n∑
i=1

(a1 + a2 + · · ·+ ai) =
1

n
δ
2

(
1√
n

n∑
i=1

(a1 + a2 + · · ·+ ai)

)

≤ 1

n
δ
2

(
n∑

i=1

(a1 + a2 + · · ·+ ai)
2

) 1
2

=

(
1

nδ

n∑
i=1

(a1 + a2 + · · ·+ ai)
2

) 1
2

−→ 0 as n → ∞. (5.11)

Define tn =
n∑

i=1

ai and wn =
n∑

i=1

ti.

For k ∈ N,
n+k∑

i=n+1

(ti − tn) =
n+k∑

i=n+1

(an+1 + · · ·+ ai)

≥ (−(n+ k)r) + (−2(n+ k)r) + (−3(n+ k)r) + · · ·+ (−k(n+ k)r)

=
−(n+ k)rk(k + 1)

2

≥ −k2(n+ k)r

and
n∑

i=n−k+1

(tn − ti) =
n−1∑

i=n−k+1

(ai+1 + · · ·+ an)

≥ (−(n+ k)r) + (−2(n+ k)r) + · · ·+ (−(k − 1)(n+ k)r)

=
−(n+ k)rk(k − 1)

2

≥ −k2(n+ k)r.

Therefore

wn+k − wn =
n+k∑

i=n+1

ti − ktn + ktn =
n+k∑

i=n+1

(ti − tn) + ktn ≥ −k2(n+ k)r + ktn
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and

wn − wn−k =
n∑

i=n−k+1

ti − ktn + ktn =
n∑

i=n−k+1

(ti − tn) + ktn ≤ k2(n+ k)r + ktn.

Then

wn − wn−k

nk
− k

n
(n+ k)r ≤ tn

n
≤ wn+k − wn

nk
+

k

n
(n+ k)r.

Define

σn := max
1≤i≤2n

|wi| and kn := k = 1 + ⌊√σn⌋

where ⌊σn⌋ is the integer part of σn.

From (5.11), we have that for i = 1, . . . , 2n, wi =
i∑

k=1

(a1 + · · · + ak) = o(n
δ+1
2 ).

Then σn = o(n
δ+1
2 ), kn = o(n

δ+1
4 ) and σn

k2
n

= O(1).

Thus

|tn|
n

≤ 2σn

nkn
+

kn(n+ kn)
r

n

=

(
2σn

k2
n(n+ k)r

+ 1

)
kn(n+ k)r

n

= O

(
kn
n1−r

)
= o(n

4r+δ−3
4 ).

Hence
n∑

i=1

ai
n

= o(n
4r+δ−3

4 ).

Lemma 5.8. Let (Xn)n∈N be a sequence of random variables. Assume that
∞∑
n=1

V ar(X1 + · · ·+Xn)

nδ
< ∞ for some δ ∈ (0,∞) and inf

i∈N
(Xi − EXi) > −∞.

Then for any r ≥ 0,

Sn − ESn

n
= o(n

4r+δ−3
4 ) a.s.

Proof. We prove by following Lemma 9 in Sancetta[14] and use the result from

Lemma 5.7.

Theorem 5.9. Let (Xn)n∈N be a sequence of pairwise NQD random variables. If
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sup
i∈N

E|Xi| < ∞

and
∞∑
n=1

V ar(X1 + · · ·+Xn)

nδ
< ∞ for some δ ∈ (0,∞).

Then for any r ≥ 0,

Sn − ESn

n
= o(n

4r+δ−3
4 ) a.s.

Proof. Note that Xj = X+
j −X−

j and |Xj| = X+
j +X−

j .

Also, we see that

V ar|Sn| = V ar(S+
n ) + V ar(S−

n ) + 2Cov(S+
n , S

−
n ) (5.12)

V ar(Sn) = V ar(S+
n ) + V ar(S−

n )− 2Cov(S+
n , S

−
n ). (5.13)

By (5.12), (5.13) and the fact that V ar|Sn| ≤ V ar(Sn), we have

V ar|Sn| − V ar(Sn) = 4Cov(S+
n , S

−
n ) ≤ 0.

This implies that Cov(S+
n , S

−
n ) ≤ 0 and V ar(S+

n ) + V ar(S−
n ) ≤ V ar(Sn).

Therefore
∞∑
n=1

V ar(X±
1 + · · ·+X±

n )

nδ
< ∞.

Following the proof of Theorem 2 in Sancetta[14] and applying Lemma 5.8, we get

Sn − ESn

n
=

1

n

(
n∑

i=1

(X+
i − EX+

i )−
n∑

i=1

(X−
i − EX−

i )

)
= o(n

4r+δ−3
4 ) a.s.
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