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NUMBIR OF MAGIC S(UARES OF i GIVFN ODD QRDiIR

3.7 There is an unsclved problem about magic squares.
Thet is te¢ find the number of magic souaress of any order.
It is clear that there is no magic square of order 2.
For the ¢dd order it is knovn that thers is otlly one
maglc square of order 3, although rotations and roflections
give eight different aspects of this square. The number
ol higher order squares has never been determined, although
the number of fifth order magic squaree is known to excocd
three-quarters of a million1¢
e shall not go through this problem but only determine
how many magic squares can be construcied b¥ the method
discussing in chapter II.
For order 3 we have two integers 1, 2 vhich are
relatively prime to 3. %Ye therefore can choose a value
for a, b, u sf from these two integers. ‘e have two choices
in choosing a, b;& , but for /A we heve only one choice
since the value of Bp=be must bz different from zzro module 3.
Therefore we have altogether 8 sets of values fop 2y byed and A .

S0 we can construct 8 magic squares of Eth order. For each

1Gollier*s Encyclopedia vol. 13, (lfey York:
C.F. Collier‘s & Son Corporation, 1959), ».5.
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set of values for a, by« ; 4, we can find fhe starting cell
from case I of 2.15, from which we have the following values.
a 2, 2, 2, 2, 1, 1, 1, 1
b 2, 2, 1, 7
o 1, 2, . 2, 1
2o, 01, 2, 2, 2, 1, 1, 12
2, 2

&, 2, 1, A s By 25 5

o

D, 3, 2, 2, 1, 1, 2, 3, 2
The eight magic squarcs constructed by these scts of

values for a, b, ;3 are as Tollows:

s{a]a] [s]s]a]le]n 9[ BN
715 1lslolpalslejt7]s] s
:.-_:-z ol «| 6] 7] 2} {a]3] «] K 5|
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Figure 3.1 The B magic squares of order 3.

e therefore can construct:all of the eight magic

squares of corder % by our method.



3.2 How consider the number of magic squares of athor
odd orders n constructed by our method. In doing this ugo
have first to deteraine the number of integers less than
n which are relatively orime to n. Then we find the numbow
of sets of values for a, b, «, g thet 'wé can choose frow Ghe
integers relatively prime $o n in such a2 way that a, b, s B
satisfy one of the cases of 2.15.

The number of integers loss thann and relatively .-
prime fo n is given by Fulex'’s totient functione,

P=gn) = ol (4o,

Fln P

where the notaticn indicates a product over &ll the distinct
primes woich divide n and aa empty product is 1.

In finding the number of sets of velues for a, b,
ot » 3 Wwhich satisfy case I of 2.15 we may choose &, b, «
at will from P intepers wihich are relatively prime to n.
For each such choice we have to choose B in sueh a manner
that 3 and ag-bd are relatively prime to n. Our problem
is now to find the number of choices for 8.

Urite ap--bed = k {mod n). Since a, b, and « zre
relatively prime to n we are to find the number of A'g
which are also relatively priwe to n as kX runs through a

get of values relatively prime to n. 4s b and o« are

C—

EHiven? Ivan. Zuckerman; Herbert S. Ain_Introduction

—— g

Lo the Theory of Numbers. (F¥ew York: Johu Wiley & Sons, Inec.,

1962); p.35,
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relatively prime to n; b« is also relatively prime to n.
If p is relatively prime to n so is af. Thus we may write
ap =z X (mod n) and bz 3 (mod n) where x and % are
relatively prime to n. Since b and v can be chosen at will

from the integers less then n and relatively prime to N,

n=1 = -1 (med n)} without losgs of

e Mmay CcLo0se baz &

H

generality. Hencs our problem of finding the number of
choices fer 3 is eguivalent %o that of finding the number
& of integers x such that 1 ¢ x £ n and (x,n) ={x+1,n} = 1,
The solution of this problem is knowm %o beaz

3 =n YT (4= %}
el .

Ye can obtain this result in a way similar to that
for obtaining Luler‘s totient functicn by means of the
principle of cross classifiﬁation4 as followa:

Consider the complete set of intemews 1, 2, ...woqite
If o is any prime divisor of n, the number of intezers
less than n vhich are multiples of P4 is Eﬁu In finding

the number of integers which are relatively nrime to n

ve therefore eliminate first a)l the % pmultiples of Pqe
4

*Ivid p. 37.

“Le Yeque, William Judson. Topic in Number Theory vol. I,

(lHassechusetts: Addison-wesley Publishing Company Inc.,

1958}. pp.84-£5,



28

Wow when 1 (or in general %} is added to each intoror in
the gset 1, 2, ..--.5n Ve Zot agein a comoplete =&t of incongruent

. . . 2} g
integers wodule n from which again thare ars 5 mlEinies

4
of p, to be elimineted. To» the prime p, we have utherefers

to eliminate %ﬂ integers from the complsts sat of labagavs
1
1, 2, ceaya  The angument s the same as thev for obbzining

Euler’s totient function but wWe have wo wepeas nueh sheo
twice. Our result is thewefors as follows:

ngn=§;' -"?_}'E -}-E 'II:'I}'—' *E"""BR - Frasssceran

- By 'D»-gp? ' Pz!PEJL 3
which may be written in ths form
o, I7 2
&= n Pi'ﬂ 1 = )o

Wotice tbak for one restriction ong 4, Thas in A ia

relatively prime to n, we have n (1 1} choices fow

choosing 5. For two reSTTLthDnﬁ on 4, that is 3 and

ap - ba zre relatively pwime o n, we hawe IE {% - “j

choices For choesings . Continuing the same process as
Ti .

above we Find njgé (7 - )) choices for A with three restrictions
L]

_;1 (1 = %) choiees for feur restrictions.
il therefore have i = 1t {1 -
: P.‘n

such thet A and ap- be aire relatively prime to n.

gnd n

g) choices in chocsing;ﬂ
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Wow we have P ways of choosing each of the nuzbers
da,b and & and G vays of choosimgﬁj By the priocivnie of
permutations and combination55 we therafore get Pﬁﬂ suts
of values for a,b, s psuch that (a,n) = (b,n) = («,n) = (&,n)
= (gg-ba,n} = 1,

That is there are PBQ sets of valuves for a,bw,s thak

gatisfy case I of 2.15,

2.3 In finding the number of sets of values for Sy Dyt 3
which satisfy case II of 2.15 we may choose b,ee at will

from P intemgers less than n and ralatively prime to i%.

Then 2 must be chosen so cha® g, o + 4 and < =;3af-:a relatively
prime %o n. Here again we can determine the number of
choices for 4 by using the principle of cross classification
as in 3.2 and we have here R = nzii (1 - %J choices for/3.

Finally & wmust be chosen so that a and %aan*are relativeny

prime %o n. Thia number of choices for a is O as in afa

il

b

Therefore we have P choices for b and ¢ ; 7} choices for e
and R choices forg. Hence we got PEQR sets of values for
gy, by, , A that satisfy case II of 2.15,
Similarly for case ITX we also have EEQR sets of values

for a, b, « and g3 .

(London: Macmillan and Co., Limited, 1950} 1.115



.4 For case IV of 2.15 we have to find the number of setbs
of wvalues for a, b; 4 , (2 Such that a, b, D s apg-ba, 2t b
and «* 3 are relﬁtively prime to m.

We may choose a, & at will from P integers less than
n and relatively prime to it. BSo we have P choices for
choosing a and o« . The b must be chosen so that b, z:h eng
a-b are relatively prime to n. This is the same as in 3.3
we have K choices for b, ¥inally B must be chosen so that
foi 4 +fy 4 f5 and aﬁwbaéshall o¢ relatively prime to a.
Here again we can approach our problem for findiag the
nunber of cholices for A in e way similar to that in 3.2.

By further applying the prineiple of cross classification
L
pin
be denoted by 5. Tor case IV, we therefore have ¥ choices

we get n (1 _'ga choices for thisp . Let this avwbor

for a anda, R choices for b and § cheices for A, Ponce

the nuober of sets of values for a. b, ; A AN case 1V isg PQRS.
5:5 e shall now find the number of magic squares of any
odd order n which can be constructzd by our nethod.

Since we have PERS sets of values for a, b, >, £ in
case IV, and since for each set of values fer a, bgsfafg
in this case we can construct nE magic squares, we can

2

therefore construct n“P°35 maogie squares in case IV.
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Consider the total nuaber of sets of values for a,
b, yp din case II and case TIL. YYe can see that the scis
of values for a; b, x, g in these two casss include the sets
of values for a, b,« ;5 1o case I¥. Therefore the tetal
numder of sets of values for a, b, w , g in cases IT and IIT
is 2PPQR - P2RS or POR(23-8),

Nowr since the sets of values for a; b, «,s in cases
TI and III alse occur in casg I, the number of sets of
values for a, b, ; 4 that satisfy cases I but not cases Il
and IIX is PEQ — PER(EﬁrS)u rflence the number of magic sguarTes
obtainable by case T is P3Q . PER(EQ~5).

Again, the sets of values for &, b,~ , g in cass IV
algo occur in cases IT and 1II. Therefcre the aumbar of
sets of values for a, b,« ., 8 Gthat satisfy cases 1T and IIT

g3 or EFEH(Q-S). The number

but not case IV is P2R(EQ~E) =P
of magic squares obtainable by casés 11 and III but vot

case 1V is therefore EnPEH(Qms)U

3.6 The total number of mazic sguares is of coursa ths
sum of the numbers of magic squares obtaimed by cases J,
II, IXT and IV. Let N denote the total number of magic
squaraes obtainable by our method.

Then N = POL - PRR(27-8) + 2nP R(3-5) + n2U RS
PEEPQ + (n-1R f2e¢(n-1)s)]
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The formula, therefore, for the number ¢f magic sguarad

of any odd order n cbtainsble by our method is

o PE[P-:g + (o=DR {3 + (n-1)5}]

IT 1

Hy! P = 1 - -
vhere npin { B
“ IT - B

C=npm =3
Ranit (4.2

Bym (- )

_ IT (4. &

S =1 pln X P)

and the notation indlcates & product over all ths distinct
primes which divids n.

Motice that for an odd n containing the factor 3,
the number R will be zero. Therefore our formula in this
special case will be reducad %o

¥ = P33,

This points out the fact which we noted before in 2.45,
that the conditioms in cases II, IIT. IV can never be
fulfilled when n is 3 or when n contains the factor 3.

For such an odd magic asquares can be obtained only {rom

case 1.
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