CHAPTER 1V

TREATMENT OF SINGULARITIES

In order to avojd the problem of singularities of the
integrals which contain the terms In{r) , 1/r and 1/r° , twoe methods
for the calculation of the integrals are introduced in this chapter
for the cases of the plate with smooth boundary and that with the

corners,

Trestment of Singularities by Equilibrium Egquations on the Boundary

In considering 8 semi-circular plate , it may be more

*
convenient to use polar co-ordinates. The deflection (W) of the middle
surface of the plete subjected to unit lcad (P) it related to stress

resultants , bending and twisting moments and shesrs force per unit

length of the section , as follows i

Moo= -of W+ vl aW + 1325}} (43)
Larz :T;: :3382 J
¥ 4
M, = Doie 9N el g (44)
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Qr = =D 3T W (45)

ar

Viomaogek 3 (46)

r 98
* * £ Y
W = W + 1 9W + 1 3°W (47)
- r or r’ae’

£
From the fundamental solution W = { r 1n(r/Z) /87D , the
expressions of bending moment , twisting moment , sheer force and

concentrated force can be determined by equation (43) through (47) as

follows 1t
%
Mr = - [ 32+ In(p/Z) 1/8% (48)
£
M. = © (49)
¥
Qr = =1/20r (50)
+
N ® =18 (51)
¥
R =24 = .0 (52)

ra

Consider the equilibrium of a8 semi-circuler plate of radius €
in which a unit load is applied at the center of the circle (0,0) as

shown in FIG.7



28

FIG.7 Equilibrium of a Semi-Circular Plate with Unit Load

The total vertical shear along the straight edge can be ' found

from the condition of zero vertical force [ ze =0 ]as

£ an/z

+ 3 k3
f U odb v /2 4 f v ’ edn s R I ¥FE l B 0
-£ w2 r =€ bt =€ t = -€

n=0 n=0

€ 3n/2

¥
f‘!n dt = =P I 1/2% d8 = Q (53)

=& w/2
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The total normal bending moment along the same edge can be

obtained by considering the moment equilibrium along t-axis [:EM = 01

as !
an/2a ; 3an/2
& 3 ¥ 2
I Mn dt-  + f Mr Ecos(8)d8 - I Vr ! € cos{8) dB6 = Q
-€ NA2 . 0 SHE /2 r=¢E
3 ®
I M_dt = 2eM_ - 26°V_
-£
3
I M“ dt = E L[ 1-v-201+P)In(ELZ) I/4T (54)
-€

Similarly , for the case of a unit couple applied at center of

. 3 . (1]
the circle (0,0) , _the expression/ cf the . deflection [W2 and the
h 5 7]
carresponding stress “resultante c3an ke abtained by  substitute (W]

into the equation (42) through (45) as followst

3] ¥

W = @W/an = - r cos(@2In{r/Z)+13/87d ({55)
3]

Mr = (1+p)cos(8)/47r (56)
13}

Mrn = (1-v)sin(B8)/4Mr (57)
34 ] 2

Qr = ~-cos(8)/2%r (58)
3] 2

\Y = ~(3-Veoos(B)/4r . (52)
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R",'? -_2b:1’ra =-(1-Y)
27e

FIG.8 Equilibrium of a Semi-Circular Plate with Unit Couple

In the same manner as before , the totsl verticsl shear forces

along the straight edge can be found from the condition of zero

vertical shear force ( :EFZ = =0 ]
€ 3n/2
] 7] ] 1]
I Vn dt + I Vr I € d8 + R | + R l = 0
-€ /2 r =€ bt =€ b = -£

¥
IV“ dt + (3-v)/2%€ - (1-9)/27E - (1-9)/2TWE = .4

=t
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1]
f Vige. ®=a-Li49)/2RE (60)

¥
Considering the moment equilibrium C :Ed“ =01

3n/2 an/2
B o y 2
I Mn gt f Mr Ecos(8)d8 - f L € cos(8) dB8 - {/2 = Q
=g /2 r =€ /2 r =€
€ 3n/2 ansz
I M“ dt. + (149, fcos (g)da + (3-w) Icos (8)dg - 172 = 0
-E 4n /2 an n/2
€
]
f Mndb + (1+v)/8 + (3=-9)/8 - /2 1)
=
€
o .
Mndt = 0 (61)
S

From equation (53) , (54) , (60) and (G1) y by substituting
€ = (A-B)/2 on X -axis and .= ECA-B) /2 on X -axis ,
whare & = upper intesgral limit
B = lower integral 1limit
L = dimensicn ratic (h/a)

One can evaluate singularity terms in skew co-ordinate as follaws



g

o

(A-B)T 1-v-2(1+¥) In((A-B)/2Z) 1/87

L(A-B)L t-v-2(1+v) In(L(A-B)/2Z) 1/8T

B Gy B
=
Q.
=<
]
o

-(1+9)/CA-BIT

-{1+9)/(A-B)TL

3

(62)

(63)

(64)

(65)

(87}



Singularities at Corner

Consider the unit force acting on the corner of the plate and
investigate the equilibriwm condition of the free-body of the circular

sector element of the plate corner as shown in FIG.9 .

FI1G.9 Equilibrium of a Circular Sector with Unit Load

From equation (49) , (52) and the relation of

1}
o

¥ 2 f *
Vn = =D 3O W + aMr.

r 98 or

i
It cen he concluded that the corner reachion [R] and Kircheff's
' £
shear force are always zero. Thus IV“dt = 0 the normal bending
moment. slong the corner edges can he oktained by considering the

moment equilibrium about t-axis and n-axis as follows 3



34

[ t-axis ZM =0 1

£ € n+a/2 T+a/2
¥ ¥ ¥ ¥ 2
j‘Mnlsin(qj/z)dtl + Iansin(;ﬁ/z)dt2 + IMrEcos(B)dB = IVPE cos(8)d8 = O

0 0 n-@/2 n-g/2

€ €

3 )
IMnlsin(¢/2)dt‘ + Iansin(¢/2)dtn = Esin(@/2)[1-v-2(1+v) In(€/2) 1/47

0 0

3 ¥
IMMdtl * IMnndtl = EC1-v-2(1+M)In(E/Z) 1/4T (682
0 0

[ n-exis EM =0 3

£ € N+g/2 T+d/2

£ t # 3
anlcos(ﬁlg)dt‘ - jﬁnncos(¢la)dtz = IMrEsin(ﬁ)dG + IVrEasin(¢)d8 RS

0 T-a/2 T-g/2

= €

Y = (69)

IM dt .= Iandta = 0 €S
& Q
= =
¥ ¥

M_db + Iandtz = Ef1-9-2C1+) In(E/Z)I/8T , (70)
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Treatment of Singularities by Analysis on Smooth Boundary

FIG.10 Transforming Co-Crdinates on Smooth Boundary Elements

define 3
A,B = upper and laower intesral limit

f(X) = integration function

€ = (A-B)/2

The fellowing intesrsls can be expressed as ¢

B
I f(X)dX = I feXIdx . =+ 2 I f(X)dX (71)
=g 0
A 1
I £(X)dX = 2E f f(Er)dr (72)
B 0

where X = €&p

IAAOILAO2=
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Example A)
Let F(X) = In(X)
A 1
I In(X)dX = 2E f In(Er)dr
B 0

zecrlntr)-r+r1n(e>1‘°

2€C1In(€E)-1] $ &= <A-B)/2

Treatment. of Sinsularities by Analysis st Corner

path,
CORNER
O NODE
h £  X= A

X
°ow

p— 4? —e{ r=1

FIG.11 Transforming Co-Ordinate at Corner Elements

The same technique as mentioned before can be used by

subhstituting " € = A-B " in equation (71)
A £
I fF(X)dX = f £ dX ’ S de)
B N
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A !
f F(XOAX = € f FCEr)dr (74
B 0
where (X = Er)
Example B)
Lek 3. - PORLC R 1y
In(X)dX =€ I Vel e
B 0

E[rln(r)—r+rln(€)]’o

el Inte)=11] $ SR ERA=H)
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