INTEGRATION

This chupter reviews known results in integration
‘theory, The new results concern the integration of quaternion

functions and integration with respect to «uaternion measures,

4.1 Definition Let [a,b] be an interval in R . A finite set

of points P ={xoﬂxL”"’xn} is called a subdivision of ta,bl
ifa‘=x0<x1‘<.,.<x~n=b. Let :
?fa,b}:{?[ P is a subdivision of ra,b]} .

"Pu = max{xl+1-x1-/l = O,l,...,n—l}.

Let‘/q be a #-algebra in X. Let F:E—3R be a
measurable bounded function and IieTn. Then there exisf a’
and b such that

a ¢ f{x) ¢ b’
‘VxeE. Let m be a positive neasure on M and_m (E) < e .

For a subdivision P ={y SHILE A0 Y of [a’,l;], let
ML ool n

L(P, &) (= fgwy et ey 00T
ik & _
UCP,E) = Ty, M Iy Wy, )
I(e) = inffu(p,f)/ Pe Pra,v1}
L(E) = sup{L(r,€)/ peP[d,v]}).

T -1 B
Note that f ryi_’yi+1)nf [yj,y.+l) = ¢ if i # j and

: ]
{{ g i n-1 it
E = Lgof [yi’yi+1)' Hence m(E) = E/A(f (y.L’yi+1))’ so

.



(o

DES U(R,f)-L(P,E)sMEﬂu(E).

4,2 Theorem Let P ={y0,yl,...,yn} be a subdivision Of [a,b]
If we add a new point, y, in P, then we have

L(P,f) ¢ L(PU{FLE), U(PU{F}E) < U(P,E).

Proof[5l5uppose that
g 2
ek V<Y< Y1
for some k. Then the half-open interval [yk’yk+1) is replaced
by the two half-open intervals

Y ) S W

. The set f—ﬁyk,yk*l) is divided 1into two sets

2 R s = AR

It is obvious that

B PIORATED <. SRV ok A

and

DNy, ) = 8

" 80 that

(any o mpe™ G KT L PR R Y L I

It is now clear that L(PLH?LE) is obtained from L(P,f) by
replacing the term

VM Ty, )

by the two terms
T METF TN ATy ),
together with (#*) and (**), it follows that
L(P,f) £ L(PU{y} ).

The reasoning is analogous for U(Pu{jkf)s U(P, ). #



1.3 Corollary For any supdivisions ?) aad P, of [J,bl,

L(P, ,£) ¢ U(P,,£).

ProoftﬂApplylng Theorem 4.2, we have
L(Pl,f) < L(PLUPQ,f) and U(PlUPQ,E) sU‘(PQ,f)..

But L(PUP),f)$ U(PUP,,f). Then L(P,,£) S U(P,,F) #

4.4 vefinition Recall f(f) and I(f) as defined in Definition

4.1 + 1f f(f) = I(f), then we shall call I(f) is the Lebegue
integral of f over E, with respect tQ/M and we shall denote

it by I.€9A « (We shall soon show that S ﬁ}u is independent
B A

.of the choice of a and b such that a< f(x)< b for all xeg E}

4.5 Theorem Every tounded measurable function defined on a

'set of finite measure has a Lebesgue integral,

ProofrsijLet f be a bLounded measurable function defined
on a measurable set E. Then there exist a and b such that
a<f(x)< b

for all xe E, Le{//A be a positive meusure and//A(E)<‘ﬂ -

Choose any fixed Poé 9)[a,b]. By Corollary 4.3,
L(P,f)g U(P_,E), '

for all Pe P [a,b], so{L(P,f)/ PeSD[a,b]} is bounded gbove.
Let I(f) = sup{L(P,f)/ Pe P [a,b]}. Then I(f)g U(P_,E).

Since | P_ is arbitrary, {U(p,£)/ Pe?[a,b]} is bounded

below by I(f). Let I(f) = inf{U(e,£)/ PeP [a,v]}. Then
I(€) < TI(f). For PEPLa.bl, we nave k
L(P,£) S I(f) g I(f)g U(P,E).

But, as note above, O g U(P,f)-L(P,f) g upu/u(s), and hence
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()sI(f)—L(f)s(pﬂ/M(E).
Since ||Pf can be made arbitrary small, we have

I(f) = 3_('1’). #

4.6 Theorem If P be a subdivision of [a,b] E i Pl—o0,

then U(P,f) and L(P,f) approach the integral f f.jyd o
; 0T BY

Proofts]Since L(P,F) S I(f)< I(f) ¢ U(P,f) and F is a
bounded positive measurable function defined on a measrablé

set E such that (E)<e , we have L(P,f) <[ fdu < U(P,F).
i & i J e
3ince 0¢ U(P,f)-L(P,f) ¢ [IIPI!/u(E), O€ lim (U(P,f)-L(P,f))< O,
(PO

_hence lim (U(P,f)-L(P,£)) = O. Since
_ IP=0 \

O] fdm = L(P,f)g U(P,E)-L(P,f),
S8 :

. we have
£d - lim L(P,£f) = O,
, fs 8 IPI— 0

that is )
lim L(P,f) = fd .
IP1=0 jE o

Since lim' (U(P,f)~L(P,f)) = O, lim U(P,f) = lim L(P,f)ar f}u A

iPI—0 IPil—0 IPji=0 E

4;7 Theorem Let f be a measurable funcfion defined on a
measurablg set E such thut//A(E)<oO and there exist a and b
such that

ac<f(x)cb

for all x & B, Thea j%ﬁ}m is independeant of the bounds

a and b,
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’roof[8)supposc that
. *
a<f(x)< b
. * 3 . . .
with b < b, Lgt P i{yo,yl,...,yn} be a subdivision of [a,b]
* * )

where we include the point b in P, say b = Ym* Since y o= b

»* Ld 5 ¢ i
and bg b, we have m¢ n, hence f ﬁ}i’yi+l) =@ if 12m, This

implies that

n=1 5 . m-1 =
LPE) = B vy p v ) = I v i Ty, D)
i L({yO'y]_’...’ym}’f).
Hence- |

lim L(P,f) = lim L({y0’y19‘°"ym}vf) L

IPI—-0 NPi=0
3y Theorem 4.6, 1lim L(P,f) = f£d , hence £d =
' IPI—0 ) g J g/

3 q »
lim L({yo.yl,...,ym},f), Thus changing the number b to b
ilP—0

" has no effect on the value of integral. The corresponding

fact is true of the number a. #

4.8 Theorem LetJ/A be a positive meusure on a f—algebra'n1

- in X. If the bounded measurable function f satisfies the

inequalities
a £266m 08 e

on the measurable set E such tllat/u\(E)<06, then
a m(C) £ ) fdu € L m(E),
i J 24 6 b m

ProoftSjLet m be a natural number. If we set

= a—[% » B = b+% ')

o)

then it is obvious that
g a<f(x)< b.

Let P ={yo,yl,...,yn} be a partition of f[a,b]. Since

ag yi$ b for all i = 0,1,2,...,n, we have



fa=1 n=1
- - e & '
aoeo Foviae 5 F AL Farvia )
‘ n—-1 B
L %EB//“(E l@;'yi+l))
or, equivalently;

a M(E) £ L(P,f) ¢bMA(D).

Since P 'is arbitrary, lim L(P,f) = § 4« . nence
WP->0 E

am(E) ¢ | Edm < b M(E).

3 )‘55/‘/( ) -
T L ; L : P e PO S
Fhen (a—ml/u(14 & Ssﬁgm 5[b+a}/A(L). since-m is - arbitrary,
we have

a (L) € JEfu/»s bM(E) . #

4.9 Corollary If the function f is constant on the

meusurable set E such thnt//u(E)<=0 o LEX) =-Cj thea

M

gfng = o (E).

4.10 Corollary If the function [ is non negative (non

positive), then 1ts iategral is pon negative (non positive)

4ol1 Corollaury If//A(E) = 0, wt have
J.fgﬂ. aly
E

for all bounded mcasurable functions f defined on E.

4.12 Theorem Let//« be a positive neuasure on a J—ulgebraYH

in X. Let a bounded meusuruble function f be defined on a

measurable set E such that//u(E)<‘ﬂ Ve El,Eg,... are

0
pairwise disjoint measurable sets such that E = ;glEi' then
w0 i 3
P = ?ZZf Edak -,
5; //‘A 1=1 B //«
3 i

/ v
Proof[8]Cuse I Assume E uand E are disjoaint measurable




”
sets such thut £ = L UYE,. Suppose Lhat
a<f(x)<c b
on the set E. Let P ={yo,y1,...,yn} be a subdivision of [a,b].

We define the set

’

& = ET Ly, e o = (E Ly, )0E,
el = (¢7 ..y, INE,

then we obviously have

oy e{Uef and e{nef = @,
bxnce’/u(e ) //A(e )t/“(e ), it follows that
n-l

l:,oyyu(e ) = ¥ oyb/u(e )+l oy&/ﬂ(e )
“and P is arbitrary, we obtain
fdu = [Edu +f Fam |,
: ‘& : ..
Hence if EL’E2""’Bn are pairwise disjoint measurable sets

such that E = ngBi, then

n

£d S £d =
£;//A 1=lj;i_/u
Case I1I Assume Ei’B°"" are paxrw;se dxs;o;nt measurable
0
sets such that E = U E.. Since E. E) € 0 ywe
ﬁ l=l I /““ ) /A( ) ’
have i=n+%4:(°i)—*o as n—o ., Let
Yhe1Bi = R,
Hence
J = 1
£d f Edms [ Edm .
2 //A vy § E ./M

ﬂ < .

3ince 1lim (R ) = O, we have 1l1lim = 0O, Therefore
n"’-'o/.‘ n*aoJ.R /‘

-
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-

3 o0
® J B w ZS Fam . #
Por gl et § e o
1 :
4.13 Corollary Let/v\ be a positive measure on a 6-alygebra
M in X. Let E€ M ve such Lhut;/H(E)¢vO » If the bounded

measurable functions { and g , both deiined on E, f = g8 a.e,

o on E. then
A £d = :d .
JE/ J'EL’/A .
ProofislLet A ={xe B/ B x) " # g(x)}. Then EN A =
{xe B/ £(x) = g(x)}. 50 s (A) = 0. By Corollary 4.11,
£d = gd = ‘O,

Since £ = g on E~ X Fdpm = gder . Since E = AU(E~ A)
L -9 ON v

and AN(ENA) = ¢, by Thcorem 4.12,

5 S LR, o L o

A

4.14 Corollux‘z LcL/U. be a positive measure on a 6-algebra
M in x. Let EeMbe such that m(E)<e0 . If f is a bounded
non negative measurable function on E aad Eoem such that

& 1309 E, then

Proof Follows from Theorem 4.12 . #

Remark: The converse of Corollary 4,13 as Pulse. Por example
it £ is defined on [-1,1] by
s SRR B e SO 4
f(x) -

Y Let'm bLe a Lebesgue measure., Then



] fdm = ’ fdm + lfdm = =-1l+1 = O,
-1 -1 o

but f ﬁ O a.e, On ["1'1]0

4.15 Corollary Let/A be a positive measure on a §-algebra
M in X. Let Ee€M be such thut/(«(E)ZOO ot R f:x—-»[o,"O]
is bounded measurable function such that f f}u = O, then

; : E

E = o-a.e. on B‘

0 ‘
Proof[sve have{xe o aE{x) > O}= an)l{xe E/ f(x) » %}.

Suppose f # O a.e. on E. Then there exists n € N such that
_M({x €E/ £(x)> %o}) >0,
Let ({xes/ f(x)>&}) 4 A ee )\’>O Let
: /"‘ = y S .
o

1
A ={x€E/ f(x)» = .B = BNA,.
{ no}’

'530 we have

, 1 ; :
&_hfd/"‘? HOA and jde/.,\z O (since f non neget{.vg).

Hence
1 ‘
Eduw = [ fdm #[ fduy = A5 0,
SB s fA/‘k fB/‘" n
'@ contradiction. Therefore f = O a.e. on E, #
4.16 Theorem Let/u be a positive measure on a o’-algebra m

in X. Let EEM pe such that/(E)(oo o If two measurable

bounded functions £ and 8§ are defined on E, then
(E+g)d =1 fdm 4+ | gd o

Proof([S]lLet a<f(x)ec b and c<g(x)<d for all x& B,

)

Let P‘={yo,yl,...,yn} be a subdivision of [a,b} and Q =
{zo,zl,...,zn}be asubdivision o-f[c,d]. We define the sets

/
ey ={x€E/ Y€ f(x)«< yk+1f’ei ={x€ E/ z, ¢ 8(x)« zi+1} ;
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Ti,k = ell,nek (l = O,l'n-.,m—l; k = O,L'aco'n"'l)s
Obviously,
B 4 karl k
and the sets r, K are pairwisc disjoint., By Thceorem 4.12,

(1) j(m,)/u ‘ | leeg) g
0 4

On the set Ti we have

lk,
Yyt+z; & F(x)+g(x) < Yke1*%iv1 °
By Theorem 4.8, we have

Txr ol d T ) S,L. bf v 5"yk+1*zi+13/“al,k)'

" Combining all these inequulitigs, we obtaiq
T v+ A (T )8 iakfr (f;g)}«s 5(yk+l+zi+l)/u(Ti'k),.
199K
By (1), we have
(2) f?i‘yk*ziL/A‘Ti,k)f-fE(f+3{9"-5 g?i(yk+l*zi+%}/“(Ti.k)f
l'e evaluate the sum
(3) XN AT )

"This sum can be written in the form
n-1 m=1
feo's %E%/M(Ti,k)'
But

m-1 m—l . © me1

: Pl
%Eé/M i,x! j/“(1=o ik) j/A (eEQek)) j/A(ekr“LL%el))
=/ale,NE) =pu(e,),

$0 that the sum (3) can also be written as
n-1
h 4
k=o¥i (%) -

L(P,F) =,§oyv(ek),. s0 ﬁyy"fi,u wiL (P f) .

But



&
N

[he oti..er sums 1n the lnequality (2) are evuluated analogously,

SO0 that the inequality can be written in the form
L(P,£)+L(Q,8) ¢ f(f+s)/« U(P,£)+U(Q,8) ..

Let A - max{(yk 1°Yk) (2 =2, )/ i = 0,1,44;m=1;k=0 v1ye00,0-1}.

alnce P and Q are arbitrary, we have

lim L(P,f)+1im L(Q,g) ¢ f (f+g)/«< lim U(P f)+;]‘.1.m U(Q,8),.

A—o0 . A=0 -0
that is »
j'f‘d/«+]gd/«5f(f+g)y\55t’d/u+S'gd/u 3
B B E E E
This

fE(ng_)}« “ fﬁfy +f5gd/¢f . #

4.17 Theorem Let//A be a positive measure on a'6;algebra nq
.in X. Let Be€ M be such that M(BE)<ew . IFf £ is a bounded
measurable function defined on E and ¢ is a finite'constaht,
then
5;690\ - c)‘Bfa/M 4
Proofrs)If AN O, the theorem is trivial. Consider
the case ¢ > 0., " 'Let

a<f(x)< b

for all x¢ B, Let P ={yo,y1,...ay } be a &udeVlSlou of[a!ﬂ
and e, = f ﬂ?k’yk 1). Then E = g%ek and e{\ej =@ if i £ 5,

By Theorem 4.12,

‘cf e £ :
R =

k

On the set e the inequalities

k'
Yy, € cf(x) « cyk+l
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hold, so that by Theorem 4.8,

cy (e ) < j cfdm ¢ cy. - m(e, ).
el ” e\ & k+1 /"1 K
Combining all these inequalities, we obtuin
cL(P,f) < fcfu < cU(P,f).
g 7 |

Since P is arbitrary, we have

clim L(P,F) £ cfdm ¢ clim U(P,f),.
IPk—>0 f E b5 WPN-s0

that is
.CIEf-(yA < chd/4 < cJEfa/A .
Hence
SBnyA = CSEfd/A .
Finally, consider the cuse ¢ < C. llere
0 =IE(cf+(—c)f)}(A =fch‘u/«+fE(-c)fyA
2 £d (-c)) fd X
j‘Ec /(«+ C J‘E /«
Then

fd = C f .#
g

4.18 Corollary Let//A be a positive mcasure on a 6-algebra
M in X. Let EeM be such t:hat/u(E)<-o . IE £ and g are

bounded measuruble functions on the set E, then
(f-g)d =S fdm = gd :
R L2

4.19 Theorem LCt//A be a positive measure on a ‘-algebru m
in X. Let B €M be such thut//A(E)<,& ¢« I1f f£f and g are

bounded measurable functions on the set [ and f€«g on E, then

;ﬁ?ﬁkﬁsjgggjk .



Proof[51The function g(x)-f(x) is non negative for

all xe L, so that .
gdu = [ fdm =[ (g-F)dm 3> 0. #
'SB e IE - ok JE b 4t

4.20 Theorem LeC/« be a positive measurc on a €-algebra m

in X. Let E€M ve such thu_t/—x(E)(oo . 1f £ is a bounded

measurable function on E, then
" fd 1€l d ‘ .
PSS 5 100 i

ProofrsiLet

A ={x€E/ f(x);o}, B ={xes/ £(x) <0}

Chen \
SEf‘d/u =_YAF%+SBE}4A =)‘A|f|y-jnlf|y‘ ;
i -lins~ e 8

Since la-b[é' a+b for al¥=w2-05=b >0, wc have
; £ = 2 - | £y d
S — =
% 1 d £ = | |fd . #
Pt o ie AR

2501 Theorem LUt/A be a positive mcasure on a §-algebra YY\
sn X, Lét E€TN e such tixut/«(}l)( o0 . Let a sequence
(fn)neN of boundo.d me;lxsurable fanctions, converging in
measure to the bounded meusurable function f, be defined on

the measurable set E, If there exists a constant K such thut

for: all n:and for @il x a0,

[£ ()| <K,

then
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(1) Bim b B R w f Bdns s
n—»oo)E n/ SE/M :
Proof[51First of all, we shall show that
(2) [e(x) ¢ K,
for almost all xe E. fo prove thisy by Theotem:J.25, it is

possible to extract a subsequence () from the sequence
n, ke N

(£ ) which converges to f almost everywhere. llence
n‘neN ;
lim |fn (x)] = |e(x)]
k—-’.o k
for almost all x€ E, But[fn(x”< K for all x€ E for all ne N,

$0 lf (x)]< K for all xe¢ E for all k€N . llence lim |f (x)kx
nk G K=o nk

for all x€ L. llence (2) holds. Now let 6 be a positive
numaber., Set
A 6) ={xen/|e (x)-E(x)»6},
B(6) ={x €L/ |0 _(x)=E(x)|<q].
fhen
f du = [ fdum|l g (6 -Fla =J‘ f—fd+g3 £ ~f|d i
it - el Catigma g o leactl g
. n a0
3y the inequality ‘fn(x)-f(x)lg(fn(x)l+lf(x)‘, we have that
|E,(x)=F(x)|< 2K
; /
for almest all xe;\n(d). Then there exists A € M and
‘(Q‘An(6) such that lfn(X)—f(x)[< 2K for all x€ A  and

4
//A(AH(K)\ A) = O, By TIheorem 4.8, we have '

SA,lfn-ﬂy.« 4 QV(A’) .
since M4 (6) Ay =0, | lrn-fiy« = 0= 2K (4, (6)~ AY.

L\n ( § )\ A

llence

e N ;
J“,(‘)\A"" l‘/‘A»*SA’““ tlgm ¢ 2R pm(A) a2k pM(a ()~ 4),
l .
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so we have

-~

(3) 1 ] ek 2 UK TR (6 4
'jAn(d)‘ T e

3y Theorem 4.8 agiun, we have

(4) £ -fFldn £ €44(B (6)) < 6Mm(E).
jBn(rf)l o /4 % /*

combining (3) with (4), we find that

(5) “‘f d -[m }5 Qy‘(a (6))4»}«/\(13).
E a/" g/ "
Now let £€> O be given, and select a >0 so small that
€
SME)cy -
Having fixed this 6, the definition of convergence in measure
implies that
/«A(An(6))-—>0
as n—o and therefore there cexists NéN such that
" €
QE/A(AH(K))< 5
fop all n3 N. PFrom (5), we have {fpfnd/«—f:fyki for all nyN,
I'his proves the theorem, # E i
Renmark: It is cleagdA™elat Fheopwr  @a 21 retains its validigty
al “the imeguality
f ”
JEa(x)] < K
is satisfied only ulmost everywhere on E. The proof remain

the same.

1.22 Thceorem LQt//A be a finite positive measure on a

6-algebra m in X. If f is a bLounded measurable function on

>

XL« Ehen

)(V - L{ XA, fq

E
far-all - EBé m
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Proof . Since, X' BLI(X~B) which s a Uivioint usion GF

measurable sets 1n M, Ly Theorem” 4,12, we have
L 3tms Ao o, e
: i ;
J;lj/‘+JX\Egj/A.
=JEfd/"~ -

since XEf = 0 on X~NE, by Theorem 4.8, we have f Q9M.= 0.#
XNE

4.23 Jefinition Lct//& be a positive mcasure on a 6-algebra

7” in X. If s-is a simple imeasurable function ‘on X; of the

form

n
S = Zal'Z

A=1"1"4A,
i

1584 =1
where 0&,...,xn are digstinct values of s and Ai= s (di

)
for all s 1,v06,0; #adBANRE M is such that E)< oo ,
’ /b\

we defind

? n
.yﬁsd/"\ = Eo(i/u(,xins).

4.24 Jefinition Let//« be a positive measure on a 6-algebra
™ id X Let B¥TA-1 SR, thut 4 (E)<ed . Suppose F:E-[0, 0]
is a bounded function ( we do not assume that f is measurable),
Let A_={K‘sg/h/ 8 is a sample measurable function
E . :

suchsthat se f}. Let s20 on E, 80 O<sgf and s is a simple

measurable function. Then A # ¢, We define the lower Lebesyue

integral I’f}n by
=E

" fd = sup sdm / 8 is a simple measurable function3 séf}.
Jials i L} 8 it

2
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Let .3 = “ syA / s is a simple meusurable function
E
such that- s 2 l"}. Siance: f is bohnded, there exists bL such

that f(X)g b. Lo all x@ 8. "Let 4. = b’XE v 80 s3> f and s is

a simple measurable function. Then B # $. Ve define the

upper Lebesguc intepgral f fd by
E/A

£d =inf{ sda / s is a simple measurable functionss » f}.
SE/“ IE i 7

1L 5fd/A = 5 fdauv , we suay that f is integrable and denote
E =B '

it by £d .
f Edm

>

4.25 Thcorem Lct//* be a positive measure on a §-algebra m
“in X, Let BE€M be sufh tnac/(smoo . Let F:E—{0,) pe
a bounded function. Then

(1) £ is integrable if und only if f is measurable
dee.i'on B,

(2)-Af .F is measurable, then the definition of £
integrabi; ab‘ove =YRNe deéTinition .ofJF integrable as already

‘given using parition .

Proof of (1)071First, assume that f is integrable.

Then ggf,d/A

sup{j'sjf~/ s is a simple mcasurable function
B .

such that sgf}‘

int‘{g(‘qyﬁ /¥ is a simple measurable function
E s

such that (2 f}.
Let n€N be given. Then there exists a simple measurable

5 1
function s such that s ¢ £ and s dut>) fdM == and there
; n n IE n/A SVE / 2n ;

€x1sts o simple measurable function (1"“ such that ((n)f and
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5‘( d/,\<f fd +,)—-l- . Therefore S Lfny« -f sny»x <£x and
E " E R E E :
sn(x)s f(x)g({’n‘(x) for all xé& L und neN . Let
"

* o
Y = .Lnfl(n and s = sup s, -
ne N ne N

o * )
By Theorem 3.10, we have ¢ and s are mcasurable, and
3 *
s (x) € f(x)cy (x)
»* *
for all x€ E. Let A ={x€ E/ s (x)«< @ (x)}. Then

oot
[ mkr-)lAm
=3 ..* 11 _..l_ > 5 - i s
where 'Am ={x€L/ s (x)cl@ (x) m}' : For each me /N ,Am is
. ; TS . ; _]; :
contained in the set {er/ :.n(x)<((n(x) m]rfor all neN ,

Let mé N be arbitrary. Then

Aiiiien s LN et
Brilee v o SHUMRIAN, i

<) Famsaldn

ol o o |

<
for all n€N which implies that

Axe B/ s (xcy (x)-E)< 2
for ull neN. Then

m
/A (Am)< =
n

for all neN. Since is urbitrary,/u(Am)' = 0, and so

x * ¥ > *
/A(A) w0,  Thus 8 e\ ae; on B and 8 &% E g e. on B

. w :
Since s is mcasurable, we have f is measurable a.e., on E.

vonverscely, assume that f is measurable 8.€. on- B
fhen there exists A€M such that ASE and/A(A) = 0 and f
is measuruble on ENA. Since f is bounded, there exists
M > O such that f(x)< M for all x¢ E. Let neNbe given,

Then the sets
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Ey -_-{xe ENA/ (k;l)Mgf(x)<%h_1}, 1< kgn,

are mcasurable, disjoint, and have union E~N A. Thus

n
E/\(Ek) =/\(E\ A).

The simple functions defined by

n
¥ (x) = %1 EKKEK(X)+AI’XA(x)
and
n
Ca(x) = M F= (k=1) X (x)
n k
satisfy

L?n(x)éf(X)s\Vn(-x)
“.for all x€ B lLet

A - sup{r (yd/A/ ¥ is a simple meusuruble functiond @< f},
E

P = ilnf{y Q/d/« / ¥ is a simple mcasurable function 2 ¥ 32 f}.
E

Ltois clear: thar 05[5 - o .  Thus
n

B < f ¥am = b Emin(s,)

~and
2 n
< 3 SE(ena/A Tol e Pl L

which implies - that
n

0P -ce M Ty m(Ey) i
n n it
Since n is arbitrary, we have

,) -L = 0.

Proof of (2) Assume f is a bounded measurable

function. Then there exists a and b such that
acf(x)<b

Foralll x€ E. Let



G

) ' P . . L3
K = su;)i} sd/*A / 8 is 4 sinple measurable function I s < f}.
E

p = sup{L(P,f)/ rey (a.0]].

Claim I that P <L . To prove this, let &£> 0 be given,
Then there exists a subdivision P ={y‘o,yl,...,‘{n} of [a,b}l
such that

n-1 _-
P2 <L(RE) foy, e G,

=
since E = . f‘lp. AR l) which is a disjoint union, we have

=0
n
EZ%Y ?(f ﬂy ’y1+l

n-1
is a simple measurable function and :y Xe- & £
g yl’y1+1) =
n-—‘ \
Hence /l':-2< -yb\(f 1@1,y1+1))50( e Since &> 0 IS

arbitrary, we have claim I.

Next, claim II that X £/ .,  To prove this, let £>0

be given. Then there exists a simple measurable function

n=1

B - Al ’X on Efsuch that s T avnd.0<-2 < s d
. E, , o fB o/‘A

o i=o0"i
n-lo( : F vt :
:4::0 .b/“(Ei). Assume of < a‘i+l TOF @1% i ' m Quk;s 0% s THES
g i ¢ e i &
10 {a(’o B c(o, 0(1' 0(2,..., o(n_l,b} is a subdivision of [o(o J_,b]
and a(o-1< f(x)< b for all xe€ E. Since o(os f(x) for all

x€Ey £T -1, & ) = $. Then

]

L(B,E) = (og=1) M(ET ety -1, ol))ﬂ’:og/«(f T )

(let D(n = b)

sl ;
[D{i’di-o-l”

1]
1
&
2

where
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-
? = 1=oa&’Xf—l[d.,d )

4 el

is a simple measurauble function. subclaim that sog s on E..
To prove this, let x€ L. Then x€ Ei for some 1€ io,l,...,n—l&.
rhen s _(x) = olis f(x), so there exists j € N such that

A o< g E(x) <A,
] y j+

-1
L ] . . dl . &
" llence x¢ £ [01].0(3+1) and . ¢ olj ‘

1

4
Thus we have subclauim. llence Ss d 4}' wdidd o L.,
g O Sdg A
n-

3 n-1
-1 e
I ALE b ey AT & ) SR ) Since

1=

P = sup[L(P,E)/ peP[a,n])= sup{L(P,£)/ pe?[,,(o—l,b]},
we have o« -¢ < L(,f)c @ . 3incec £> 0 is arbitrary,oféfb
By claim 1 and 1I, we have & = . This shows that (2)

is proved, #

4,26 Definition Let/»\ be a positive measure on a @-algebra
M in X. Let € M be such that M(E)<e . Let £:x— [0, 2]
be a measuruble unboundedfunction on E und let N be a natural
nuaber. Lf the function [f(x)] Ao d%Ffined in the following

manner: ‘
Eix) . 3f FixYy< Ny

()] ={

Then [f(x)]N is a bounded measuruble function. Since

[£0)] € (0] ¢ [E(x)] 3¢ - o0y

we have

yE(flld/" 5f13[f]g}‘*5fE[f] 39M € 5te

I'hen we defince

f £d = limy [lad (may .be:infinite).
13“/“ 0 E[ ]N/*‘ :

N—

N 20 Ly > N

{hus, every non necgative mcasurable function hus u Lebesyue
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integral. lhose functions having a (inite Lebesgue integral

will be called summable.

It is not difficult to see that for a bLounded
measurable non negative function f , the new definition of
the integral coincides with that given earlier, because for
sufficiently large N, we have

[f]N 3 B
It follows that every bounded measurable non negative function

is summable,

4.27 Theorem Let//A be 4 positive mcasure on a f-algebra ﬂQ
in X. Let EeM ve such thut//4(5)<oo o kB o Buwnaction ifAg

summuble on E, then it is finite ulmost cverywhere on E.

L

Proof[515et A ={xe E/ f(x) oo}' « Let N6 N pe given.

Fhen on the set A, (f]N = N,'so that

(E[fl N Y }”A[f’]'Nd/« - Nu(a),

" and it M(A)>0, then J’ [fINd/"""“’” as N—se0, which
E

contradicts the hypothesis thut  is summable. #

4.28 Theorem Let//A be a positive mcasure on a §-algebra M
in X. Let E€ M ve such4that//k(E) = 0. Then every non

negative'function £ is summable on E and
SRl =D,

Proof. “ Qbvious., #
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4.29 rlheorem Lct/v\ be a positive measure on a c’—-uli;ebru,m‘
Xy Let e M be such that/(a(E)ZaO . If the non negative

measurable functions  and g are equivalent on E, then
{ tapm = [ sumo .

Proof(s]There exists A€ M such thut £ = g on A and

Q. Fhen [f]N = [g]N on A for all Né N, and so

AEN 4)

tor NéN

J Celygpmrf 1) yum
J [ yam
- fA (eI + S-E\A[s] N
f, Bl
Since N is arbitrary 51;% a fﬁgd/V\

f (T o

4.30 Theorem Let/\ be a positive mcasure on a € -algebra M
“in X, Let E€ M ve such thut/(A(E)<oo o AL EE A8 4 non
negative measurable function on L[ and Eoémis such that

E G B

- “then
o

(it

In purticular, it follows that if the function £ is summable

’

on E then it is summuable on every mcasurable subsct of E.

Proof It follows from Corollary 4.14:., #

4.31 Theorem Let/A be a positive measure on a (-algebra.m
in X. Let EeM be :such that/}\(l;‘)<o° R e b g are non

negative ;neusurai@c funétions on E, I fg< g on E, then
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Jgfd/A £ JEgyA .

Prooff5]It follows from Fheorem 4.19 and fact that

[F] < el

for all NeN ., #

4.32 lheorem Let be a pusitive meusure on a 6-ulgebra ?’Y(
aporens ol /
in X. Let E€M be such tllat/A(E)<00 D G KL
negative measurable function £ and 5 [‘d/«A = 0, then £ = 0
E

a.,ey on E,

Proofrslsince

0 < fﬁ[f] N < [ g

for all f\le/N , we have fE[f]Nd/‘A= O for all NéN ., Let

a0
A= Y {xen [£¢x)]  # o}.
By Corollary 4.15, [f]N =0 a.e. on'E for vall NeN , hence
SM(a) = 0. Let x & ENa, so [E(x )] = O for al1 Ne N,
Since lim [f(x)]N & £(x) for all x€EL; 1lim [f(xo)]N = £(x_)=0.#
N—e N—e0

+.33 Theorem Let/A be a positive measure on a d—-algebra m
in X. Let E €M be such thut/A(E)(oO e 38 £ und g asre nen

negative measurable functions on E, then
f(f+g)d = ffd +fgd .
E / E /A A /M

Proofrslsince, for each n .

QA e dAs o lvar that
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Lo o [81gem € | (femranm .
jxs (e ML gt B N A
Taking the limit as N—e , we obtain
(1) fam+ | gda g | (Feg)apm .
le g jx:/‘A E b _
In order to verify the inverse inequality, we shall show that
(3) - [EBrg)xd) g £ TE(x)] ot B 0]
for all NéN . Let x € E and let NEN ., 1If
.f(xo) &N, g(xo) £ R,
then
[(£re)(x)] y ¢ Elxg)+mixg) _[F(x )] g [8(x,)] y
If at lecast one of the aumbers F(xo) and g(xo) is greater
than N, then
. [(f+g)(xo)]N = Ns[f(xo)]N+ [g(xo)]N 5
Fhis establishes (2). /llence
J‘[fi-g },«A.< f [f d .+J- g h..d .
= ]N X ]N/M'. E[ ]N//‘A
Taking the limit as N—3w, ‘we get that
(3) (f+g)dm < | € +\ gd :
! fE //M fg.ﬁM g; //A

Combining (1) and (3), we obtain the theorem. #

4.34 Theorem Let//a be a positive measure on a §-algebra 7n
ig Xi Lev BTN ve guch that m(E)<® . If f is a non
negative measurable function on [ and if k is a finite non

negative number, then
J'kfu =kffd :
B 5/

Proof[5]The throrem is trivial for k = 0. Assume:

1 : ' ,
k¥ Qi mnff k = o o Where m is a natural number, then again,
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by Theorem 4.33,

~

1
) Fdm . mJ Sy
E‘/A E m//M
S0
g 1
S =fd = =| fd .
E m//“A mj; //A
From this, the validity of the theorem for every non
negative rational value of k follows. Finally, let k be a
positive irrational number. ‘Take positive rational numbers
r .and- 8 such that’'r¢ k¢ s. By Theorem &4.31;
: Srfd < f' K da ' fsm )
E / E / L /
Hence
rJ'fd éfkfu 5sffd 2
E s E /l'A E /
Taking %he limit as r—k, we obtain
kf fdu & fkfa ;
E/ G /

and taking the limit s—= k, we obtain [ kfdu < kj‘ FAAX 4
fs / E /‘A

llence J‘kry( e
435 Theorem Let

lim fn(xo) = f(xo)
n=—s0

at . the point X, - Then for every integer N

lim [l’n(xo)] N = [f(xo)] N

n—»

Proof(5lLet Ne N be given. 1f £(x,)> N, for every

sufficiently large n, we will have fn(xo)> N and for these n
i M= Nonleix oo

In exactly the suame way if f(xo)< N, :for-sufBiciently



103

large n, we will have (’n'(xo)< N, and hence

: [fn(xo)]N " fn(xo)_)f(xu)l N [f(xo)]N °

It remains to consider the case when f(xo) =" N "%
In this casc¢, let £ > O be given. Then there exists no
such that

fn(xo) > N- ¢

for—altl ll;ln’, and hence
N— <
N-€ < [fn(xo)]N\ N
for all nzn_, that is

[fn(xo)] N~ [f(xo)] N’< :

for all n ;no. Thus, the theorem holds in all case. #

4.36 Theorem Let/l« be a positive measure on a §-alyebra m

.

in X. Let E€EM pe such that sm(E)<= . If (£ i3 a

nlneWN
sequence of non negative measurable functions converging to

the function f almost everywhere on L, then

J’ fd/"‘vé sup{fﬁfnd/s/ ne N}

"x;rooftsmy Theorem 4,35, we huve for each Ne N
[Ea 0] y— [E(x)]
as N—3e , almost everywhere on 6. By Theorem 3.17 and the

definition of convergence in measure, the sequence ([fn]N)né'{N
converges in measure to [L’]N for ull NelN | Inasmuch as ecach

of the functions [fn]N is bounded by the number N, we can
apply Tlheorem 4.21 on passage to the limit under the integral

sipn. 80 that

J g = mfe s
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But for all n,

J}; [fn]Nd//\ < jﬁfny.« < sup{’s;s.fny,\/ né€ N} c

so0 that upon taking the limit n—eo, we have

fE[f] Nd/'\ < SuP{fEfnd/" / n GN} .

Taking the limit as N—o , we obtain the theorem #

4.37 Corollary 1f, under the hypotheses of Theorem 4.36,

the limit {

i ek g

exists, then

@ Ll

e

Prooff5]The incquality under consideration is trivial

if the limit (1) equalsoed . sSuppose -then that

7
lim( f du =1<e .,
Vs
n—re L
Then, for an arbitrary ¢y O, there exists a natural number
n’ such that for n :
o Su a 320,

fed P T O
E

Applying Theorem 4.36 to the scquence of functions fnl’
3 v o

£ e We oD LA
n ] 9
o+l

f fdm < 1+ i,.

i

and this implies (2), since £ is arbitrary. #

4.38 Theorem Let)/A be a positive measure on a K—ulgebra7n

in X. Let E&M be such !;hat/f\(E)<°° o “Let an increusihg

sequence of non negative mcasurable functions
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be defined on E. IFf

lim fn(x) = f(x)
N—»eq
for all x€ E, then

lim yfnd/m - fEfd/u :

Nn—sq C

‘ProoflslFirst of all, the limit

lim J fnd/u\

n—>wx E

exists and, by the preceding corollary,
j fd <€ - LaEm J' fid .
E /A n—o0 E n/A
On the other hand, we have fns f for every n for every x¢ B

whence

S radr s § /08

and this implies that

lim jﬁfn(’l/vs sj\Efd/« 5

n—.

"This completes the proof. #

4.39 Theorem 'Lec/A be a positive measurce on a 6-alge6ra.m
in X. Let E ¢ M be such that/«(l;)<oo ¢ Let (un)nGN be

a sequence of non negative measurable functions bLe defined

on L. 1F
o0
B =

for all x€ . E,; then

0
E fﬁukd/u\ = fﬁf‘nl/l/\ .

Proof5llFor each neWN , let
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n
Calx) = Zou(x)

for all x€ £. lleuce ([ ) is an increasing sequence of

n‘ne N

non negative measurable functions and lam fl(x) = t(x) for
I
n—eo

all x€ E. By Theorem 4.38, we have

n n
f rum g alin J e <ikim Zo [t

]
P
-
3
Sy

n—w E n— E
o0
=kljukd - #

4.40 Corollary Under the hypotheses of Theorem 4.39, suppose

that

20

b Wil

i S;z“k'd/'f 7/
Then
(L) laim uk(*) =/ 0

K~ o0
almost everywherc on [,

o0

ProoflsiSince £ " ud = fd f is summable,

. hence, by Theorem 4.27, £ is finite almost everywhere on [,

[}
S0 E;iuk(x) converyges almost everywhere on E. This implies

that lim u, (x) = O almost everywhere on L. #
kK —»o0 :

P

4.41 Theorem LeCJ/A be a positive measure on a 6-algebra m
in X. Let E€ Mbe such that/«A(E)Coo and E be the union of
a family of pairwise disjoint measurable sets Ek:
o0
WS o
s k=lnk

For every non negative measurable function f defined on E,

we have

(-3

i1

S’Efd/A - fﬁkf}“ 5
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Prooff5)Introduce the functions uk( k= ) ives) i

lettiny

E(x) ~4if xé‘Ek,
Uk(X) -...-{

0] it *é EN Ekh
It is easy to sece that
0
YL
£(x) = S—u, (x),

for all x€ L and hence, by Theorem 4.39,
0

(*) TRl S £

% by k=1 fc k
Ve now ¢valuate the integral u, d . To do. ' this . wé . nove

IE Vi :

that

AR 7 | RN,

k N 0

This implies that

Bl < S e

if xEI;\hk.

Taking the limit us N—3 &, we find that

jL“kd/” i fEkf% -

which, together with (*), proves the theorem, #

4.42 Theorem LOt//A be a positive mcasure on a 6-algebra ﬂQ
. s SRt : ~ ‘= ol . o - X
in X. Suppose I EM auch. that /u(E) Ir (BJ.)J.GN

and (F.) are both disjoint sequences of members of MM

1'ie N

such that
Q o0
e ol oy g 00 2 o0
E iglni jl=)11j » MIUE, )< ,/«(rj)<

for all i,j)€MN und if € is a non negative measurable function

defined on:L," then
o [ad
— | . G

. fd .
L, d/A 35t fi?./A

i j
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Proof Je have Z Fdin' = Elj.@ t‘d/:-« i
57 TGy
o o0 o0 o0
- Z 5- fd and 2—-— £d = Z:-goo £d =
=15 e =1 S0 T 3 Y (ENF, e
0 L3 j izl
= f fopm Sincef fdu » O for all .L,jéN,
bR ;1 ENF, /
£:" 9 £ 1

el ¢ el e
. - j : fd = 4 ; fd , hence we have
1=1 j=1 Einl?j / J=1 i=1 E[’Fj /'A

the theorem, #
x

4,43 Definition Let/« Le a €-finite positive measure on
a 6-algebra M in X. Then for each Eé“m, we can choose a
~disjoint countable coallection (En)nc{N of members of M such

that

(24
E=nln /A(E )<°o ’ n=l,2,oc. .

Let £ be a non negutive measurable function defined on X.

n

Lot ffd <o, then £ is cualled summable.
E .

4.44 [heorem Let/v\ be a 6-finite positive measure on a
6 -al;cebra 7Yl dn X. 1f £ is a summable function on a measurable

get L, then P is finite almost ceverywhere,

Proof By vefinition 4.45, there exists a disjoint

countuable collection (E )ne/N of members of M such that
. o
T i ) eN
E ntsjl e /A(E ) < i .
hen fffl/b\ ﬁ so f fdpm <  for all ne€eN .
n= /A

I 1 E_ L

n
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By Theorem 4.27, € is finite a.e. on E_ for all neN , hence

o0
f is finite a.e. on UE =E . #-
n=1n

4.45 Theorem Lct//A be a €=finite positive measure on a
6§ -algebra M in X. If the non nepgutive nmeasurable functions

f and g are equivalent on E&Yn, then
j‘fd =fgd .

Proof There exists a disjoint countable collection

of members of m such that
)

E = nk'z)lxsn s MUE N2, ne N .
Edum = S gdum for all neMN . This
7/ Enf .

(En)neN

By Theorem 4.29, S

E
n

implies that the thecorcm is proved., #

4.46 Theqarem LeE/A be a §-finite positive measure on a
§-algebra Yn in X. If f is a non negative measurable function

on a measurable set E and if Eoé‘nl such that EOQ E, then

Snofy pa yﬁfy,\ :

Proof There e¢xists a disjoint countable collection
(B )y of members of “l such that
n‘neN o
b P : 3 £ o0 u
C rlL=)11:n ./««(x:n) , ne(N

o0
Hence Eo = J;&(EJWEn) which ‘as a disjoint. union. By

Cheorem 4.30, fd éf £fd for all n€éMN. llence
et i
a--n n
0 ; i
Z::S. £d £ 5:: S £d b
o 0 f o 3 o iy E_ b %

which implies that
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jnofd/u < fﬁfu/u\ . #.

4.47 Theorem Let/\ be a -finite positive measure on a
§-ulgebra Yn in X, Let f and g be non negative measurable

function on Eem. If f£ g on E, then

fegms fom

Proof [Follows from Theorem 4.31 and Definition 4.43.#

4,48 Theorenm Let/.A be a §-finite positive measure on a
§-algebra M in X. If f is a non negative measurable function

"on E€ M and jf.d/u = O //kchen £.=240 a.e. on L.
E . \

Proof There exists a disjoint countable collection

of mecmbers of m such thut
o

= UE_ ,/,\(En)<oo REM

L W

O for all n€N .

I

53;3 ry,\, y}; fd/M

n n

3ince O = J‘fd/u

E
By [heorem 4.32, £ = 0 a.e. on E_ for all n€MN . llence

! oQ
‘ f = 0 a.€,4 OnN UE = Ba #
n=1

4,49 Theorem Let/« be a §-finite positive measure on a

§-algebra m inaXe af-f =0 on Eém, then I;:fd/A =08

Proof {follows from . Corollary 4.9 and Definition d.43.#

4.50 Theorem LCC/A be a §=finite positive mcasure on a
K—ul.;cbra )” in X. If £ is a non negative measurable function

defined on I‘é”l and if Kk is a finite non negative number;
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then

JEKEV\ - kJ’H["yJ\ .

Proof Follows from Theorem 4.34 and vefinition -1.43.#

4.51 Lebesgue's Monotone Convergence Theorem Let/A be a
6-finite positive mcasure on a E-algebra m in X. Let
(fn)nelN be an increasing sequence of non negative measurable
functions

| £ . NN

4> 25 3~ ®
defined on E€ m. Tk

lim fn(x) £ ANK)

n—> 0
then
lim ff d = jfd/aA
n—eo B
Proof If /«(E)<ao , then this theorem is truc by
Theoprem 4,38 . .-\ssumc/l,\(ﬂ) ———gpD tlicre exists a disjodint
"countable collection (L ) of members of M such that

At i€N
111/"‘(5)<°°'15N'

e shall show that

o0
lim ;l £ 4 = : lim f fn% 4
s B, a /" n—peo I ¢

]

N —>e
Fhis*proves the theorem, To prove. this, first suppose that
o0
o lim E-.d = 60, Let M>0, so there exists N, € N such
2= n/M ? 1
n-—x E
that

n
"‘j B N x :‘
.iL:L lim 5? v > M

N—>c0

for all m N . Lf there oxists moe{\l N L N +2,,00 %

l’
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©0

then lim ZS L dn 2
1=1 C n/M

m
:
such that %gi lim j fni/« =00 ,
T n—a’L. . n— o0 ,
i . A
m m
lim ﬁ Bt w L A0 £ dia = e ,bri.e.,
i=1 n,’/ = n
n~a‘ s A N —>ree Ei
o4 m
lim E;ESG fng/« 0, Now assume that g;i lim f fnd
n—ew - Bog z n—ao “E.
i 3
2> () such that

s0 there exists

for all m>,Nl,
N
T t 1 im - 1m Z-Jf

5‘ £ duy =

such that

fhen there exists NQG?N
N

. Zl p < £
I1=1 I;Eifnd/“ M/ )’

for ull|1;N2. HHence
N
(1) M- Z iMex < ij‘
2 i=1
e
0
for all n3 N,. DBut
(2) o[ calle T v
i1=1 E n//A 1=} E. n//A
i A
Bprpdcsgsy that

Briom | Chleandy( 2)

for all n)N,.

lim 2:: £ g/h

n —-)»4

PR
» gy - . 1 w
Finally, suppose that %Ei lim { i/\< . By

n—»

{ 5 /ﬁ\((ﬂ Iy oF c.,J;fg/§<Aw .

we have
(x)< £{x) For all

Theorem 4.38,

- 'S0 > . > v S
hypotheses we have that O fn(x)s.fn+l

By
: < S £ d 5’5 fdm <0 for all
n+1
i //K C.
Y i

neN , so O 55 f dy &
L. “/‘A

&
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i,neMN . Now, 1let

IEifnd/b‘ )

for all i,n€N. Then Og<a for all i,n€/N . Let

£
in%i(n+1)
Pin = ®in"%i(n-1)

for all i,n &N (let a, = 0). llence O<b. Ffor all i, neN
, io in

m

and 2— b, . = a, o:. ». By - Theorem  1.33,
n=1 1in im
o0 &0 a0 o0
=1 1=1"4n 2milogal an
lience
ob 00 m 0o 0 m -0
i g IR s — W dt U, i, il AR T T, s
n=1 1=1"3in sd A=1hin =1 n=1"in 1=1
m-—»o0 m-—yeao m-—ypao
o o3 00 o0 m
= mzf G | gty /L8 e LY B o L L s I =
i=1 n 4 A= 1 "\"10) A=l n=1l"1n
B N —»o0
o0
:2;1 lim - TR 5-: lim y £ d/«\ & Thus
A m—» co n—oo L.
=
lim <£ f " lim f £ ~d . #
ﬂ‘-—boo-l .L—l n—»e0 B.L n/A
. 4,52 Theorem Let/‘-* be a 6-finitle positive measure on a

§-algcbra M in X. Let (fn)neN be a sequence of non negati
measurable functions defined on E€M. 1If

0

B -

I_€ (x) = £(x)

for akl x€& B ithen
EfEfnd/“ = fnfd/“ *

Proof There exists a disjoint countable collection

i)ie’N of members of M such that
E = UB » MIB )2, ieN

i=] i

By Theorem 4,39, we have

ve



1L4

Z
=
5
o
®

for all ié&

By Theorem 1.33, we get that

o0 o0 00 0 00
SR RG] s - frum .

o]
[

3. i
Hence
o9

yr%;—_lj;zfnd//\ = fEfd/tA oy #

4.53 Corollary Under the hypotheses of Theorem 4.52, suppose
that :
o)
'fod <o,
n=1 E n//A
Then

lim fn(x) =0
n—w

almost everywhere on E.

Proof 1t is similar to the proof of Coroilary d.40.#

4.54 Theorem Let//\ be a d-finite positive measure on a

6-algebra M in X. Let a measuruble set E be the union of a

family of puirwise disjoint measarable sets En:
)
E« Ues
n=1 n
For every non negative meusurable function f defined on E,

we have
00

£ o s - .
FE % n=1 Enfd/~

Proof For each n€N there exists a family of

pairwise disjoint measurable set Eni such that
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o
s : o0 i € IN
I:n iglnni '/uk(}sni)< - 1 S -

Hence
00 00
E = nszl i\;llrsni und/—\(Eni)<ao for all n,i €N,
lFor each €N |, Ly Vefinition 4.43, we have
o0
g/ Tk
n ni
lHHence
e0 oo o0
Z::j” 1 PP Z::J‘ £d
n=l)p "M % A=l i;i), MOM
n ni
= J‘oo Pe) £d
nQLJ.:ani '/A

a
\Z;.“.
H

4.55 Theorem Let/«v be a 6-finite positive measure on a
§-algebra M 1n X. If £ is a non negative measurable function

defined on X and Eém, then :
firem - L
Proof Since X = EU(XNTE), by Theorem 4.54, we have
fx’ngd/« fEfoy *fx\ﬁxnfy

J‘Efd/a +Jj \E'\)d

J’Efy« .l

4.56 Fatou's Lemma Let be a 6-finite positive measure
a0

]

on a 6-algebra M in X. 1If fn:X—-> [0,00) is measurable for

all neN , then

fliminffd'g im war b roan”,
"/M x n/

X n—>o0 n-—>e
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Proof[91for cuch k&N , let

gy (x) = inf{f (%) € l(x),...} = i:i f.(x) for all xeX.

Then g, < £, for all k€N |, so for cach k

xk/ Xk/M
Also, we have
815825835-..)
and each 8y is measurable and by definition

lim gn(x) =.2im inf,f (x)
nN—s» n —>»es

for all-x€ X, lhen, by Lebesgue's Monotone Convergence

Theorem

lim f _f(l;m inf £ (x))/

N—>X X n—yoo

From (%), we get that’

lim g d = Aim inff g d & -1im 30f) T @
g n/ nA—9.0 X n/‘A n—ao0 X n/"

n—

Hence

J lim inf Rttt
T

X n— 0

4.57 Theorem Let//A be a 6§-finite positive measure on a

6-alzebra Tn in X. Supposc f:x—»ﬂ),w] is measurable,

y ﬁ}%‘<‘w and
X
(1) ¢ (E) = f fapm

for ulllEé?ﬂ. Then (€ is a finite positive measure on7n

and 1if g:X4*[Q,w] is measurable, then

(2) j'xgd‘p - fngy« .

Proof[9lLet Ll’L2"" be disjoint members of 7n

o0
Let E = {g E s Then



117

]

f%%.fdﬁ
Zj / Z (P(ES).

Q(E) . fﬁf}m . Lxefy,\

0
Z & * > ‘
oy | xXEjfd/v\ (by Theorem 4,52)

il

L}

Q... MHence ¥ is a positive measurc on M

Also, (((95)'
since (((X)

on M,

ffd//\ o0 ¥ is a finite positive measure

Next, (1) shows that (2) holds whenever g = XE for

.some EEM ek - fa) fxgd(( = fxxEd(( = fpd({ = (W(B) ffd/«

fxxnfa - fngy,« 4

Assume g is a simple measurable functions. Then
n
s 2Z
8= Sl ’)(Ei
=1

where 0(1,...., o(n are distinct values of g and Ei = g (o<i)

for mll-i = 1,3, ... 5Vt

: Py |
3d = P : d B 0t X . d =

n ' : n
Ela‘if'xﬁif/““ =L‘E"‘i7€si)f}“ ‘fx"'f}“ .

X

ASsSume g 1s a measurable function. By Theorem 3.15,

Lherc exists a non decreasing scquence (b ) of simple

ne N
measurable functions such that lim sn(x) = g(x) for all xeX.
n—so
Ly Lebesgue's Monotone Convergence Theorem, lJ.nfs d¢ = fgd((
n
n—e’X

Bince (8 F) 18 a noa decreasing scquence and lim(s f)(x)
n ‘neN nNoyg n '

= (gf)(x) Vxex by Lebesgue's Monotone Conver;ence l'heorem,

1 £d =J’ £d ;
nf—T@J‘ e / Xg /

iuoncc
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J gd¢ = lim 5 sndv = lim stnfip‘ = nggf\ . #

X n—x "X n—ob

4.58 Defainition Let//A be a d-finite positive measure on a
&-algevra M in X. Let f:X—>[-0,20] be a measurable function.
For any measurable sc¢t E, we define
. & 2

e s,
provided that at least one of the integrals on the right is
finite. Let g:X--H ve a measurable function. Then g =
gl+i32+jg3+kg4 for some real measurable functions gl’, l’£ 4.
For uny measurable set E, we defaine
() Jagm=foigpsifesomeif aggm i f o om

4
it |{gidu|coo For all I<€ 4. Thus (%) defines the integral
5 /"

on the left as u quaternion number.

4,59 Definition Let/a be a quaternion mcasure on af-algebra
m 5 Eip, O [‘hen/,\ =/Ml+1/‘\2+j 3+k " for some rcal measures
4
/l/’ 1£4.
Let )‘ be a real measure on a £-algebra m in X. Let
f:X——)[(),w] be measurable since I/\(X)'<oo 5 )\'(X)<oo
and )\-(X)ooo . Ve define integration with respect to a real

measure A by defining

J‘Efa)\ - fufq)\“ - fead” EeM )

E
provided, that @t léast -one of the antegrals on the ‘raght-is

finite,

Fhen we define integrution with respect to a
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quaternion mcasure as before LY defining

(*) j}:ffi/“ = jﬁfd/“l"'ijvﬁfd 2+jj1;fd/“3*kfﬁfd i (Eém)‘

/
ly fd/A]fl<-o for all 1€4. Thus (*) defines the integral
E f

on the left as a quaternion number,

If'f:x——»l_—w,oo] is measurable, then we define
1ntegration with respect to a quaternion mcasure/,\ by
defining

S'Efd/-« é ynf‘”a/u-fEf"d/u (ceM)

if yf*'d/»\ and J‘f—}u exist, so J'fd is a quaternion number,
- E 53

If f:X—H is measurabley, then there exist real
i 7
measurable functions ff, 1£4 such thut
£ = fl+1f2+jf3+kf4

Ve define the left integral of f with respéct to a quaternion

m.cusure/-/\ by defining
[ - g At ol af e wem

it jf’d exists for all 1< 4, so j fd is a qQuaternion
g 1/ #/

number,

Also, we define the raght antegraul of £ waith respect

to a quateranion xrlcuSure/A, denoted by [j (c'l/,\ )f] , by defining

U(d/«)f] - ‘fd/“l-flj‘ /«2+JI fd -+kf fd/“-l (neY)’l).
il ) fg/kl exists for all l- 4, so0 j’ //‘)f is a

quaternion number,
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Remarks: (1) Let/« be a real neasure on a o’-alc'ebram in

X. Let f be a quaternion meuasurable fuanction defined on
EeM . 1f ( fdsn and du)E i s he

M jE (/o\ an [S’E(/a) ] exist, then

Edpn = J' (e m)e] .

E

(2) Let/\ be a quaternion mcasure on a o’-algebram

in X and £ a real measurable function defined on E& m 1§ o
£d and [f (dar )E]| exist, then
S;E v g/ )
o/ :
ffd e [f (d )f] 4
g 4 g/

(3) Let/u\ be a quaternion measure on a §-algebra M
vin X and f_.a quaternion measurable function defined on Eém.
Let ffd' and [f (d )f] exist. Then they mAy'not be equal.

" /b\ " /« ' q
For example:

Let/o\’ be 4 real measure on a f-algebra m LN X
Define/« = i »', SO/V\ is a quaternion measure on m Let
ra /A .
£ be a bounded real measurable function defined on Eem.
’ i : 3

Define £ = jf, so £ is a bounded quuternion measurable
function on E. Ve have

I'Efd/u - jjﬁfa/« - j(ifsfu/d) o —k[de/«' '

[JE(“/‘\)f] = iS‘EEyA’ e igjfEf'G/A’) & kj;zf’d/“r’

S # [feemd]

In this chapter, from aow, an arbitrary measure

and

W

means a §=Ffinite positive or a quateranion measure.,
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1,60 Definition Let sa be an arbitrary umeasure on a 6-algebra
M in x . Define '

Ll‘/" ={f:x—»H/ f is measurable and 5 (f|a),«l<oo}

F'he members of L (/u\) are called Lebesgue integrable functions

with respect to/o\ .

4,61 Theorcm Let/'\ e an arbitrary neasure on a §-algebra
T ia X, Thea E€L () 166 € edum ([ (da)E]) exists Pos
all Eemo

Proof Let f = fl+162+jfs+kf4 for some real measurable

4
: y = : :
functions fl, 1£4, and let/v\ /1+]/ﬁ2+w3+k y, for some
’ 4
: ¢ a3 ] é . = 'S 4 L]
realvmed urea/ulffl 4 Let E€M l‘o‘show that ff_ld/“e H

It suffices to show .thut: fEfld/ql, fEfld/Mz, 1(561(1/“3
j.and fgfl?/“‘; belong to IR.» Claim vthat fEfld/(Ale R.
It sut‘fices. to préve that fff"/"I A yfId/AI : fEId/IAI
'and JEf—d I bewlong‘ to R. Since E [fll < lfl( = W

-/f +E2+E +f = [£], we nave £ ¢ lfl .+ Similarly £7 < [£].

Since/‘(l"' = Jadem) and |m| (E) 2 M (B)]| for a11
e M, JALE= (3] Ehem (|2 50 Jm u:)+J,ul(s)l)
(J/“ﬂ (E)+J/Al|(E)) J/Al](:) for all E€ M.  Hence
L |.‘ samalarly, o £ ‘. For each E'ém
Yt ,}/“1 4 oy ,J/"l !
y«l(zz) sup{li;:ly,«(rsl')v (E{)yenN is « partition of E }
supl o |y (B +i My (E) 3 g () s ()| /

(Elll)llem is a partition of E’k




o0
4 bup{z:_: J/Ml(L l/ (Il lé/N 1$ a partition of [ }
“J"ﬁ (E) .
Ilenceﬂl\/«\l &J,UI and/b(zfl/«ll.éj/v\, « Then
: framt g f [£]d *'4 j [El du] < @ | Similarly, we have
XE 1 o o o = )

fEfId/MI . S-Lf;d/uz and ftfznj/«z are finite‘. 30 we have the
claim i.e,, J‘Bfld/b\lé R . Similarly, fﬁfld/MQ : fﬁfl%3

and Yf d/u belong to R Ilem.(.
4

£
f. LM = j‘flu i f a/ugnj‘ £ d/u3+kf £, € &H
Similarly, we have Jf dAq, ff d and 5‘ £ d belong to H,
g/ 1 e dp 3 p. 4/
llence f fd = j‘f d +iff d +)f +kf £ dume H.
g/ p /g 2 /"
Conversely, let f = fl+if2+jf3+kf4 for some real .
jeasur: ‘unctions €.,1<4; “ i ' K
; measurable functioans fl’l‘ 4,/(4 /(Al+:7¢\2+3//\3+/1¢,4 for
’
some real measures ‘w1 €4, and assume that S fdu exists
/M E 7

Cor il Eem.' For L’ém.

o

),M‘(E) = sup ELJ/“(En)V (En)né{N is, 4 purtition of E}
”
€ sup {2 (Jmy ()] +jmny ()] SO ED] sfay (B )] /

(E)ep &S 8 partition of £}

od

a :
¢ = [su i;g—u/«w(r W (B en &5 a partition of E]
= },«All(s)+),.,2|(_rz)+ V31(5)+ ) .
Hence fxrfnd/w € fIELOC e frgle ool )



=( (cfa| +y{fld/l,,\|+y LE1d | aas]
5;( il x ™ .
+f HERPHE
X //M4
We must show that f lfldyAl'|<°0 Cor a1l .1 = 1,2.3,4%
= ;
4
[his proves the theorem. [o prove this,leét 16{1.2,3,4}.

since [ppl= MY Ml j;lflal/ulq:jxma/uf +jX(f|d/u} ;

o . o 2 - S . 2
Since ‘f] . ¢}1+f2+f3+f4 5’f1[+lf2[+lf3'+lf4|,

. + > + i 2 +/ s * ‘
fx[f[d/ulv"c‘(x(fl[ d e +£{|f2[d/~\l +jxlf3{d/ul *fxlr4’d/‘1
N P ok i —v i = = » +r e +r
suago e 1w £ S0 jxlfﬂa/«l -J;(fld/ul +[xfld/ul &

But fxfId/b\I/ and fxfz“/“f’ are {inite becasue fxfd exists,

so (|f (d My coo o fimiTayy, lf[t’|d b J‘lf{d *,
fxﬂ/"l x2/"1 x:s/“l

+ 2 R | : + St D
and f[ f4| d/“l' arc finite, “Hence f'( £ ld/ul <« . 3Similarly,
X X
~ -.1 = : = 0 ,
fxlild/Al P Fhus J‘X[fld(/ull z . #F

4.62 Theorem Let.'/u be a d-finite positive measnre- on a
d-algebra M 1a X. Let £,8:X—[-®,®] bLe measurable and
e such that S}:f‘d/,\ 'and Sﬁgd ex;.’st. Then

(a) If £<& g, then jEfa/M SJjE-c;d/u X

(b)) lFor all ce R , jEct’yA ='cJ'Efd/\A -

(¢) 11=/M(E? = 0, ‘then frm/u\ - 9.

() Sﬁfya = { Xarde, o

Proof of (a)f913ince fgg, 0L £ g% and OL8 &-F.




3y Theorem 4.47; fEf+d/~\ < J‘Eg+}v\‘ and jxoa.d/% _(_JlEf-yA , SO
-fEf_y\ < —JEg-d/A . It follows that jﬁt’y« < Jsgu/A

Proof.of (b)[91Casc ¢ 20 3Since (cf)+ = cf’ and

(cf~)- =.Cf_, by Theorem 4.50, we have cj /u
c(jfa/ujfa jcfy« Scfd j(cf) J(cf)/u\
=J;c€//A .

_Gase € <0 3ince ~c >ONYOTY 7L (~c) (=F) )" = (~¢)(~£)* =

(-c)f' and similarly, (ef)” = '(=c)f"*. Then, by Theorem 4.50,
cJ’ fd/« i c_(j f+d/«-5 £ IR (-C_)(J‘ E—}u -f f*y,\ ¥ i

£ £ £ £ wlofdm
f(c) j(c)y j"(c) j(c) jEc/

Proof of (c)918y Theorem 4.28, we have If"'d =
; E

0 =j'E[’_d/,\, hence yﬁfy,\

Proof of (d)813ince (’,{Ef)* - 'XEf" and ( XEf)_=_ 'XBf;
‘by Theorem 4,55, J’Efd/,\ ¥ }Ef*d/u-S'Ef'd/A ‘=J'x'xsf*y_
j’x’xﬁf‘}u - fx(%.ﬁm*y- )"x(’xﬁm‘}v - fx’xsfy ;'

4.63 Theorem LLt/A Le a €-finite positive measure on a
Ciltaanne Miia o 1t re ¢ (/9\) and E€M, then the
following hold:

{a) 1f £ = 0 -on E, then y fg}/.« =

b) If E) =0, t £d 4, = 0
(b) I /A( ) then S'E /«,\
(c) J'Efd/m = _fx’YBf% i
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b ) _ : -
Proof Since f€L (/«), ' = ll+l.f.2+)f3+kf4 for some

real measurable functions fl' 1’5 ESE prove ('a), let £ =0
on E.  -Then fl' = O on E for all -1¢4, so by Theorem 4.49 it
follows that fm = O.. To prove (b), let (E) = 0. Dy

: /Aj’ A i
Fheorem 4.62 (c), £ .7d = O for all 1¢ 4, hence “d

y 1/"\ : d e

[o prove (c), we huave XEf = 'XEfl+1('XEt2)+)( 'XEE3)+
K ( ‘XEfq) and for each 1£ 4, 'X .03 X—[R. By Theorem 4,62(d)
we have ffd/u = f_fld/“ +x§‘f,‘,d/u +JYEf3d/“ +kJ’Ef4d/«\
y’%f “f "(Efg +)]"'X 39/ *kfxrxzzf-l‘}/‘* i fxlxnfd/"‘

4.64 Theorem Let/tA be a quaternion measure on a 6-algebra
M ia p LEHERe & féLly) and K €M, then the following hold:

(a) 1If £ =0 F+6h f£d =0 -( (d fla O}
a on enJ’E /v\ U'E /,\) ] )
(b) fﬁfu/« : j’xxﬁfyw OIS tame] - [f e (%ge)] ).

2+jf3+kf4 for some real measurable

. 4
functions £/, 1£4 and = +1 +3J +k for some real
1’ B sty ol oo Sl st B e B
mcasures/Al’, 1£4.

fo prove (a), let f = 0 on E. Claim that J fl'y/\

Proof ' Le® L = fl+if

O for

7
all 1€ 4, Fix tg 4, By Theorem 4,63 (a), f f d/-AI/ = 0 =
ffa aforulll : uencegfd _J'fd '-ffcy«i
p b /“1 & t/l g ¢ 1

4 N
w0 for all 1$.4, lence gf d = S £ d ‘ff d +
E t/ i 3 ; t/2

jJ I VA +kJ £ d/« =0 « 30 we have the claam, Hence

t 3 4
Jtd j't d +J.S +3j +x £ d i w0,

R o 1 g B



fo prove (b), we have lﬁf = XE11+1(?KEf2)+j('XErs)+k(;KEf4)

Claim J(’X )/A y d/« For il 1..4 Fix t< 4. By
.Theorem 4,63 (c j .9 = 5 £.d M7 and S‘X.f d M s =
el X’xEt//‘l‘ S g x1::;/"1

Sfd R - Vi X uLlleac S'X'fd\ ’X «r—
‘ /A or a ence . E t/l j
fX‘XEftd/uI' = fsftd/hzf -fEfta/sIf = Jﬁftd/«l' for all 1 <4.-
Hence jlx'fot% fx’XEftd/M'lqu’XEEtd/«ijfx’xﬁftd/us
kX d

fx ¥ s /%4
SEEtngl+i5Efti/42+jSEfti/A5+kj;ft$/¢4
¥ 5 A

50 we have the claim. lience
y’x,fd = f £-d +i§'x £,.d +jf’x.f d +kf7 £.d
o b XIXEJ./( L B i b B o
=J‘E d +1[ £d +jf £ +kf
e 1 A 2

o g L
Ynd

- <4.65 Lebesgue's Monotone Converjence Theorem for a Quaternion

]

]

"

Measure, Let//A be a quaternion mewsure on a 6-algebra Yn

AniXe +Let (fn) be an increusing scquence of non negative

ne N

" measurable functions

f < f $f Lisoe
defined on X. 1f

Lamot %) = f(x)
e X »

and & Llﬁ/m), then



»limJ‘f d = y £d "
n—»«0X n/A X /\‘A.
Proof Wy assumption we have O ¢ fng f for all nelN. lence

> & 3 s 'L * }
;fn|$]f| for all n¢N . 1t follows tiat £ €L (/N) for all

neiN . /0\ =/\1+L/u\2+3/0\3+k/‘/\4 for some real measures
/"‘1’, 1£4, :50/4 I/ and/(I’ are bounded positive measures,

4
1€4. By Theorem 4.51,

: ! I 3 *. . ; otk -
iinwyxfnd/hlf jxtd/b\l o kdm fxlnd/ul focl/«41¢

N —> a0

for all l'£ 4. Hence

lim £ d(' == 7) 2 5 £d( At 7)
n—+.°_jx n = RS Sy 1/
. -

i v, £ "
iﬂ&jxf“(yl, J‘x !

for all fé 4. DBy Theorem 1,31,

Lim( fnd l'”'jxfnd 2+jfx1nd/u$+kf‘(fnd/b\4)

N— 47X

‘=_[fu ijfl ,jffl kffd S
x/“fx(fxy«fx/\“.

.ﬁcncc
«limS £ 4 = S £d . #
n—nX n//ﬂ ; X //A

4.66 Theorem Lct//\ be anarbitrary mcasure on a E-alpgebra M

i X: 0 IE i €L (MY und £, gi%—f0,®) ; then fige Ll(/b\)

)

i )X(ng)a/u ‘" JYL’%+fxgcyA :

Proof Since |[f+g|g [E]+ fag; 'S‘ lt’+g|d},~\| £
X

f ({I‘1+{g[)d(/«| s Llf(d}"'\lijxlg'(lyﬂ(oo' hence 55 Ll_(/o\).

X
Lot ‘( be ‘a real measurc such that B, g€ Ll(({’). Then fag

£ P YL e j(fi-g)d(f - f (ug)dq:*-j“ (Fagld ™ =
X X X



J‘X{’bd((*' +jxgd @ -jxru " -fxga.qt (jxfa @* —j'xfd @) +
(j'x'gd ¢* ..ngd(.(—) o yxfd((+fxgd\€ L osince n o= Aaisi ] Mo

. > Mo A e g : S
+k/b\4 for somce real mt_ﬂbu!‘\..b/l'\l’ for all Y €4,

j;((f«rg)d/\ EX(f*g)%l+ifx(f+g)df2+jfx(f+g)cy‘~3+k£(€+g)d/«4

]

J\xnt/A1+ngd/‘\l+i( fxfd/A2+J:‘{gd//\2)+
j(fod/As'fjxgd/“‘s)*k(J‘xfd “jxgd/“)
fx(’d/u +ngd/v. . #

4.67 Thecorem Let M be a quatcraion measure on a 6-algebra

n°

m in X..ilet f'n:x——v[o,oo] be mcasurable functions for all

ag N v 1t

o0

: Y A
so P Ax) = kL]
for all x € X and fCLly«), then

Elfxfnd/& b ffd/“ 2

X

Proof 3y hypotheses we have t £ F for all neN, so

- Ll(/.\) for all neéMN'. For cach k€N, let

n

k
8 (x) = 2S¢ (x)
for all xe¢ X. -llence (g‘k)kew 13 an increasing sequence of

non negative measurable functions and lim gk(x) = f(x) for
K=3o»

all xe X. By lLelhesgue's' Monotonc Convergence Theorem, we

huve

“ K K
£d =1m)'g,d =1_“.fZ_Ifc = 1im Z_ 1 F 4
JX /‘A Lo £ K b o xn—l n/‘ Kk —sao =1 X n/'\
(-9}
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4.68 Theorem Lct/\ be amarbitrary mecasure on a 6-algebra

Mm in x.7 1f f,geLl(/u) and f,g:x‘—-ﬂH, then f+géLlyA) and
o » = £ - L
5x(t+z,)q/ jx -d/M*’Kde/A |
([) (U )(Eag)] = (dm )£ (dam)gl).
[ amrieen] = [f aprg e [f apmg]
P.f Since |f < |fl+1eg], f+gld] £
Proof ince [f+g| & |£] + 5] fxl +8| /«l

Jx([f|+[g|)dy«[ = jxlfl d}Ml+J‘X[g|dy«|<°9 .. heace f+gélLl'(/“)-

Let £ = fl+if2+jf3+kf4 and g = gl+igz+jg3+kg4 for some real

4
. . - { @ ’ y & x é g A =
mecasurable functions fl’é’l’ f or=add l 4 . Let h fl+g X

‘ oy . ; 3 Bl e
. 80 hllb a rgal measurable function and h]. hl f.l fl +
) = 8y » hence hl - fl R hl - fl ¥Bg o By

Theorem 4.66, we get that
J‘thd/A+fxfId/« +JX£;IG/A,= jxhzd/‘» +jxf1y\ +j‘ngd/A L
It follows that thly = [xfld/u +fxgl% .i.e..fx(fl»fgl)y'\ |

= [t ameflg,am . similarly, we have J(f'«rg')d -
.jxl‘fxl/“ ROE B firans

7/
J i +J‘ gyd Eob a4 =3 O dc  Hanre
BB pie B bep 83 ;

ij(f-n»g)‘d/u j'x(flfgl)d/u rif (Cyrpy)dm +jjx(f3+g3)d//~ N

]

X
kfx<f4+g'4)}u |
(fxfl"/‘* of ergmreitf eonef ayam) o
TR PN RS

J £dwm +§ pdida. . &
Xl ity

i

%
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Remarks:Let Le an uarbitrary meusure on u §-algebra m in X
S Al et )

(L) 1f fl'é‘ Ll(/u) for all 1 = l,v'.2,‘...,n, then
fx(fl+f2+...+fn)d/« " Sxfl"/‘*"'*fxfnd/“ :
o ”x(d/“ J(E +Epseeusf )] =Ux(u/.\ )fl]+...+U'x(d/4 )fn]).‘

(2) tet a,8e M be sueh thar AND = ¢ and £ Ll(/u).

T Nl |
([}@B(q/u)f] o [fA(% )] + [jatd/« )f] 1

Proof of (2) siace ANB = ¢, 'X pf = X f+ ‘X £,

Then,‘ by Th'eoréh 4.64 (b) and Theorem 4.68, s
% X.£)d
fmf}“ J’xAunfd/‘ =S (rfof B, A"
j Xy J'X f/A
+\ fd
JA./ | e

4,69 Theorem Lec/.\ be' a 6—-finiteipositi’ve measure on a
6-algebra M ia x. Suppose feg Ll‘(/,\) and
(1) Py = £d ‘ (EeM).
E
Then (P is a quuternion measure on m and if g€ L (/m) sthen

gdy¥ = ) Bfdi (|} (4 )g] = | Fgdnu ).

J‘ jx / [fx ] jx /A

i : | P_l;(_?_(_)_g Assume [ :X— [—00,00] , SO f+ and f- belong to
‘ij(/‘k) and ¢ (E) = jEfd/M = fuf+}iM -IEE—-d/‘A « By Theorem
f.f+d/‘A and f.f—}u are finite positive measures. '.I‘hen

V‘ is a real mcasure on m o Let gsLl.(/u) be such that
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g:X— (-0 ,oo]. since, gf = (g+-g—)(f+—-f‘) = g+f*-g-f+—g*f

+8 £, we get that

fg,f féfu 5é,fd/ujgfy

R T S

(by Theorem 4.57, let (fl(rs)=JEf“yA . ((’2(5)=[Ef'd/«,sem)

~
(o8]
o)
A3
I

]

il

j:(ud Yim fxud i

]

[xeay  (since Y- @ -y,

Next, let f:X—H . Then f = fl+if,)+jf3+kf1 for some

'real measurable functigns ff’ f£‘4. Then QY(E) = ;;fng

| £ dn +if Eydm +3] £ 59 +kJ' f;‘d/a For sl BEM . © Por éieh
E E E E

E€M, 1et f..t’ld/m € (E), ;J"Efgd/u - Y LE), fﬁfsd/»

Q (E) and j £ 9/« W4(E). 50 Ql' Qg, QE and ?4 are

real measures on M, “Hericr S S S (.(l(b‘)+i W,(E)+j L(’3(13)4.

kL(?.l(E) for all Eém si.e., § isfa quaternion measure on IN.

Let ge L yA). Pl h g a2 g,l+x‘,2+)g,3+kg4 for somc .roul
measurable functions g,'l', l’.<_ 4. ' Thus
R R e P R PLP P I
I8y Ey+Bgf 8, F)=gof ekin, £ uvp Forg,fi-g f, ).
Hence :

Sxﬂ“/‘* . jx(glfl‘géf2‘33f3‘34f4)d/“ *ifx(glfz“"zfl”’s a~85f31dm

+:y‘<glf3+g3fl+g4f2 85F,4) 9 +kJ’X(S1f4+84f1+g2f3-83f2)y

5 (yxglflﬂ*"fxngzﬂ” "f,gs o g 5‘54f43/‘)
14 fxglfg“/" *fxgz iyt § "3%"/“ f g4f3d/“ )



+j(JXglf3'd/A +jxg3flci/\ +)"x§4fgg/u-;xg2f4(y )
4k ( jxglf4d/A +ng4fld/4 +fxg2f3y -—[ngfgy )
- (] 8 foxgzd €y f 85t €5 f B0 )
ok fxgld @, nged Ql*fxgsd W4-ng4d €3)
+3 fxgld Q3+jxg3<l ((’l+[xg4d Q’Q-fxggd &)

i ;xgld (f4+ng4d Ql"gxgzd Les'fxgsd € .

}‘xgdqy =yxgld(( »i fxggd\f +jj‘xg3d({’ +k§xg4d‘-€
=5’xgld W1+1§X81d ‘f’gﬂ'fxgl" ‘fs*"fxgld ¥4
+i(5’xg2d @ l+ifxg2d ((2+jfxg2d Q3+k_fxg2d £ 4)
([ gyaYf +if g:d @ousf g a @ ek( g aC )
+3 j‘xss ‘(1*1()( 3 ((2”&."3 - ¥y fx"’fi 4

+k('5xg4d % l+15’xg4d ¢ 2+j§\{g4d Q@ s+k S’Xg4d € ,)

ol fxgld 50 fxgzd Wz"fxgsd Q’s'fx%d €,y)
*i(fxgld ¥ g fxgzd Vl*fxgs“ Q4"fxg4" Ys)
*j(fxgld L():s“vf‘\,gzd L(‘:*fxgsd ((l*fx%d ¥y)
"k(fxgld Wﬁfx"'zd “‘73“57){33d %*fxsqd €is

Hence

jxgd(e = gngy e

4.70 Theorem Let/A be an arbitrary mcasure on a 6-algebra

Mm% b ser iy, o, peH, then otrs /bgéLl(/u) and
c ot 4 ¢ = ¢ + »

(1) ,5x< Frpeiga - of £ pf eom |
(Ux(df )£ 4gp )] Ul ates [f (amgdp)-



Proof ‘¢ have olf+‘5&, 1s nmeasuruble. 3since ‘o‘f+ (}&,l

< 1acnf|+l/bm,l fltte paldpmt < [ i€l apen [ Iplls |d/«|<w
hence 0‘E+pgéL (/u).

To prove (.L), it is sufficient to prove that

Evgidam. [ r4 ghin and Fobdiu s ul fa
SX( +8 /M j‘x /0\ + J;: t/u\ an va / fx //\
By Theorem 4.68, we h: ifag)dm w'if Ed a7 ¢
y Theorcm we have ’fx +8)dm Jx dpn +J'x{,/u\

Let £ = fl+if2+jf3+k(’ for som¢ real measurable functions‘

fll, 1’54. 1€ O(QTR, then jo"lu j'plrl/u +J.f o{l

j L E k E.d mResr O B 1 oL E =) f
foo( 3/A+ S'xat 4/0\ aim that S‘x 1/4 Sx l/M

fo prove this, let M, L@ AR Heasures such thee
S St Mg pskp /L Then
5{’“1‘%/“1 t Jx"(fld/“}fx"‘fld/“: . "‘J,fld/“ I"“f Figm g
(by Theorem -4.62 (b))’ & ozj‘ £ dum, . Similarly, fazf Am, =
o/f e A0, Jo(fld g _oig £y dm and j‘otflc%4 - oéj’ £ -.1//\4.
.llt_ncefolfl/(,\ j’xfld/«luj’ ol f (‘I/AQ-Q—]Yo(f <1/u3+kyxo<fld/u4
= ozj‘ Fpamy +ozg.f l/«gﬂxgy 1/43+,<k§ My
o((J~ £d luj 1/“2*3f 19m 3+kf £ <1/M4) = .,zj’ t‘ld/u 1
50 we have the claim. 3imilarly, J”o(fl/,\ - .,<J" £ {9

for all 1 « 3 yJ3,4. Hence
jo(f j.;(f d/un.J‘o(f +jfo(f3/u+kfo¢f4/a
= O‘S'xfl/.\ +K1fx 2/.\+0(fo 3/\+01kfxf4d
“ :xfxfd/u



“i§ %4

Let & = oll+j.k o(2+j o( +ko( for sume ozl’ék for all lré 4, Then
;xii’-d/u s jx(if ~Ey+kEi=3F 004
% j ol f 2/"*“f :s/“"’y L
=1(J'X l/‘“-jx 2/»+)J'f +kffd/u\)

s if fa
Jofg
Similarly, we have ijfy,\ = jfxf’d/u and kafd/« - kJ" £d
llence
Xo(f‘d/“ = J ( o(l+i O<2+j O(3+k.)(4)f}u\

jozlf/ flozgf/j;x fko(tj/,«
= o vif oaBdm 3 f otyfum i of £

1fx f f f b i
=o(lf Fd/u +ia(2-fxfd/¢,\ +jx3fxr7_,\ +kal4fxfd/u\
=ozfxfd/u .

4,71 Theorem Let./u\ Le a §-finite positive measure on a

6 -algebra M ia X. 1f €€ Ll‘(/o\), then
i) & ) 1Pida
”x da] 5,{ v
5‘ fd/o\ then hé H. Let

; 1 if h = O
A =

¥Yroof Let h

il . if . h £ Qs

Y
Fhen
(*) &h = |h| and [o]= 1.
Let o{f = gl+ig2+jg3+kg4 for somc¢ real mcasurable functions

gl’, l’é 4o Then j“(gld/,\ +irxg2d/u +jfxgsd/v\+k'fxg4d/u
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f;ﬂfﬂfk= d[xfg/A 2 lfxfﬂffl (Fiom.(*))' llence
0¢g Ijxf%[ = fxgld/,\ syxl“ f;d/-,. (since g & [ef £] and

Theorem 4.62 (a)) = f [Eld/« o« Therefore

;--'{yxfd/ulé fx[fld . #

4.72 Lebesgue's Dominated Convergence Theorem

Let/ be a §-finite positive measure on a §-algebra
m X o Let fn:X——-)'lH be measurable for all neWN such that

lim £ (XJSSSE(x)°
N—> 00 :
for all x€X. 1f there/@éxists a function geLlyA) such that

RO
for all neN for all x¢ X, then

: 1,

{i) FeE K (/A),

(ii) lim ;ifn—flng =0, and :

Nn— e
(iit) 1inRErEwo ety
n__‘_ojx n/‘A S‘X /M
Proof[9ls3ince ‘[fnl < g for ala nenN, [Fleg .

since £ is measurable) | fie Ll'(/u). This proves (i). To

'

prove (ii), for euch neN ffn—f’l £ [fnl +|€]l < 2g.
Since lim f (x) = f(x) for all x¢ X, lim[fn-f] (x) = O for
N —p o0 n— o0
all-x€ Xs © Thus lim(Qg—(fn-f()(x) = 2g(x) for all xe X. Hence
Ne—y o0
X ;
$2gdu o Lim inf(2g=|Ff =f|)dm < lim inf{ (2g-|f -f])d
X /A j)( n—> o0 / n—e 5 un /A
= lim inf( ) 2gdm -} |F -Ff]d )
e y b g j )

]

f‘.;,/z\ =lim bupy [ E —f]dv\ .

n =—3 0
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Since 2gd b & £ ~f « By Note '1,34.
ince S 1,/((90‘, ni:upj] I/M y Note 3,

lim ]f -f)d = . This provc:’ {dd]) =
n—éwix J/A

To prove (iii), by Theorem 4.71, Oswx(fn—f)d/,\l <

yx[f -flyr\ for all n€ N. since lim j‘ [l’n—fld/u\

n—od
x]:xi:.o”x(f -f)/»\’ o 0, Ae@i llnly /A 5"./0\' = 0,90
ii‘nf £ d = j'xfy . This proves (iii)',#

4,73 Lebesgue's pominated Convergence Theorem
Let/o\ be a quaternion measure on a §-algebra M in
X, Let fn:X-'—-)IH be measurable for all heMN such that

lim fn(x) =/ f/(/x)
N~> o8

for all x¢€ X. - 1f thorePi@Eiafdnition € Ll(/m) such that
|E_(x)] & &(x)
for all né N for £ x €& X, ‘then
;! b
(i) fel (/«A),
(ii) 1mf | £ —f]d/u = 0, and

n—e X

(iii) Cun f £ d f /,\ Q

n—.,n

(lim (At} @ e 10T
n;w[yx /A a] Wx g ]

Proof By Theorem 4.72 shows that (i) holds, Let
f = a+ib+jc+kd for some real mcasurable functions a,b,c and
d. For each neéMN , let f_ .= a _+ib _+jc _+kd_  for sowme real
n n n n n

measnrable functions un,b " and dn. Then fer all %€ X

n*
a(x)+ibfx)+je(x)+kd(x) = E(x). = 1im.F (x) =

)
l.im(an(x)+ibn(x)+jcn(x)+kdn(x) Y. -Hence -Xim- a (x) = a({x);

n—>uq n-—)ao
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lim b . (x) = bL(x), lim cn(x) = c(x) and lim dn(x) = d{x) fon
Bt 7 n— oo e n—>es

all x€ X. For each n€wn, jan] < | Enl‘é g, |bn| < | fn! £ By
‘cnl < lfmlf g and [dnl € Ifnjﬁg. Let/,\ =/Al+_|7u2+3/u\3.‘,

k/44 for some real rrleusureS/AI’, 1<€4. By Theoremn 14.72,

1im { fa -a[%/Al =0, 1 f [o,-bdpm] = O, iiidfx‘°"'°'3/“z

n—e X

= 0 and lim d -d]d = 0. Vor each née N
n--noYX[ s /1 :
,f -fl la +ib +Jc +kd - (a+ib+jc+kd)|

l(an-a)+i(bn—b)+j(cn-c)+k(dn-a))
< Ja-al+[v n~Pl*le —cl+[d_-d]

Hence lim f -f pEI SAridEedy, 1im | (£ -fld m . =0,
n-.0 I l I/Al n-—)-og o /l ;

0.

Then lim f lfﬂ-f]g/ul - 11m(j R -f| -j i f]%/MI)
n —>0

n—o, X

3imilarly, we have linm g |fn-fl%/ur e SR 2.3.8.: Sinoe
n—x’X

for each neN,Jlf -f[ j‘]f-f](.i/.,t +.LJ‘ 'f f'd/u2+
jj | £ f‘d/"‘;;"’}‘s |f —[|d/«4, we get that lJ.mS ]fn-f]d/.A =

n—s X

[his proves (ii)

Next, we shall prove (iii). By Theorem 4.72, we huave

lim adut S‘ad"&andl.un ad-=fad-.; Then
n—m&lwﬂl x /1 sy 2T s e

1im [ a d aim(l o a Wl wd u Ty 11m a_d
n_.,,,J n/‘l n—-),,j‘x n./Ml IX n i gx /“l

lim j’ a d 1= jxa(yAI —'fxad/o\z E 'fxad/ul. Similarly,

n—s.a X

1i j a dum.-
;Lig-ogxand/u rllixr'n‘((’j\{a d/“l“j"\.and/“Q*jfxand 3+k§xand/4)

fxagﬁ&l+ijxae/&3+jjxag/A3+ijag/u

]

j Bd ot Por all 10a0B0 3 0 e nce
g/l

"
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e

Similarly, we have 1lim j /M
n—, X

bd . Lim 5
5‘)( ni,, /A S
nd lim Cd d =§dd . Hence
- n—:ngx Q/M X //A l

lim B
n—+¢£X q/M

nm(j adm + J" ndm +j5xcn9u\ +kfxdny )
)‘ s'xcd/,‘ +k$’xd }.A
Ixf}u\ :

This proves (iii).

]

4.74 Thoemrem Les//A be a §-finite positive measure on a
¢ -algebra M in X.

{a) ‘if fGLl(/M) and S fd/u % -0:for altl Eem,
E

b

then £ = Q- ade. on X,

(B} If fe L‘l(/o,) and IS\fyA‘ & Xx,f}y,\ y then thcre

exists ®€H  such that oFf [ £) a%a. on X.

Proof ‘of (@] "Put'f w fl+if2fjf3+kf4 for some real

measurable functions f/, 1'¢4. Let L ={xe X/ £ (x)»0].

l ’

NuuxIZGYHq 50 .0 = g fj*& = I El/k +1Y f +]f 33/A +
B B E

kjﬁf4i/*, hence yEfij/\ = 0 for.u;lvlf$~4. But 0 = Efl =
fﬁf;ik~ (since fl.= fI.on E)+ 3y Theorem 4,48, fI =0 a.e.
D0 Bt Shnso Fl< J on EC, EI = 0 on E°. Then fI = 0 a.e.

on Xo  3imilarly, FI = f; = f; = f; = f; = f; = f; =0 a.e.

on-X. Hence [ = 0 u,e. on X,



Proof of (b) Let h = J
: X
{1 ifhiE O

h) if h # 0,
h

fy«,so he H e s Let

ol

Then|d|l= 1 and &h

{h|. Let&f = gl+igg+jg3+kg4 for some

real mezisurable-functions 81> 1£ 4. lence

ngﬁ/+ifx82d/\+jfxgs.d/\ +k§xg4y B Sxdfy =°‘§xf}“
. U’ fd/&l 2 f lf‘y\ > 0. It follows that f([fl—gl)y
X X X

= 0. 3ince |f|= [«f] % &y, [F!—;;l > V. By Theorem 4.48,

| £]l= 8, a.e. on X. Then |lf]= 8y a.e. on X. Hence of = g,

a.e. on X. .llence «f =|f| a.e. on X. #

4.75 Theorem Let/\ be ‘a finite positive measure on a
§-algebra m in X Suppose fg Lly«), S is a closed set in
[-H, and the averages
Ap(£) =——%—) { g
N ==
lic in 3 for every Ee M with/.,\(E)>O. Then f(x)e S for

almost all xe¢ \

Prooff9lLlet o« € SC. Jince S 1is closed,‘ there exists
r3 0 sueh thay Bl ;r) €S%. Let F'= L iB(l;r]). so EeM

Sgppose/u(ﬁ) >3 Then

pte1= ks [ e9m —iky aa
7«7‘% [§,eam - [=im]
5 (f- 04)/«! (bvlhcox‘em 4.70 an/(X)oo)

AL ml

(*) 5' lf v([/u\ (by Theorem :4,71).
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For each x€E, |f(x)-o|gr,ice., O¢|f-«]| ¢ r on T.

Then [

| £-xfd 5[:@ s PAA(E} . From. (*), we have
¥ /"\ = f /A ’
IAE(E)- o(lé r which is impossible since AE(f)é?S. lience

M (E)

0.

This proves that every closed ball ESESC,/AA(f_l(B))'
= O. By Theorem 1.3V, 8¢ is a countable union of closed
: . c ; = e
balls contained in S~ , We have thﬂﬁ//«(f (S7)) = O and

P{X~ ETH(8%))C 8, #

4.76 Theorem Let X be a locally compact, 6—c0mpﬁcc

Hausdorff space, and let /N ve a positive left(right) lincar
functional on C.(X). over H . Then there exists a 6-algebra
Tn_in X which contains all Borel sets in X, and there exists g
unique §-finite positive measure//u on M which represents N

0

in: the sense that
(8) AL = jxfgk\ for every fg¢ CC(X), and which has

the following additional properties;
(b) /«(K)<oo for cvery cvompuct set. K & X
e dror everj EGTH, we have
M(E) = inf{/\(V)/ ECV, V open]
(d) The relation
4 (E) = sup iﬂ(x)/ KCE 'k compuct}
holds fofr every open set E, and for every ceM with//A(E)<‘ﬂ.

(e)-1e. 2 €M ; A€E, and Ja(E) = O, then AW

Prool Unicuencss of Let and ~ be €=fi te
55 -/A My //“2 e inite

positive meas:res on N for which the theorem holds. First
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we shall show that /Al(h) ;/AQ(R) for every compuact set K
of X. Let K be a compact set of".\:~und let £> O be given.
By (b) and (c), there exists an open set V2K such that

3y Urysohn's. Lenma, there exists fg CC(X) such that

K< £+« v.

Then ‘Xxg £ g 'Xv. llence

M (K) = fx'lxd/«ls Sxfd L= Nf = fxfd/ui)
< [ 1o -, (V) < M, (K)+ £ .
- 5x v 24 W Lt L

3ince ¢35 O is an arbi€piry¥, /ul(x) 5/«2“().' By

I}

interchanging the roles of/ul und/AQ, we obta.:.n/ug(l()s
/0\1(1(). Hence /(Al(}\) =/442(K). It follows by (d) that
/(AI(E) =/A2(E) for every open set [ of X. Hence by -(c),

/1(13) =/A2(E) for every reth,

Construction of and M
=z

For every open set V in X, definé
(1) V) = su‘p-{/\f/ feC (X) and £4 V],
Fram (1), &f \/J.,V2 arc¢ open sets such that vlg_ V2, then

R e e e e s 4
/'\(Vl) S/A(VQ). Hence, "af L& X ie ojpen,
_M(E) = inf {/A(V)/ gCY, ¥ open}.

For ECX, define
(2) /«(E) = inf V(V)/ ECV, v open}.
Lot mF = the cluss of all B&€X sueh that

MA(L) <
2

and
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(3) /\b\(E) = Su}){/tA(K)/ K C€E, K cumpact}.
Let N ve the class of all ECX'such that ENke MM, for
every compact set K of X. Observe th;xt ‘
(i) If A,BSX are such thyt AECB, thcn/u(A) s/«(B).
(ii) If ESX and m(E) = 0, then E€ M ana £eM .
Thus (e) holds. By the definition of a4 , (c) holds. If

£L g “in CC(X), then Ag = Af+ A(g-f) 3 AF since A (g-f) > 0.

Clnim I ' 1§ EL’EQ"" are arbitrary subsets of X, then
bt 2 |

To prove this, let Vl,.V beyoPPR.sels in X.  Let gefjc(}()

2
be such that gA( VlUVQ. By Theorem 1.41, there exist h

l’
h, € C_(X) such that hi{ Vir 4= 1,2, and h (x)+h,y(x) = 1
for all x € support g. tence ghi{ Vi, 1w 1,2 (since
{xe x/ g(x)h (x) # ofjC{xex/ h.(x) # 0}) and g = gh +gh,.
fhus  Ag = A(gh )+ Afeny) LMV )+ M(V,y) (Erom (1)).
This proves that/A(VlUV2) S/A(Vl),+/u(v2)._ By induction,
1 Vl,...,\/’n arg.oben L K. rire g »
/A(VlUVQU cae UV ) s/.«(vl)»f....»f/g(vn)..
lt’/x(Ei) =« for somc i, (4) holds clearly. Suppose
MIE T€  for all i . Let &% O be paven. By (2), for
cach i there exists an open set Vi such that ViQ Ei and
: 3

)
Put 'V w SN ', Let £€.C. (X) be such thart F4'Vi ‘Since

1=1"1 ia c
support fEV = iglvi’ there exists n€ N such that

support £f€ VLU S UVn. HHence

AF é/M(VlU o UVn)yA(Vl)-r...VA(Vn)
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n o0
£ :
< E(/\(Eih?)< 5 o T A
llence 1
=0
) ¢ I mEeE

o0 o0 oo
But U E SV, so/u(igllzi) € m(V). uence/u(ik:)lsi)<

-

0 0

> A i P ot ; U <

i=l/«\(15i)+ R This - holds. . for all €'> 0. thus/b\(i=lEi) <
o

$oe (E.), s0 we have c¢laim 1.
1=1/ 1

Claim 11 mp contains every compact set. Hence (b) holds.
Fo.prove this. , let K bela\ggnpygct set. Let fé& CC(X) be such
that K< f (use Urysohn's Lemma). Let V ={x€ X/ £{x) ¥ i}.
fhen KC'V and g€ 2f for all ge C_(X) such that g4 V. Hence
M (K) & (V) = sup{Ag/ g e C.(X) such that g<4 vl

L A2f = 2Af<®  (since AfeH).

Clearly, K satisfies AJ)) . 358 xemp aml we- have claim 13

Glickm 113 Every open set sutasides (3). Hence m}’ contains
eveny apen set V¥V with/A(V)<oo . IoSprove this . let V. be
an open set, Let <€R pe such that o(</‘»\(V). There exists
an [ € CC(X) such that f'{ VwitheX < Af (Sance &« is not an
upper bounded of {/\f/ feCC(X) atid FR ¥V )e 4 W olk shy
open ser containing suppert £, then f:{ W, hence Af g/o\(w).
Fhas “bac i) o

Af s/u(suppor‘t 5 3
i'llcnf(Su[);)ox'L f)>el o This shows that

Supi/v\(!‘:)/ K¢cv, K COmpact} > X

for all &« € (—-00,/"&(\’) )# . lenge

supi/q(}{)/ KEV, K compact} > (V).
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But SUPVA(K)/ K€V, K compact} g/M(V). Thus V satisfies

(3) and we have claim I1I11.

Claim IV Suppose 13‘1,52,... arce pairwise disjoint members

of m « Then
F o 20
MY ED - 1)::1/‘(51)’

o
2 U ~ e . 3 e
lf__/“'(iglﬁi) < o0 ter? i=lEi WLP fo prove this, let K

1
and K, be compact subsets of X such that KlﬂKQ « . Let

£> O be given. Since Kl_C_ K; and Kg is open (since a compact
subset of. a Hausdor({l space is closed), by Theorem 1.36

there exists an open set V‘L such that

s > /
K,C V, GN £ KT 1

; , =C — 3
Sknce Gk ng and V_  1s open, there exists an open set V

2 3 2

such ‘that

K,c vV, cV,2Y

c
g=0 - -

e
1
> P r ~ - L ' 4 ’ w -
Then Vlf\V2 =" @, By ekaim 11,//\()\th2)4 ¢ From (2), there
¢xists an open set W such that N,‘ZKlUKQ and
M (W) </L«(K1UK2)+£ o
Since Nﬂvi is open, i = 1,2, from (1) there exist £, € C.(X)
such that £ .4 WAV, and /\fi>/«/\(wﬂv’i)-—2 ohi® 3 20 Slace
xigwnvi and fl+f2{w,- we obtain
/*(Kl)*/""(’(g) g/u(wr\vl)e,/u\(wﬂv‘z) < ./\fl+ /\f2+2£
2 J 4 .
= /\(fl+f2)+2£ S/A(k)+2£ </¢(}\th2)+3£ .

fhiis.hodds Tor all £>8: se
/A(Kl)q/'\(}(g)é/b\(nlu}\;z).

By claim I,/\(KLUKQ) S/A(Kl)-f/b\(l\'g). lience
/A(hlUKQ) =/A(}\l)4:/'\(}(2).
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3y induction, if K.L""’Kn arc pairwise dasjoint compact sets,
then
/.;A(hlu Uhn) =/u(kl)+...+/u(hn)..
< o 00 Y . i v Q re . A« Y
If/A(iylEi) , then from claim I, we are done \ssume
/"(19151)<‘° .« Let £>» 0 be given. 31ince r;ie ml?’ there

exists a compact set nig Ei such . thot

/A(Hi) >/A(Ei)-f-i kA m L R e

n
Far ‘each a,:put K - = U B o Fhhen K - ds eompuact for all n.
n =14 ’ n
Hence
o0
; - = ZI -
/u(iglr:i) Y MK ) /A(u )y > (B )-&: &

Ihis holds for all neN for all £3 0O, hence

/(U /ll/*(f)-

8 S ‘
Also, /A( -1 l R /A(E ) by claim I, we thus have that

/‘A(.Ll.l. =_L1/“(E)

Assume tl1at/( E )<°o N ketse> 0 be pgiven. Since

1m /u(E ) = & 1/"‘“3 )<= , there exists N€N such that

/“‘(1 X381 i=J/(Ei)+£ .

Thus
- ‘ *
/“‘1U1’:l) : 4 l.=1/J\(ni)+25 = MK 28,
o0
Ky is compact and I\Ngi}:)lﬁi. Hence
o0 0
| : e : - ;
/u(iglrzi) < bup{/A(K)+2£/ KEUE , K compdcc}

-]
supi/,\(l{)/ K& UE , K compact} +28 .

Pilds- 25 bpue “For all 80y 0. e
0 o0
Uk : ST E-EIE T '
/‘A(i=lFi) < bup{/«(!\)/ K _.&)LL. . 4 Compa'ct

5/“‘(191131,) (from (i)).
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]

o) D g
" . » ¢ C . » )
rmn/u.(iglﬁi) sup{/u(l\)/ KS UE, , K compact J , so

0 . .
iylsiémF anq we have claim 1V.

Claim V= If T e“mF» and £> 0, then there exist a compact set
K ;an an open set V such that K€ ECV and/u(V‘K) < 87

To prove this, let Ee‘mF and £>0. From (2), there exists
an open set VYV such that ECV and

/A(_V)— 425- (/A(E).

Fron (3), there exists.algguipuct - set K such that K€L and

¢
I(E) < M(K)+ 5 .

By claim Il,/‘A(K)c @ . s0
/U\A(V) C/A(K)+£<oo .
Then V>NK is open antl/“(V\ K)o, /A VG B A o By. clatm TELEy
™
VNK € mF. llence claim 1V implies that
K+ (VS K) = (V)
and thus
/«(V\ K ) =R

50 we have claim ¥,

Claim: V1 - If A, B € mp, then AN B CALIES A AR € mF. To prove

this, let a,3e M . Then m(A~B) € m(a)<= . Let £>0

be given. Claim V shows that therc exist compact sets Kl’KQ
and open scts VJ_,V2 such thuat
c C ot <
K. SACY .y, CREY, .

VSR TE Al m (VK e £
Sigte AN ngvl\ }{2§ (Vl\ Kl)U(Kl\ VD)U(V'J\ KQ), by elaim 1y

we have
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MAND) € 28 » m(KSV,).

Jecause Kl\V2 i1s a conpact subsct ‘.oi’ A\ls,./u(Kl\ Vg)coo r
/'A(A\B) £ 2¢ + sup{/u(}i)/ KE€a~DB, K compact} .
Thasds true. tir glli 83509, 806 ;
M(aND) g sup{ m(K)/ KEaNB, K compact }
: - T d R
I‘hu:‘./-x(A\ B) = supi/,«(}()/ K€as~B, K compuct} « = This proves

that A~ eM .

Jince AUB = (ASB)UB, (ASB)NB = ¢ and A~B,
B GmF, it follows by claim 1V that ‘
M(aUn) . oM (‘A\B)+/«(I.}).
!!ut/t&(A\ B) < and/*\(B)<¢° N so/V\(.-\UB)<'° - By claim 1LV
AUB = (a~B)UBeM .

Since A,A> nemp, weshave that A\(A~B)émp.

But AODB = AN(A~ Bl 50 AﬂBGmF 98y we have claim V1

Claam vii oda & §=algebra in X Which contains all Borel
Seta, To prove tllese det '( be cloghd . 1f K is a compact
set,  then Cﬂ'K is compact, so CNK émp by elaim. 11i " 1Thus

C-e m g This shows that m contaans dll closei sets,

Let A Gm. 10 K 18 a colipact sut ;othen K,,A(\x emp
and 50 ANK = K~ANK which belon;s to E Dy el aan Vil

llence A€ 'YYl . his uroves that AFf Aém, then A€ m .

Becuuse ¢ is closed, ¢C i Xém._ If A is an open
set, then A%e m, Sa. & = (AC)Cé M . lence mcon;uins s3]

open sets,
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Next, suppose 1\1’1\2,-...em " Lét K be a compact set.

Put

i 9

By = A N~ (B B U CUB 0 e 2,30, ,,0

ANK , B, = (A,NK)~B, ,

By the definition of m, AnﬁK emF for all n. By claim VI,
o0

: L : ey g e B
B €M, for all n and BB, = 4 if 1 # j. since U B CK,
PR Saiem
o0 : G
/“‘19131’ s/A(K) < « DY . claim IV, iL=JJ.Bi€ Fe Since
0

(.Y

iy “ ” w m
i 800k = U ank) = UsB, (iglAi)nKerF, hence iglAiem,

x=s1 79
hence m is a §-algebra containing all open sets, so. m

contains all Borel sets., llence we have claim Vil

Claim VII1 mF ={Eem//u(E)<oO} vievlence{d) holds;: To
prove this, . let E CmF‘ Claim II1 and claim VI imply that
Eﬂl{emF for all compict set K, 80 eM. Also, by the

definition of mF,/A(E)<oo —t mpg{nem //4(5)<o°}

Suppose Elém is such thut/&(E)("o ¢ Lot &>0 be
saven, 'Uxén there exists an open set V2 I such that/A(V)<°0
by {2).: By cliatm 11, VE mF.. By claim V, there exists a
éompuct set K such that XSV with/,\(V\K)<2 o iiDinee
'EﬂKGmF, there is a compact sct HEENK such that

/«(Eﬂ‘}{) € A(i)s & o

since ES(ENKIUVSK), (D) < ,,;(F.nx)yu(v\x), hence

9
/\A(L’) </A(ll)+2£ - Thus
/‘A(E) £ supi/u(.-\)/ ACE, A compuct} 22 N,

This Jimplies thut

/««(E) = supi/.\(A)/ ACE, A compact] .
' 4
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¥

llence b‘emp, 50 {L‘Gm/ /M(E)<°°} c Yﬂ, and we have claim V11l
Claim IX /u is a 6-finite positive measure on M. The
countable additivity o[’/u on M follows from claim 1V and
¢laim- Y111, l‘hen/u. is a positive measure on m . Since

X is 6€=compact and by (b) implies thut.//\ is a §-finite

positive”measurc on M. So we have Claim IX.

Claim X For cach fe CC(X), : Af = j fd/o\ . 'I'his proves (a).

To prove this, firs't, Lope & CC(X) be a reul-valued function.
since f(x)C f(support f:‘)u{o} and support £ is compact and
f is continuous, . f(support f)U{O} is compact in R , SO there
exist a,b € R , b>0 su¢h that f(x) € (a,b]. Let £> 0O be given.
Let ¥ peee,y € R be such that
yo<&<yl<y2<...<yn=b
and Yi~¥iop% & for aliaivz= £y @59 0.  For euach ie{l,Q..-.,n},
let Bi ={x6X/ yi-—l< Eilac) & yi}(\ UM Lo L e I:i =
=1 : v 3 e
£ (yi_l,yi]naupport .  Jiace f is_continuous, £ is @
Borel measurable function. lience I’-l (yi-J ,.yi] is a.Borel set.
llence the set Ej. ar¢-disjoint Borcel sets ‘since [-is . a
n :
function. j,L—JLEj_ = support f and for each i,
/‘\(_Bi) Sﬂ(sux)l)ort f)< o0 : thy cladim 1I).
From (2), for each ie{l,2,...,n} there is un open set
> ;
V.2 E,."'such that
L o e
v £
/«(Vi) </“(Bi)+ .
foa~l 2 !
Let Vi = Vinf (yi—L’,yi+£ ) for all i, Then for each

ieg {1,2,..‘,11} eV 2By
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/(V>_/<V)</(L )+ =

and
£f(x) <yl+£
for . all. x €V. i Jibwee suppart ¥ € A V. By Fheorem .41,
1 =004
we have there exist h1€ CC(X) gucl that
hi-(Vi {i el g e h)
and

hl+h2+h3+. ..+hn e &

on support f.  llence
f = hlf+h2f+-.n+hnf.
‘3ince for-each i G{},2,...,n}-, hif é(yi+£ )h, on X and

since y.~-£ < f(x) on Ei (since yi—g <yi~l.<f(x)), we have

M= "

AE A(h_£)

[
!
-

In
M=

-
Il
e

(y+£)A

2N
)-‘ ﬁ:
}...

(.V +t)M(V ) (from (1))
ﬂ

(y + & )/L\(E )+ LY +z)-

" ™

P -

I Bl =
r—” r—m

(y;-€ ?/M(E ) +2¢ Z/\(L )+Z(b+a )-

Ms

(y =8 ?/A(Ei)+2«9/%(su1’i’0rt fF)+(b+r g )€

[
I
=

in
Ul HD
-

i

fd €12 m(support f)+(b+ &)
23 + [//A suppor +(b+ ]

\ (d/-A+£[2/«A(Suppox‘t f)+(b+£)]

support f

= S SaBiaps. b ‘d/“* 2[2/«.(311;)1)01%: £)+(b+ ¢ )]

fd/-«+ ¢ /v\(bupport f)+(b+ g )]

{becuause zsupport ef = I om X)ee
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Since this is true for all £€> 0O ,

Af < fxfd/y\

.

nce - Af = A(-f) ¢ -fF)dm = -| fda i 80 Al £d
Hence N fx( )M fx M, so fo 4
llence NE = £d

fx 7

Figpally, -let. £'¢ CC(X)m Fhen £ = fl+1f2+)t +kf4

3

l' ,fs'and f4 are continuous, Since
4 Ve
support flfg support F, 1£€4, so support fll is compact; 1 €4;

[ R, 164, so
Hence f‘l'é Cc‘(X) and @rE=ald 1*‘eal.-vulued for ‘all llé 4, DBy
the previous proof, Afl’ & jxfl'd/-« s 115.4. Thus
AE =/\(fl+if’2+jf3+kt‘.x) =/\fl+1/\f2+j/\l(’3+k/\f4
= 5 £ g/«+x +jf +kJ¥f43/4
St

30 we have claim X 'o—#

4,77 Definition o Let X be a hacaldinFcmpact, d;compact

lHauvsdorff space and (B = the g-algebra of all Borel sects.

An arbitrary mcusu’rc/o\ on B is called a4 Borel measure on
X. lf/A is 6€-finite positive, a Borel set ECX is called
outer repular it

SAE) = mr{/u(V)/ ECV, V open}

and it is called inner regular if

/A(E) = sup{/u(}()/ K&E, K co:upuct} .
If every Borel sct in X is both outer and ilnner rcgularyu

istcalled repgular.: That is,//A is. regular if.and only. if
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for all E€ B,
_M(E)

infi/a(V)/ ECV,'V open }

sup {/.«(K)/ KESCE, K compuct} .

4.78 Theorem Let X be a locally compact, ¢ ~compact
llausdorff space. Let m and/u be as Jdescribed in the
statement of Theorem 4.76. If E€ M and €% Q, then there

¢xists a closed set F and an open set V such that FCECV

und/A(V\ Fi £ §

o0
Proofr3iLet X = UK where each K is a compact
S A=11n n
subset of X. ‘Let Eém and let £ O Le gaven, Then
/A(KnﬁB)<0° for all u. Thus for cach n there exists an

open set Vn_Q KnnE such that

MV S KNE) = (V)= m(K NE) < :n-o».l. :
o0

(-]
- it s . R e 2'C <
Let V iLn)lvi [hen V is open, E€V and V~E __nkéll(vn K OE),

£
2n+l

o0 o0
% 3 < Z L P : ='§' e
thus M(VSE) € o w(V~K OF) < £

Similarly, there exists an open sct NQEC such that
| /A(N\EC);<-;- . Let P = W, then F is closed and F&EESV:

Since B~F = WAE® and VN FC (Vs E)UENF), we have

MUVNF) € s (VNE)e m(ENFICE + £ 26 o #

4,79 Lusin's Theorem Let X be a locally compact, O’—compact

HHausdorff spuace. Let m and‘/v« be ‘as describeéd in the
statement of Theorem 4.76, Suppose f:X—H is a measurable

function and there is a set A e M such thut/«\(A)("o and



£(x), = O for all x¢ A. Then for all £% 0 there is ge;CC(X)

such that
M{xex/ £(x) # g(x)})cs .

Furthermore, we ray arrange it so that

sup {[s(x)|} < b:§ {le(x)|}

x€ X

Proof Step 1 0<£f<1 and A is compact.

For euch neN , let B be defined as in the proof

of Theorem 3.15,i.e.,

2 n
> o= - 4 i )
By yo= £° ([ Gds i ga2”
2
Fn . f_l cnv °°J ’
iy X
S = — + n
n i=1 2n En,i Fn
Put
= = 5 - = 2 J ) o
tl = sl, tn g e n ) 9,

.n . o AL
To show that for all nelV, 2 tn is ‘the characteristic

function of a set TnQ Ao - -Since D &P €1, En K= $p if

2",1 4 k€ n2" y and F = ¢ Ffor all n€MN ., Then 8. :L-J-‘K:
n i=1 :
r)n 2““1
= i-1 . i-1
for aull n€N. Thus s _=-s S e X - ==X
n n-1 1= 2n rn,i i=1 2n.l Bn—l,L
2n—l
- - > ¢ ; e/’\" ; e y
Let T ;:&rn’gi » for all n lie have
i & (O i€ x¢Tn,
tn(x) 2.2 (sn-sn_l)(x) =2
R AR EE
n
for all néN . Since En 0i is u measurable set for all n&N,
) X .
for all i = 1,2,...,2n—l, Tn is a measurable set, hence

n ; 2 ; ! n P
2 tn I8 ‘a.measurable funciion, hat &0 tn i3 the
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Slipraecteristic Tunction, of Fn. Next, ¢ will show that for

all neN | TIC A. To prove this, let n€N and let x € T

2i-1 2i -
SO X € En,Qi‘ = [ ([ : -—-)) for some .Lé{l,...,...,..n L}.

D}
fhen £(x)€ [“ . :‘Tl;) . since :-‘.Tf-l > 0, f(x) £ 0. rlhen
2 L ]

<&

X€ A; so 'rng A

By Theorem J.l5, lim :sn(x) =) for all x€. X
n—

s3ince for all neMN , Eti = 8y WO have that f(x) =

(-]
1im s (x) = Z—t_for all x€X.
n n=L n
n—»

—

Let V be apsOpén/Set,  A&V:and V coppact. Such a V

¢xists. To prove tliig,/ for "ull p€ A, choose a nbhd Up

CUU

contaaining p such tWaf UEicompact. Then- A & .
P peA p
3ince ‘A is compact, AP n@gPEWIsSts\ Q. finite subeover, ‘suy

iy U ,...,Up such Skt

o
n n

o ..
1 C » = U 7
= .LUJ.Lp e igll“pi i=1Lp
which 1s. coitpac B.N Xoww, [‘nc:_V. irpuetlV is compact, we. apply

-

Theorem 4.78, Yhivenl @i ulrnR Wil n€MN there exists a compact

Jet Kn and an open svi V_ such that bonele o gVn_C_V and

Weltedal',
(V ~ K ) < % By Urysohn's Lenma, for all n €N there
/\ —'—_‘ . Ry N §
L

-

¢Xxast llne(}(.(x) such that

e & {vn .

e PEE S
Jefine g(x) = Z__: fowr gl kxR wsa0ce
. = 2 :
Bk £
0 < il Kooy for all ne€ M for ull x€&€X, the series converges
2 2

uniforly on X. -y [héorem 1.32, g is doatinuous: on Xg¢
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(]

since {xe X/ g(x) # O} Q-I]K;)l{xé X/ hn(x) # O}, {xe X/ hn(x)fo)'

CVCV for all n€ N and V compact, we have support g is

compact, hdnece g€ C . (X).  since for mwll neéMN: K CT €Y
c n n= . n

i n T

a:.ld kn< hn‘<vn, for all n €N, hn(x) = 2 tn(x) except an
h (x)
- -
Fhus g(x) = [(x) except in nkz}l(vn\hn) an-\l/u\(ngl(vn\l\n))<£

V~K , so for all n€ N, = t: (x) except in VK ,
n n n nn

nence/u({xe X/ £(x) # g(x)}) <& , since {xe X/ g(x) # £(x)}
0

€ Fity=x 1.
n= n n

Step 11 N is compuact—and' f is—=bounded.

Case 1 Let f bLe real.”//Then there exaists M> O be such that
+ e

[fl(M, SO -l<°lff<l’ hence O£-,§<1 and Ofifi P o By Step 1

there exist E1169€ CC(X) such that 8y and 8o are recal,

gt £ % 5
AxEX/ ) £ 8 GOPIC T ant m({xeX/ B(x) # gy (0} )¢
dince f(x) = ' (QE=t—tertor—ar e X and if f(x) = £¥(x)~

E-{x) # Mg, (x)-Mg,(x), then X (x) # Mg, (x) or £TIxy Mg, (x)

hence { x€ X/ E(x) # M(g,-8,) (x)]C{xex/ £%(x) # Mg ()}

Ufxexs £7(x) # Mg, (%) . chCU/.A({xE X/ £(x) # Mg -g,)})<E

and M(gl-g2) € CC(X) .

Case 3 LTet & b auaternion, Thoa f = (’14-1'.[’24-jf"3+k‘f4 for

'

some rceal measurable functions 1< 4. 3Since f 1is bounded,

l‘l’,
Fl' is - ‘bounded for all 1% 4, " Then there exist gl'eCC(X) such
7 £

ut g is real for all 1'<4 a x€ X/ £ ’ —
thut g is real for all I£4 “u/ux({\e X/ £/(x) # glf(x)})c S

d
t all £ 4. > s @2 i j & . Ehe > : o
(0% uat Let g bl+1g2+]g,3+kg4 Fhen ¢ €& (,C(X)
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1

\ N g ..;
ey

A,,

Since {xe X/ f(x) # b(x)% {\C_ )&/ f’(X) b I (x)’j,
a{xexs e(x) 4 g(x)})<£ A

Step 1II f is bounded. since m(4) = sup{/«(x)/ KEaA,
K compuct}, there exists a compact set K€ A such that
/(A(A\ K)<°§ . Thus f'XK is.mcasuruble and bounded., Also,
C'XK = 0 on K€, By step 11, there exists ge CC(X) such
that m ({x€ X/ €K, (x) # g(x)})<-§ c 16 e A FUR) = O
f?(K(x) and it x €K, then f/X (x) = f(x). Tlhus

{xex/ tx) # ()} € {xex/ X, (x) ¢ z,(X)}U(A\K),
so_m({xeX/ £(x) # g(x)}) <& .

3tep IV For each nfkMN//°Tes Bn ={xe X/ [E(x)] > n}. Then

% > R\ e i
A__Bl__ 3 BSD and _an ¢ since £ 1s quuternion

llence 1lim (B ) —/A(n 1 n) ~/A(¢) = 0. 30 there exists

n

T c
n € N such that (B ldacMow LEl < n  on BT |, so
o / no 2 o) no

‘ " 3 3 o0 =
'f'XBclgno on-X. Mom.vcr‘,/,\(z\\ i, ) < and f/XBg: o)
o n
o o
= Cc $ :
on ACUBn = (A Bn Y. By Step 133, there oexista geCc(X)

o

such tlhat

Mxexs exe () # sah<k

o

o

Since {xeX/ £(x) g} C{xe x/ £ A (x) 4 g(x)juB_ ,
n

o

Mxex/ £x) £ sa))< e .

Next, -to show that we cuan arrange g so that

p $lg(x) £(x) by e this, let R = £ '
;:x {‘ X |}< bup U X |} 0 prove 118 e ;:;z “ (x)l}

If R = & , s0 we arv done, 1f R = 0O, tihen f= 0 and choose
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g=0 and we urc done., assume O< R< <0, Let (€ : lH—--)lH be

det'ined by
h if |nlgR,
R

¢(n) =
h if |h|>R.

o
——

Ihi

Then Cf’ is continuous on fH. Let By = (og, 8, is continuous

and support 8, € support g, so 8, € CC(X). And
{g(x) it Je(x)) ¢ R,

Rg(x) it [g(x)] > R.
g(x)

since {x€X/ E(x) # gl(x)}g{xe X7/ Eixy o g(.\')},

g, (x) =@(a(x)) =

M xeX) £(x) # g (x)}) <& and sup {fg, (x)]}¢R = sup {[£(x)[}.#
x€X xeX

4.80 Theorem (Jensen's lnequality) Let/A be a €-finite

positive measure on a §-alpebra m in a sct < such that

L

(

() and a,beR

/(A(-ﬂ-) = 1. 1f £ is /o @8 function 1n L
such that a< f(x)< L FoFEETEXE€ - and if @ is convex in

(4,b), then
(‘”Lfd/” < Lf_eofa/“ .

Prootf9lLet t = 5 fda P fhen'a<ctebs. Let
Tl A

fb: Sup{q(tl:sq’(s)/ a<s g t} . Then {}5 (ﬁ(uz‘:tf((t) for

alil ae (t;b). Henes L((u)z((v(th‘fb(u-—t) for all u€ (a,b)..

( a<u<tqpaw(tl:u(€(“)g’p(t—hﬂ>,Q(t)"(((“) 3
Hence W(F(x)) 3 Wlt)s p(f(x)—t) Por all $BA, " Sinee G
a4 caavex on {a;b), by Theonem L.d5, C(’ is continuous on

(a,b). Hence {of is measurable. lHence
th(o[y i{i((t)'d/«+ ﬂut‘(x)—t)y«
i - '
A el B o o
WLE“/" (ot 1) . ¥

i W
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Remark: Suppose (( in Theorem 4.80 is @ (x) = ex. Then

LE

(*) exp {j f£d «} = e < }” cfd/u\ .
(L L.
ASsune _a ={pl,p,2,...,pn} 13 such that Py # pj 1[= 1 # j.v

Let m = 9(_(7_) and lct/u({pﬁ) = -111_ Eor all-d . 21,8, 5508,

and f£(p,) = xiéfR for all i = 1,2,...,n. Then from (*),

3 g X : X
cxp{;(xl+x2+...+xn)}é ;(e 8 " Rerp kB

).

It then follows that for all néN for all Yyreeo¥ € (0, «0)
3

' n 1
(yLyQ""yn) é E(.VL‘FYQ'*---*'.Y“)

(because for each y;€ (O, = ) there cxists xie R such that

X .
= e l)
Yi
If we cake/u({pip =oli>o far @431 3 » 1.2, 3300
n
7 208 = -1, then we 9bFrA%NK
1=1 1

0(1. 012 "(n
yl )’2 o».oyn & ’(lyl+ 0<2y2+..-;+ dnyn

~

for all Yyreeer¥ € Ot

4,81 ‘Definitiongydfagnandimsangs fosiustive rcéal. numbers such

that -p+q = pqloiichpaNEXEHA Y h + BTy, .then we call p and

PIVER:

q a paar of conjugate exponents.

Observe. that if p and q are positive real numbers

such that -l[-)- + %l- =1 then b€ ps o and lLegcas . and 0¥
ANplies that g—s e v Cagseguuntly., L and e are also reiarded

as @ pair«©f conjugate exponents.

4.82 Theorem Lct/v\ be a §-finite positive measure on a

6 -algebra M in X. Let p und q be conjugate cxponents,
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le peoo W Let £,8:X—[0,%] bLe measurable functions. Then
i
q

L
B e TS %9

BAE 1 L L
@) {f et ] ag? v ] 9T

Note: (1) is called the lI8lder's inequality; (2) is called

the Minkowski's inequality. I p = g= 2,then (1) is called

as the Lchwarz's incquality.

1 :
] ) ) P p q ’
P £ 2t AN £ d d B = r ® {
roof[9]Le \ U‘x /«} and | {j g /o.«?; 0 §
& = Dy PP w0 a.e, on X by Theorem 4.48, so f = O a.e. on X
and hence fg = O a.c, on X and thus (1) holds by Theorem 4,45,

Similarly, B O implies (1) holds. 1f (A>» O and B =®) or

(A =2 and B> 0), (1) clecarly holds.

Assume O< ALK 20 and DececlB<g o0 Put

. f B
il

rhea de/“
X

and O < G(x)< @ o ' Then there exist N3 € R such that

qud/A = 1. Let x€X be such thut O< F(x)<eo

S t
F(x) = e anu G{x) = el., Ssince -Il; S -(17 = 1, ghe convexity of
J S t
the exponential function implies 'that T E & g_s ;_e_t :
p q
Fhen F(x)G(x) , (F(x))P , (6(x))9.  Hence for all xeXx
o P q
; p q
E{giEay o (PO T el
) L 1
[hus 1*'Gd & . T = =1 . Hepce
f roge < &4 2
i 1

i
i my
\_ﬂ

-n
b

\;:.

e

j’ fgd/aA < AB

f, {f,e%a1 9 .
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Thus, (1) holxls.

To prove (2), we write (f+g)p = f(f+g)p-l+g(f+g)p-l,

I'rom . (1) 1 1
q

[re™ i < {f Pl P ey t0Tgug

& &
p q

fxg(.hg)p'lyf:‘{jxgpd/h {f (£+g) (P~ l)/d(,%
Then 3
q

S (£r81 0 & {f (£eg)9(P=tlg, ]

i

L {fx(hg).p.d/uf P 270 /on H.xfpd/«} = or {S gp}v\}' = o0 |

1

then (2) holds. Assume is (F+g) /A} p }
£

and {f fed } < o0« _FEmoe e function xP is Convex. in

(O,°9), it follows that

i . )
(=521 R 1 GerraRv;
17 g p g
Yhon .2 PegliTm & 3 < ® . Thus
e 2pr( +8) P4 ¢ (f Up f i) 1us
1

0.2 {5‘x(f+g)"y4}-a< o

Sy (3 anxi.q(P-'l)_= P, we have
l

Upteen®ont % {f #on}? o

Fhis-‘proves (2 o

&
P

{57047 -

4.83 vefinition Let/« be an urbitrary mcasure on a f—algebru

Hhdn Xo FE Lo pem : aal Proald 14 measurable, define



LO L
L
el = ] 1ot P gmf?
and let

LP‘(/*‘) s {E:X—-—)H/ f is mcuasurable and ufup<oo} :

we call “f“p the LP=norm of f.

4.84 Definitiun Lct/W« be an arbitrary mcasure on a §-algebra
M in x. Suppose g:X—[0,9] is measurable. Let
5 = {we [(),m)/‘/[ﬂl(g_l’(p{,.oo_‘]) <O Rete what it o€ S thea
besS for all b3 a. B
inf & s Ny =
e { o0 if S = g.
Cluim that if p s inf’ S, then ,3&5.. To prove this, since
«d -
g™ p roo] = n(=le;—1( p+-l,;,o°] and )Ml(g_l( p%, ®]) =0 for
all n€MN, we have }M’(Q_l( B 0] ) = 0, thus PE€S. So we

Have the claim. e cadd P the cssential supremum of g,

If £:X—>H is measurable, we define B€l, to be the
cssential supremum of £, i.e.,
Al y«i(lrl‘l(x,oo]) #10 for uil ¢ (0,9,
inf {oe [0,2)/ J,Mg([rl'l(o(,oo]) = o};

and L“E/A) = if:x—a}J/ f is measurable and Dfua,<°°} 3

Nel, =z

Obscerve that 1t (:X—sfH 15 mcasurable, then
[E1x3[8 A For alvost ali'x iEf A 3Bel, hones (e(x)] € €,

for almost all x.

4.85 Tncorem LCL//A be an arbtirury mégsure ‘on 'a §-algebra

)H T, If p and q are conjugute exponents, 1< p<£oo, and



fe Lp(/M) and g € qu\), then [‘;éLl(/.\) and

leel, e fely -

ProoflfiCase L < p<cw Then the theorem follows by a

applying Theorcem 4.82 to the function|f| and {g].

Ciase p = #: Thea. q = 1. Ye have |F(x)‘ < "f",. for almost
all x, so |f(x)g(x)] = [E(x)]]a(x)] & [[fllee |8(x)] for almost

all x. Then there exists A € M such that )M](A) =0 and

'f(x)g(x)]( []f!lwlg(x)l for all x€ AS. llence Sc[fg|d/vz\|$
: A

~

J'AC ﬂf"oo Ig]’d)«] « <SS inel) X AUAC and J,M](_A) = Q,
fxtn;lay«rs‘fxnfuwtg;uy»t \[f\{nglg\d)u\ 5o tisace

fee Lt (i) ond NEall /< IEH 0 YN, -

it

Case p = 1  Then g =ec0c Similar to cuse p = e we have

ye Ll(/u) and llegl, el Helles - #

4.86 Theorcm Le'c/\ be an arbtrary measure on a 6-algebra
e i P p .
m in X. Suppose 1< pgeo, €L -(/(A ) and g€L (//\ }s Then

ir*gé[,p-(/b\) and “f+g\\pg "f“p + l[gl\p .

Prooff9Case L& p<L oo Then the theorem follows trom

‘linkowski's incquality and [fﬂ;[vpé (ll")+lg])p -

Jase = Then |If = (fld and fjgll, = : ;
Case p i ren |l “L yxl 1()"”(?0 dn lHIL jx‘gl‘y/‘K“’)
so ltvgly = [ |evalapml & [ aesghamt =

X . X

fxlfta/mh Sx'g'd}“( = el s llglly <.
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Casc p = o0 Hince |[Fag| & LE]+ (8], ,f(x)+g(x)| & |e(x)] +lg(x)’

< Hf”w-pug“oo for almost all x. lleace u[“‘é"”oof “f[|w+l\g"0°< 0, #

4.87 Theoren LC‘L//\ be an arbitrary umcasure on a §—~algebra

m in X and 1 {p g ow. Assume (€ Lp( A ) and o€ w Then

dféL{(}») and “df“p =l°‘IUf"p a

1
Proof[9)Case 1 £ p ¢ =0 Then L1} = ff |o£flpd}nl}p
p
1 X :
p

- (L e Pl - il <o

Case p = 00 Since [f(x)‘ 5 “f"w for almost all X [o(f(x)l

< |l Iffl, for almost ali x. Thus
(%) et Ells < (XTlEll o -
1If o = 0, it is cl¥at/thbe £l , = =letlliEll g . Assume

of £ 0. Frou () A U 6ll 0o < TRYEl, | w0
o To]

ot NEl oo & Nt Elloe . tence fotflly, = (<INE), . #

-Let/A be @n arbitrary mcasure on a (-ulgebra m in
X et 1€ pig oo %W IFF f,g,hGL?.(/A), then “f-—h“p =

H(f-g)+(g—h)llp < Hf-gup + llg-nll, (by Theorcm 4.86). Define
dis Lp(/»\)pr(/u\).__;. R vy
€)= be-el, -
Then for all [’,g,héLp(/b\), We have Og d(f,g)<e0 | d(f,Ff) =0,
(E,8) = d(g,[) (since Ie-gll, = [(-1)] le-£ll,) ana

d(f,h) & SLC,.8) » dlg,h);

Next. . ,: to oshosw: that d{f . g} =0 §PF 0 = g aie, 9«‘4]]. i

First, assume Jd(f,g) = O. If Lg¢p<ed, Lhen
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J u” {5 II""pd}"‘f}p f = g a.e, [/V-«l] e If p = o0

then lf-—gllw= 0, so [F(x)—g(x)] = O for almost all x, with
respect to y.«l « Then:f = g a.o, [}ul] . This proves that

if d(f,g) =0, thea € = g a.e, [y«.] .

l"ix'lally, asgine = .8 8L o [}Ml] . Then lf-—gl
a.e. [l] . I 1&p<oo, then |E-5]" = 0 ace. ] , so

j’f—g'lpyfkl = O which implies that “f-gnp = O, If'p = @0,
¥ ;

bal(le-g]71(0,001) = [m]({xex/ [E-g[(x) # 0}) = 0.
Im l D o= i [£-s| 3
Hence ”f—-—g”w = 0. <Th&®, proVou tirat if F = g-a.e. 9/&]] ’

then d(f,g) = 0.

Define the relation ~ on pr\) by
fng &= d(f,8) = O,
Thus fAupgé&e=l = g a.c. [y«tl] . So ~ is an equivalence
relation. on L(/u.) which partitions Ly,\) into equivalcnce

classes.,.

4.88 Thcorem Let/u be an arbitrary measure on a 6-algebra
7“ in X and 1 § pg oo . If f,g:X—H ure measurable such that

f = g a.c. UMH , then "fup = ng"p 8

Proof Cuse 1£p <o Then |f} e le] a.e. _9"/‘” A

hence jflp = |g,p a.e. D,o\]] o Thus f][‘lpﬂ/v«l= ff'glpd),t«l
: X X

which implies that nfﬂp = "g“p

Cuse p w # :Finee: {fl= g} a.e. [}/A[] , there exists Eé'm

such that )MI(E) = 0 and’ [f]= |g|l on E. Then for € [0,00),
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/lunlfl'l(o(,wj) > )Ml((lfl"l(o(,.menc) -
e gl ™M (&, 0] ) NES = fal (fel T« 0] ). Thus
“f“oﬂ “8“:;0 - #

il

]

Let/u be an arbitrary measure on a §€-algebra m
in X and 1.¢p €00, If F and G are two equivalence classes,
choose f€TF, geG, defane

d(F,G) = d(f,g) = “f—g“p.

Yt f~f1 and B~Ey then \d{¢f y8) = d(fl’gl) (Because f = El

a.C. [}M]} and g = g, a.¢. [}/AI] L S fl—gJ~ a.e.}ml]
which implies that ﬂf-gllp = “fl_glup)" Hence d is

well-defined.

Now, the set of all cquivalence classesis a metric

spuce with metric d..

Jhen pr«) is regarded asi'a metric space, then the
space which really under consid¢ration is therefore not a
space whosc eclements are functions, but 4 space whose

clenments are equivalence clusses of fuactions.

4,89 Delfinition Let/a be an arbitrary measure on a d-algebra
; : : p
G 5 L 6 Ay < £ . .
m an-X ‘mdv(fn)neN a8 sequeace in L(/M), 1& p<goo 3f
P
feL (/A) such that

lim ff -f}| _ = O,
n p
n-—>e0

» » 2L : » s 3" 1 P
then we say that (fn)neN converges to f .1.n. % (/u) or

: >
¢ is L‘-—convex‘gent o B

n)neIN

Qbscrve. that if (fn) conveérges-to £ and g in

nelN

S
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Lp‘(/u), then f = g a.e. y/\'] -

Proof 1lim “{:n_f’"p =0 = lim “fn’b'",p" Let £> 0.

N~—>5 o0 n—» ed
. . : : £ £
Fhere exists n &N such that an —t]lp < 3 and "fn —g"p i s
o o
g : , b s SR 2 ? o
'hen O £ gf—-gllp £ Ut-fn "p + [[f’n -—g"P <3+ 5w £ .  dince
(o] (o]
£> 0 is arbitrary, “f‘-g“p e el G RS AR T y\(] . P

If for every £ 30 there is NEMN Buelh that

llfn-—fmlfp(z for all m,n» N, then (fn)nem 1S a Cauchy

sequence in Lpf/«).

If every Cauchy sequence in Lp‘(/-u) converges to an
element in Lp(/“),. then Lp(/y\) is said to be a complete

metric space.

4.90 Theorem Let/u be an arbitrary mecasure on a d-algebra

Yfl in X, - Thén Lp(/“) is a complete metric space for 1g pgw

2 e . 3 O ) p
Proof[9]Let (fn)neN be a Cauchy sequence in L (/u).

Cuse 1 & pe o0 Claim that therc is a subscquence (fni)ieN
@k (fn),-new sSuch Eh.t ”f -f H <,—l—-., LT S BAD SRR R
i n. ilp i
; 1+l i 2

Fhere exists nléﬂN‘ Sach 'that Hf’n—fnl“p< 5 for all nzn,

; / T 4 e _e 1
and there exists ngé/N suweh that nln fmnp<—? for all

7’ & = ’
n,m;ng. Choose Gy Ny+0, .

Then nfnﬁf

'n2“p< ._‘;..2 for all

i . ’
nx n, add a,> e There exists 11360\/ such that

pe

”Ln {'mﬂp< 23 tor all n,m2 Nse Choosc Ny = Na+n,. Fhen
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: 3 l y ‘ s ' Y
nln tn "p<:-3 for all n;ns and n.>n,. By this process,

for all 12 2 there cxists nieN sach that "fn—

n, p< 21
s j ShESs F Y : gy i e
for all n2n, and n, > n, ;- Fix i2 2, There exists ni*lél?\'
4 .
such that "fn—rn. I p< =371 for all nzan, and n, 12 0.
+1 2
S50 we have “fn - fn “p( -—l—i. llence we have the claim. Put
i+l ' 2

(-}
& E!fn. ot fﬂl

and for each keN , lct

M=

By = i=llfni+l- fni‘ =y

By Minkowski's inequulity, we huve that for all ke N

oy = Ao < {5l - o)

1
= k
Lo, S p S S8 R TIEN I

+1

<& 11/

b g |

<:"‘—w‘<lo

fx(gl"d)ul = fxgpd}/-\l jx‘ii': B )Pajml

(lim g )d!,ul (lim inf g, )d |
S‘\ k—s % J.)( K—o0 % }“

i

Now "g"g

< lim _Lnfj\ g d/u.q (by Fatou's Lemua)
K :
k—s e

= lim inf ugk" oy % e
K~ 0
llence Ng,“p € L+ Then ue 500 Fhat g(x) <= .a,e. g//\‘]
(Becausce if )/Ml({xe)(/ g(x) = 00}) # O, then
),ml({xe)(/ [g(x)|P= ©}) # 0 which implies that

gx|g|pd/(,«| =00, 50 "gﬂp = o0 ;' a contradiction).

Hence the series
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o0
> £ &
(1) £ %) + S (E - (%)= £ (%))
1. 1+1‘ 1
converges absolutely to a finite value for almost all x € X.
Then there exists L€M such that the secries (1) converges
on ECand yAI(E) = 0, Let f:X—{{ Le Jefined by

B fn) e i%___—l(fn () ~iE . e} T-af nEd,

n s n
£(x) = i i+1 i
0. if: %@ B.
£ -
since fn + i=L(fn. - fn.) = fn At folXows that f(x) =
1 i+l 1 k

. ; : 8 g : = g
;lm fn.(x), for all xe E~, Then [(x) = lim fn_(x) a.e.g,ul]_
1—>o0 4 L=ty 00 5 X

’ P . E s .
Claim that f€ L (s ) and 1lim |f -f]] = O. To prove:
/‘ n“.’”! n lp ’

this, let £€> O be given. Then therc exists NE€MN such that

“fn—fm"p‘< ¢ for all m,n>» Ne Fix m>» N, by Fautou's Lemnma,

R L e e LY

1—30

]

; : p
Joerm e e, | ) Papul

= ;
e fx i.ii.olf“i—rmlpd)“’
= Loincia it el P
¢ iﬂ;infsxlfni'fmlp?y«l A

> 4P p - . k : o . ¢ P
Hence "f fmup LE s so it fm“pst < . Then f~F €L (/;A).
Since f ¢ Lp(/,\ you fe.Lp(/,\ ). Since fIf-f | <&, this shows

that llf—fm“pg & for all’'im 2 N, "-30 we ‘have the claim,

Case p = o0 For cach ke N, let

A = {xex/ |6, x)] > 1f, ]}

and for myn g N, let
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Bm.tl e {x& x4 lf!n(x)_{:m(x)l ? ufn‘[:m"‘”k *
[hen /lb\l(Ak) = 0 = JAI (Bm n) for a1l k,mné&éMN . Let
o0 ’

E = (Y a0u U ) -

m,ne{NBm,n
Then Eém and }MI(E) = 0, and also for all k,m,n.€ N ,

for all x¢ E€ and
(2) e _(x)=£_(x)] € [£ ~f llo

for all xéﬁc. Since (Fn)neﬂ is a Caunchy seoquence and
: .G Ll :

by (2), we have for all x &L, (fn(x))neIN is a Cauchy

sequence ‘in H . Thus there exists f:ECf—-)H such that

lim fn(x) = f(x) For allix€ ES. llence [ is measurable on
N300 ]
g€ and lim |£ (x)-£(x)| = O Eor all x¢ €. Let g£» O be given,

n—sos
from (2) we get that there exists N €N such that

|fm(x)-—fn(x)| <% for<callm,a 2N and for all x€ ES . Lat

m» N be fixed. Then lim [fm(x)—fd(x)]= |fm(x)—f(x)|<£ fon
Nn—300

C
all x6 B ., a0 jfex)l < ¢ +|fm(x)]$ s +‘|fm“,,,<oo for all
kB Tade £ —f uniformly on E€ and f is bLounded on ES.

Define F:X—H bLy

Fix) =

o Pix) 36 wes®,
(0] if e B

[hen £ is measurable and f is bounded, so -f:eL“‘(/u). Next,
we shall show that fE-af in L’O'(/M).. To prove this, let
£5> 0 bLe given. Then there exists NE€N such that ‘fn,(x)-g(x),'
& > . .C e > 3 wml &
<5 for all x€E" for all a3z N, so y/\’(!fn-f‘ '5"’0]) .
=1, & c oo - ‘% .
Il CCLE =E] 77 (5,001 )N ET) = ul($) = 0. Then £ -Fff <5 <&

» £ x 5 < ~ r o0
for all n 2N, This prove that fn—-;f on-L ‘(/M)° #
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The proof of Theorem 4.90 contains the following result:

4.91 Theorem Lct/. be an arbitrary mecasure on a 6-algebra
M in X and 1<pLoo. 1IFf (fn)nérN is a Cauchy scquence in
pr«), with lamit £, then (fn)neN has a subsequence which

converges pointwise ulmost cverywhere to f(x).

4,92 Theorem Let:/‘A be a 6 -finite positive measure on a
G-algebra m in-X, ~Let kj be the cliass 'of all quaternion
simple functio»ns s on-X such_ that

/«(\{xe X/ s(x) # 0})<co0.

If 1€ p<a0 ; then \cf is dense in Lp( XY

Proof For sG(f , we have

1
Isty = {{ IstPapm}?
i
s Is(Pa s Is)Pap} P
{{x/ s(x)=0} = f{x/' s (x)#0} /u}

i
={f ISlpgl«k} G

{x/ s(x)#0}

because |s| is bounded and/u ({x/ s(x) # 0})<-¢ s Thea

g c Lp(/b\). Let Fé& Lp(/u).

Cuse 1 £20., i3y Theorem 3,15, there exists a simple

measurable functions . (ne€MN ) on X such that

O<&s 53258 DA MR

1 3

and

lim sn(x) = £{x)
n—y o

for all x€X. ~3ince & £ Ff, 8 € Lp( X)+ea Claim ~that s e‘f
n / n
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for all n€N, To prove this, let ne N . If S = 0, then
s 6‘{ « Assune sni Qs = Lera ={xe X/ sn(.x) # O}. By the

definition of simple measurable function, let

m
L
s, i=1°(i’XAi + O’XAC

<> n
where 0(1,...;., « ~are positive distinct values of S o(i $ 0
-1 : e
and Ai -8 (0(1._), o e B el | ;upposc/A(A) =00, sO

there is j € {1,2,..,,m} such thut/ﬁA(Aj) = , Then
Beallp = J, 1=al s %/ f/)s,) 7

y‘l =1 le )pd/‘* z de'XA S

.“‘;‘)/“(Aj’ = AN

which coptrudicts to s & prA). “eﬂCQ/A(A)<OO y S

]

s € (5 and we have the claim. Since [(’-sn]p < £P for an1

n€MN and lim(f(x)=s_(x))® = 0 for all xeX and tPe Ll(/o\),

n—sy e

Ly Lebesgue's Dominated Convergence Theorem, we see that

lim ||[E-s "p = lim f-s = lim I (f=-s )
n—>e0 n-—bao‘s\ l l / n—»0” X /
& lim(€-s )Pam = 0.

yx n—e0 /A
llence lim ||f-s “ = 0,
n—>»a0
Lase 2 - F.is realy Then 'f = f*-—f-, 80 there exist sequences
(sn)fne",N and (Sn)ne \5 such that .rlli:!’f -s " = 0
and lim [f -5 “ 0. VFor each nelN ,
nN—x»N
]f W wd PR AT 1 (0
and so

lim“f-—(s il )“ = 0 and s _~-s’ &€ (f Fap. i3 By
R N A N
ne—o
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Case 3 f is quaternion. Then [ = fl+if,,)+j.f3+kf4 for some

/7 -

real measurable functions fl’, 1€4, By Case 2, there exist

(

2 3 :
seyuences (Snl))ne:/N 2 (s'(1 ))neN 4 (Sr(lo))neN and
(4) . sia Gt
(s;n )ﬂGI‘N in ‘3 such ‘that
: % x) ; (2) : (3)
lim|lf -s ( | . = limff_-s = lim [[f_-s Il
ia b b p S 2 n p i 3. p

2 S 7
N—> o0

Then for.all n€N 2 s‘(ll)+isfl2)+js‘(13)+ksr(l4) & ? « For all neM,
0 ¢ If-(sr(ll)+1sf12)+j_sf13')+ksfl4))Hp

£ "fl—sx(ll)" 6 + ﬂfz-sxgg)ﬂ p +"f3-sr(‘3)ﬂ p + "f4-€'§14)” p -

. R ES Mo T 474/ e TN Ry
fhen lim Hf-(sr(‘ )'““Sr(n )+j$‘(1 )-rksx(1 ))" P 0. #
n—o0 ;

Note: IE/A(K)<oo for all compact scts K of X, then

C.(X)¢ L"(/A ), 1L€p & sdin

Proof ' Le§yREE CC(X). Then support £ is compact, so

there exists M >0 such that {fl <« M, hence |[f] p< MP < w0 Py

- p : P p :
Thus |€]1%d = 5 [fl P da £ M (support £l

support f

itence F € Lp(/u Yo o

4.93 Theorem Let X be a locally compact, §-compact
Hausdorff space and lct/b\ be a §-Ffinite positive measure

on a o’—algebra m in X with the properties stated in

Theorem 4.76 . Then for 1< p<co | CC(X) is dense in Lp(/u\ : 4

Proof[9lLct (j ={s.:x——aH is simple measurable/

/A({xGX/ s(x) # O})<o°'} o "By Theorcm 4.92, (’3 is dense

in L[)yA Yoy
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Let fé& Lp(/v\) and &€> 0. Then there exists 56(30
such that ||f-sll <—£- . Let A = xé X/ ‘s{x) Ote. Then
S P 5
//\(A)< © and s = 0 on AC, By Lusin's Thceorem, there exists

g€ C (X) such that

& P
X {xeX/ s(x) # 8(x)}) < (Mm,,b(x”’ i)
x&X
and
sup [g(x)] ¢ sup[s(x)]| .
xeX xeX
Then
le-sll, f lg-s|°g }p
{ [x/ s(x) 4 ,,(x)} /}
Z (l1gl+Is))Pa
‘{S‘{x/ s(x) # g(x)} }
P
(2sup[s(x)| )"d R
[x/ s(x) # g(x)} xex. o
. . ¥ - £
< (2::§lb(x)‘) 4(sup |s(x)]| +1) < 2
x€X
llence

‘f-—g“ps ﬂf;sllp + "g-snp» . #
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