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SAJEE PIANSKOOL : INJECTIVITY IN SOME CATEGORIES OF SEMIMOD-
ULES OVER SEMIRINGS. THESIS ADVISOR : DR. MARK E. HALL, Ph.D.
47 pp. ISBN 974-582-647-2

A semiring is a weakened version of a ring in which additive inverses are
not assumed to exist. One can define semimodules over semirings by analogy with the
way one defines modules over rings, and, by copying the definition of injective modules
almost verbatim, injective semimodules. Unfortunately, many theorems about injective
modules do not seem to be true for injective semimodules if this definition is used, which
suggests a different definition might be better. In this research an alternative definition
is proposed, one which allows several of the fundamental theorems from the module
case to be proved for semimodules as well.

Let S be a fixed semiring, and let €g denote the category of all cancellative
S-semimodules. An S-semimodule I is €s-injective iff I € €5 and for each pair of
elements A and B of €g, each S-monomorphism f: A — B, and each S-homomorphism
g:A — I, there exists an S-homomorphism h:B — I such that ¢ = ho f. An
S-semimodule B is an essential extension of a subsemimodule A iff for every S-
semimodule C' and every S-homomorphism f:B — C, f|a is injective implies f is
injective. Finally, an S-semimodule I is a €g-injective hull of an S-semimodule A iff
I is Cs-injective and I is an essential extensionA.

The main results of this research are as follows:

(i) every cancellative S-semimodule is a subsemimodule of a €s-injective
semimodule, consequently if there exists a nonzero cancellative S-semimodule,
then there exists a nonzero €g-injective semimodule;

(i1) an S-semimodule is €g-injective iff it has no proper cancellative essential
extensions; and

(iii) every cancellative S-semimodule has a unique €s-injective hull.
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INTRODUCTION

A verylivmportant algebraic structure is that of a module over a ring,
as described, for example, in Ribenboim’s book [2]. Recently, a more general
structure than a ring, called a semiring, has been introduced and studied (see
" the book [1] by Golan). An object analogous to a module over a ring, called
a semimodule, can be defined over a semiring. Semimodules can be studied in
much the same way as modules, by introducing such concepts as subsemimod-
ules, homomorphisms, quotient semimodules, etc. As a brief look at [1] shows,
considerable progress has been macie in this vein. A notable exception is the
study of injective semimodules, where almost no success has been achieved. In
fact, among the few results which have been obtained, perhaps the most striking
is actually a negative result, stating that for a certain class of semirings (which
includes some semirings one would expect to be quite well-behaved), the only
injective semimodule is {0}.

This suggests to me that the definition chosen for an injective semimod-
ule, which is essentially the same as the definition of an injective module, is a
poor one. For my research, I have modified this definition by requiring that all
semimodules mentioned in it belong to the category €s of cancellative semimod-
ules. I call a semimodule satisfying this definition a €g-injective semimodule. I
have also given a definition of an essential extension of semimodules, which is

equivalent to the standard one in the case of modules over a ring (and appears



in [1] under a different name); this allows me to define a €s-injective hull of a
semimodule A in a natural way, i.e., it is a €g-injective semimodule which is an
essential extension of A. '

The climax of my resesarch is the study of €g-injective semimodulef.
The principal results are Theorem 3.2.7, which is analogous to Baer’s Theorem
(see [2], Chapter I, Theorem 7); Theorem 3.3.4, which states that a semimodule
is €s-injective iff it has no proper cancellative essential extensions; and Theorem
3.4.3, which proclaims that every cancellative semimodule has a €g-injective
hull.

The notational conventions and the background on semirings needed
for this work are given in Chapter I. In Chapter II, I present a brief exposition
of those topics from the theory of semimodules needed for my study of Cs-
injective semimodules in the following chapter, including congruence relations,
group semimodules (semimodules whose additive structure is a group), direct
products and direct sums, and free semimodules. While much of this material
appears in [1], I have reorganized it considerably to suit the needs of this paper.
In addition, a few definitions and some of the terminology have been changed to
forms appearing more natural to me, and some new results have been proved,
particularly ones regarding the important ideas of congruence relations and
group semimodules. In the last chapter, I present the general idea of injectivity

in a category of semimodules, the basics of €g-injective semimodules, and some

results on essential extensions and €g-injective hulls.
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