
CHAPTER II

COMBINED FINITE ELEMENT AND MOMENT
METHODS

T h is chapter describes the m athem atical m ethod applied  in  this thesis. T he  
geom etrical and equivalent netw ork representations o f  the ed g e  slo t are presented  
as an introduction to  the an alysis o f  the ed ge  slot. T he form ulation o f  the com bined  
fin ite e lem en t and m om en t m ethods is  begun b y  deriving the variational equation. 
A p p ly in g  the m ethod to  so lv e  th is equation brings out the integrals that can be c la s­
sified  based  on  their dom ain to  b e  integrals for cav ity  region , internal and external 
surfaces. T h ese  integrals are evaluated analytically , ex cep t the last integral that c o n ­
tains the external G reen’s function . T he last is  so lv ed  num erically  by u sin g  G auss  
quadrature integral approxim ation. T h is chapter a lso  conducts the calcu lation  o f  
som e characteristic param eters o f  the ed ge  slo t, such as adm ittance parameter, radi­
ation pattern, etc.

(a)

Figure 2.1: T he coordinate system  and geom etrical param eters o f  the ed g e  slo t
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2.1 Geometry of an Edge Slot
T he geom etry  o f  the ed g e  slo t in  w h ich  the analysis is  con fin ed  is  depicted  

in F ig . 2 .1 . A n  ed g e  slo t is  cut in the narrow พ ฟ ! o f  the rectangular w avegu id e  
w ith tilting  an g le  9. T he w avegu id e w a ll is  assum ed to  b e  p erfectly  conducting, 
and has w idth  a, h e igh t b and พ ฟ ! th ickness t so  that ฟ! m od es ex cep t T E 10 are 
cut off. T h is dom inant m od e is  in cident from  the le ft end  o f  the w avegu id e and a 
m atched  load  fo llo w s  the s lo t at the other end. T he required resonant len gth  o f  the  
slo t is  com m o n ly  m ore than the narrow w all height, thus the s lo t has exten d ed  parts, 
notated as A , o n  the top  and b ottom  w a lls  o f  the w aveguide.

In ca se  o f  fin ite พ ฟ ! th ick n ess, the length  o f  the s lo t ฟ on g  inner surface w ill 
be shorter than that o f  the outer surface. C onsequently, the total s lo t len gth  m ust be  
defined a lon g  the centerline o f  an ed ge  slot. T h e length  is  determ ined as fo llo w s.

L = (ป ี -  +  2A-t (2. 1)

T h e n ext an ฟ ysis a lso  n eed s the unit vectors o f  the s lo t d irection  and slo t 
w idth  d irection  that are expressed  as tt and V, respectively , d ep icted  in  F ig . (2 .1 ). 
S in ce  the s lo t is  bent on to  the top and bottom  พฟ!ร, its d irection  ฟร© varies as 
expressed  below .

นิ = —  X  slo t on  the bottom  w all
นิ = y co s 9 +  z s in  9 slo t on  the sid e พ ฟ ! (2 .2 )
นิ = X  slo t on  the top พ ฟ !

S in ce  the s lo t is  cut in clin ed ly  in to  the broad-w all, the m etal surfaces, ex cep t th ose
at the slo t end, are not directed to y but are w ith  inclination  an g le  o f  6. T h e direction
o f  the slo t w idth  is  perpendicular to  this surface, thus it has sim ilar d irection  for the
w h o le  parts o f  the slot.

V  =  — y  sin  9 + z  cos 9 (2 .3 )

2.2 Equivalent Network Representation of an Edge Slot
A n ed g e  slo t cu t on the rectangular w avegu id e cau ses som e p ow er em erged  

from  the w avegu id e to the free-space. T hus, it can b e m od eled  as a shunt obsta-
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z=0

Figure 2.2: T ransm ission lin e  equ ivalence o f  ed g e  slo t

c le  on  a tw o-w ire  transm ission  lin e , F ig .2 .2 . A  transm ission lin e  o f  characteristic  
adm ittance Go is  shunted at z — 0 by a lum ped  adm ittance Y  [1 ],[17 ].

^ -  =  9 + jb  (2 .4 )

w here g and b are the norm alized  conductance and su sceptance o f  the slot.
T h ese  equivalent netw ork param eters are related to  the pow er distribution o f  

the ed g e  slo t [17 ], as sh ow n  in the relation o f  im pedance z :

Z =ẑrr F r + & Q i ) = ï h i  (2-5)
w here p  is  the total reactive pow er o f  equivalent m agn etic  current o f  slo t, Pr is 
the portion o f  p  radiated into the free space, Pj and Qj are portions o f  p  stored, 
respectively , ou tsid e and in sid e  the w avegu id e around the slo t, A I  is  the d iscon ti­
nuity in m odal current, and Zq is  the w ave im pedance o f  the excitation  m od e in the 
w aveguide. T he slo t is said to b e resonant i f  Y/Go is  pure real.

T he va lue o f  the adm ittance can be calcu lated  w ith  a sim p le  relation betw een  
the norm alized adm ittance and reflection coeffic ien t r  that g iven  as [17].

Y _  2T 
Go 1 +  r

T he reflection coeffic ien t can b e related to the field  in the s lo t by:

( W a ) 2 f  ~F9 T9r  =  a. „ น /  E g X  Hinc  ■ n  d sMfJiO PincO*b J  slot

(2.6)

(2 .7 )

w ith  ท is the unit vector on the internal boundary surface inward the w avegu id e.
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U sin g  the above relations, o n ce  w e  k n ow  the e lectric  field  distribution along  
the slo t, the netw ork param eter can be calcu lated . The resonant length o f  the slot 
a lso  can b e determ ined by taking the zero crossin g  o f  susceptance graph.

It is worth noting  that the resonant conductance and the resonant length are 
im portant param eters in  the d esig n  o f  slo tted  w avegu id e array. Therefore, it is d e­
sirable to b e  able to predict th ese  param eters accurately.

2.3 Formulation of Combined Finite Element and Moment Method
T he m om en t m ethod gen erally  provides efficient and accurate m eans o f  ana­

ly z in g  the scattering and radiation properties o f  the s lo t w avegu id e antenna. H ow ­
ever, the conventional m om en t m ethod  is not suitable for the analysis o f  the ed ge  
slo t w hen accounting for the w a ll th ickness. S in ce  the required analytical expression  
o f  the dyadic G reen’s function  for the cavity  region  cau sed  b y  the w all th ickness is  
unavailable. T h is G reen’s function  is  d ifficu lt to  form ulate due to  the com p lex ity  o f  
the slo t structure.

T he m om ent m ethod m ust cou p le  w ith  other m ethod to  circum vent this prob­
lem . O ne o f  the m ethods that can be used  is  the finite e lem en t m ethod. Initially, 
an eq u ivalen ce princip le is invoked to  d iv id e the problem  dom ain  into separate re­
g ion s, w h ich  are then cou p led  by en forcing  the continu ity  con d ition  at the interfaces 
o f  these regions. T he fields on the boundary surfaces are exp ressed  by appropriate 
G reen’s functions as d on e b y  the conventional m om ent m ethod. W h ile  the field  in ­
side the slo t aperture is form ulated in term s o f  a  functional w h ich  is  a feature o f  the  
finite e lem en t m ethod. T herefore, it is  unnecessary to have a prior k n ow led ge  o f  the 
dyadic G reen’s function  o f  the slo t-cav ity  region.

2.3.1 Field Equivalent Principle

U sin g  the field  equ ivalence principle [18 ], it can b e  assum ed that the slot 
is c lo sed  by a perfect electric  conductor. To ensure the con tin u ity  o f  tangential 
electric  fields at the s lo t location , a set o f  m agn etic  current sheets is p laced  at the
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Figure 2.3: The field equivalence on the edge slot

slot apertures, as shown in Fig. 2.3. This procedure decouples the original domain 
of the problem into three separate regions, namely

•  the region interior to the waveguide

•  the region exterior to the waveguide

•  the cavity region formed due to the waveguide wall thickness

In the interior region, the electromagnetic field is the sum of the incident and the 
field produced by the surface magnetic current M j .  In the cavity region, the elec­
tromagnetic field is the field produced by the surface magnetic currents M i  and 
M e . Similarly, the field in the exterior region is the field generated by the magnetic 
current M e .

By applying continuity conditions for tangential component of the magnetic 
field on the surface Si and 5g, we can obtain:

Tii X H inc(r) -f" Tii X H int(r) — 7ไ,i X Hcavix) on Si (2.8)

ทe  X  H caj)(r) Tig X H ext(r) — 0 on ร e (2.9)
Next, a dyadic Green’s function of magnetic type is introduced [19], which satisfies 
the following equation

V X V G (f, f') -  k2G(r, f ' )  =  - I s (f  -  f') (2.10)

ท X  V X  G(f, f') = 0 (2.11)
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with I  — XX +  yy  +  zz  and k  is the wave number. Using the Green’s function, it is 
possible to calculate the magnetic field of each region.

H (r) = ju e  <f G ( f ,^ )  ■ M (fl)ds' (2.12)

where บ is the angular frequency, e is the permittivity. The surface integral is taken 
over the source region r' in the problem domain. If the magnetic fields in the three 
regions are represented by (2.12) and the resultant expressions are substituted into 
(2.8) and (2.9) the following integral equations are formed

jueüi X JJ [Gcaw( r , f ,) - G int ( r , f ' )  - Ml{r)ds'

+  j u j m i  X  JJGcav ( f jf ')  - Me(rl)ds' ะ= H i  X  H inc(r) (2.13)

juene X  J J G cav (r,r^) - Mi{r)ds'

+  juene x JJ Gcav ( r , f )  -  Gexti?,?) - Me(r')d ร' =  0 (2.14)

where Gin^exttCav denotes the dyadic Green’s function in the interior, exterior and 
cavity region. The equivalent magnetic current M s can be formulated as a function 
of the electric field E  with the relation:

M s = E x n  (2.15)

The electric field distribution along the slot can be calculated by solving those in­
tegral equations. Unfortunately, the Green’s function of the cavity region has not 
been exactly formulated yet. It is the reason of ignorance o f the wall thickness in 
some researches. This formulation is also partly used in other investigations either 
in the finite element method.

2.3.2 Reaction Variational Equation

The formulation of the finite element method is taken from the variational 
equation derived in [17]. It is derived from the variational reaction theory adopted 
from [20],
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Figure 2.4: The domain of the problem

The derivation of the variational equation is commenced from the reaction:

Sip = jjj {SE . J)<m =  0 (2.16)

where E  is the trial function and J  is the trial source supporting the trial field with 
the relation:

J  =  V X  H -  jujeoË (2.17)
Substituting (2.17) into(2.16), and employing the divergence theorem of Gauss, the 
reaction form becomes:

(5  ̂ =  ffk* - V  X  H  — jueoSE  - E)dQ,
=  JJ {ทi - H  X  SE)ds +  JJ (ne - H  X  5E)ds

+  / / / , ( F V  X  SE — ju e08E - E)dVt (2.18)

where Ui and ne denote the unit vector outward normal to slot surface S i  and S e , 

respectively. It can be seen that the domain of problems consists o f the cavity region 
and the surface area o f S i  and S e as shown in figure 2.4.

The magnetic field H  is brought into the term of trial electric field by in­
voking the formulation of the magnetic field in the inner surface and outer surface 
as expressed in equation (2.13) and (2.14) and the magnetic field inside the cavity
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region:
Ï Ï = - — V x l

ju t *  0
After the substitution, the following variational equation is obtained.

(2.19)

d V  = ะ 0

+\ff ff n' x E (r ) ' G i n ' ni x E(f)ds'ds
[ [  [ [  x E(r) - Gext(r ,? ) - ne X  E(f)ds'ds

2  J J s e J J s e

Vo JJsx]-7- [ [  7T nc - ท1 X  Ë ( f ) d s (2.20)

This variational equation has been proved in [11] to be stationary at the exact so­
lution of the unknown electric field. The problem in the above equation can be 
classified in terms of cavity region Q,,  internal and external boundary surfaces ( S i  

and S e ).

The field is simplified by assuming the narrow slot case that the electric field 
is constant across the slot width. It is expressed by:

While the vector o f slot width direction (V) is shown in (2.3). Substituting (2.21) 
into (2.20), the variational equation becomes a simpler form in terms of the scalar 
unknown 4>(แ).

E ( j ) =  vEv(r) =  V(f) (r) (2.21)

V = Ï Iff (?-}?[**■**-

(2.22)



15

where
6, r on the broad-wall 
0, f  on the narrow-wall (2.23)

The unknown electric field distribution (f> in the above variational equation can be 
solved with finite element method which is coupled with moment method to calcu­
late the field in the boundary surface S i  and S e . The explanation of this method is 
separated in terms of field inside the cavity which is denoted by the first integration 
and the field on both boundary surfaces.

2.3.3 The formulation of fields in cavity region

The cavity region that exists due to the finite wall thickness is occupied by six 
surfaces on its boundary. Four surfaces are the waveguide wall in which the slot is 
cut. The inner and outer surfaces are the prefect electric conductor sheet taken from 
the assumption of field equivalence principle.

A part o f the formulation regarding the fields in the cavity region is expressed 
in the first integral o f RHS of (2.20). Based on the assumption of the narrow slot 
case, the unknown field (f) is constant across the width of the slot. Therefore, the 
volume integral can be simplified into surface integral as follows:

where พ  is the width o f the slot and A n  is the area of side surfaces o f the region.
These fields are calculated by the finite element method with the procedure 

consisting of the following basic steps [21]:

•  Discretization or subdivision o f the domain

•  Selection o f the interpolation functions

(2.24)

•  Formulation of the system of equations
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(b)

Figure 2.5: The domain is divided into elements

•  Solution of the system equations

The first step, the domain is divided into ท layers, with each layer divided 
into 2 N  small triangular cylinder, as shown in the Fig. 2.5. Hence, the total number 
of elements N  —  2 N b +  N n , which N b and N n  represent the number o f elements 
in the broad wall and narrow wall, respectively. After discretization, we get the 
formulation in terms of small element.

JJf <A2 - ^ [ V ^ »  V 0 - ( « . V ÿ ) 2] d Q

E EE «ร?Li=l j= l
where

G < ;>  =

+  e S l [ ร ' ’ ' v * ) ( s  ' v ^ > ๔- ' ' ' )  (2 '25)
The second step, a standard interpolation based on triangular area coordinate 

is chosen. The unknown of the electric field is expanded as:

H r )  =  ^ 2  (t>\e)Li{r)  (2.26)

where < ^ ’ร are the unknown fields at the nodes 1,2, and 3 o f the e-th element. The 
coefficient L i  is the shape function of node i that is defined by
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Figure 2.6: The linear characteristic o f the area coordinate shape function

น  = 2 A, ( d i  +  b i X  +  C i y )  i =  1 ,2 ,3 (2.27)
in which

a 1 =  x 2y3 -  z32/2 « 2  =  x 3yi  -  £ i2/3 a3 =  x xy  2 -  x 2y x
b i = y 2 -  2/3 b2 =  y 3 -  2 / 1  &3 =  2 / 1  -  2/2
C l x 3 :r  2 c 2 X i  x 3 c 3 X  2 X \

and Ae is the area of element given by

1Ae =
1 El 2/1 
1 2-2 2/2 
1 x3 2/3

=  2  ( & l c 2  -  f t 2 C l )

(2.28)

(2.29)

It is worth noting that this shape function has linear characteristic as depicted in Fig.
2.6

The third step is substituting the expanding function to (2.25). It is analyzed 
separately for each integral. The first integral can be evaluated analytically by using 
the basic formula for triangle area integration

I J ’ พ ) ,( L i r d i r d x d y  = (l +  m  +  ท + 2)! e (2.30)
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resulting in

พ JJ <t>i(t>jdAe = พ JI  Li(f)Lj(f)dAe = yk,
where V — A ^  is the volume of the e-th element.

The second integral is evaluated using the relations

(2.31)

2 Â ?

thus it yields

 ̂Æ V 0  ' V0CL4e =  A? I J [ V L i ' V L j d A e _  A:2 V 4 A e
พ  f  b i b j  +  d C j (2.32)

The last integral is equal to zero since the vector V  is always perpendicular to the 
area A e thus V - V L i  —  0 .

Now, we get the expression of the integral for the cavity region as expressed 
in (2.30) and (2.32) that can be calculated with simple programming. The value 
of each element from the integration is arranged in the matrix, simply notated as 
matrix G.

2.3.4 The formulation of fields on the inner surfaces

The fields on the inner surfaces of the slot consist o f the incident field from 
the waveguide and the field due to the magnetic current density on the surface. 
They are expressed by the second and fourth integrals of right hand side o f equation 
(2.22). For simplification, these integrals are called as incident wave and magnetic 
current integral, respectively. These equations are basically derived from the mag­
netic field integral equation for the inner surface as mentioned in (2.13). The nature 
of the finite element is not suitable for solving the integral equation, thus it must 
be combined with the moment method to evaluate it. The segmentation and basis 
function of the moment method must be compatible with the finite element method
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for the cavity region. The characteristic o f area coordinate shape function used in 
the cavity region is linear. Thus, it becomes triangular basis function on the surface 
integrals.

Initially, the surface is discretized into surface elements following the mesh­
ing o f the cavity and expanding the unknown (j) into basis function. To ease the 
program development, it is expressed as follows.

m  =  £  N ik  (2.33)

with

A M « ) =  (2.34)

where ท 112 is the coordinate of node points to the slot directions.
Substituting (2.33) into the integrals, we get

—^ -  JJ Tr™4(f) cos a d s  = ^ 2 ^ 2  H\e'nt) 4>f'nt) (2.35)

cos a  ที, - Gint(r, f 1) - ท' <f>(r) cos a'ds'ds
1 N  N

=  2 ±  t
e >"‘ =  1 e 'in t= 1

where

H (ein1) =  _ L  [[  H Ï C Ni(น) COS a d s  (2.37)
juto JJร1

Y ^ nt) =  JJ JJ (Vi(พ) cos a  พ - Gint{r,Ÿ) - ท' N i(ท') cos ๙  ds'dsi2.38)

The notation o f ejnf denotes the element on the internal surfaces. Equation (2.38) 
may be interpreted as the ที directed magnetic field on the element eint due to all 
magnetic current source in the element e 'n t . The parameters related with the source 
are signed with prime notation.

E
. t= l

j J e i n t )  y r i ^ i n t  ) l { c  in  
T i  i j  r ' 7 (2.36)
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2.3.4.1 Integral of incident wave

The incident wave is dominant mode TE10 that its magnetic field can be ex­
pressed as follow with the coordinate system is shown in Fig. 2.1.

H x =  H o  sin. /  7TX \๒ l a ) ' - k io z

H y =  0
Hr = J L - H 0c o s ( ™ ) e - k"* k 10น \  a J (2.39)

where H o  denotes the amplitude o f the incident wave which is normalized to unity, 
a is the width o f the waveguide and kio is the wave impedance o f the dominant 
mode in the waveguide

* “  =  ) / ( ; ) ’ - * *  
where k is the free space wave number.

The direction o f the slot is varied along the slot, as shown by the vector in 
(2.100). Thus, the coefficient H „nc in (2.37) can be divided in terms of the slot 
parts.

(2.40)

Using the expressions (2.40), the integral o f the incident wave (2.37) can be evalu­
ated in each slot part.

The slot on the top wall has direction û =  X .  Thus, H\nc in (2.37) can be 
expressed as

T j(e in t)

H'unc = H  ■ U bottom  —  H 1 on the bottom part
H™  = 7Tnc ■ นิside = H z sin9 on the side part
H ™  = T?nc . นิ 109 =  H  1 on the top part

— T“— [ [  H x N i (น) cos a  ds  
j u t o  JJ s ,

=  —^— f f  sin (kxx )e ~ kl0ZN A x )  cos a  dsj u e 0 J J  ร ,

To get more detail derivation, the integral is evaluated for N i  and N ‘2

H [e,nt) = j X2j  1+ sin (k xx )e ~ k'0Z (x  ~  X l\  d z  d x

(2.41)

(2.42)

r (e in t)

jue0 
cos 6
jojto

(x2 -  X 1) (2.43)

dz dx (2.44)
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The coefficients £ 112 are the coordinate o f two successive nodes in the inner surface 
and พ is the slot width.

Initially, the first integration over the 2 axis is evaluated

H (ein t )

(2.45)

(2.46)

Next, the integration over the X  axis is solved by the partial integration and we get
=  cos g ( l -  e - fcl°ๆ  c_fc1nz

1 j u t  0 kiQ
(x - -  X l) c o s  ( kxx ) 1 s in  (kxx ) X2

(x2 - X l ) kx (x2 -  X l) k  \ Xl

tr (etnt) _  COs6{l _  p-kiow\> „-fcioz
ju to kio

(x2 - x ) c o s (kxx ) 1 s in  (kxx) X2

(£2 -  X l) X (x2 -  X l) k  JXl

(2.47)

(2.48)

The portion of the slot on the bottom wall has direction Û =  —  X ,  thus it can be 
evaluated in the similar way to the top slot. It is noted that X i  < £ j _  1 and X i  >  £ 1+ 1 , 

so we get
c o s ^ ( l  - e - kl0W) c_k 10,
jiuto kio

(x —  £ i) COS (kxX)

s s r
ju to  kio

(x2 — x) cos (kxx ) 
( £ 2  -  £ l )  kx

1
(£ 2  -  £ i )

sin (kxx ) -  X l

- x 2

1
( £ 2 -  £ i )

sin (kxx ) 
—

- X l

- X2

(2.49)

(2.50)

The direction of the slot on the side wall is inclined with 6 angle, û =  y cos 0+
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z  sin 0, so the expression of the incident wave integration can be written as

f{eint)
=  i L f Lj u t 0 JJSi
=  T—— [ [  ~r—— cos {kxx )e ~ kloZ Ni {น) d s  ju to  JJSi k l0a

H z sin 9Ni{u) cos a  ds
7rsin0

(2.51)

(2.52)

Taking analogous to the step on the broad พฟ!, the first integral over the 2 axis is 
firstly solved and we get

1 (1 -  e~*10™) r 2 Trsinfl
J  U 1

cos (kxx)e~kl0ZN i{น) du (2.53)ju to  kio Ju 1 kioa 
Based on the needs on the programming, it is derived for each N i'ร. 

1 ( 1  -

; a s i : : : g : a : :
Remembering that z  — u sin 6 the integrals on and H2 ' ^  can be evaluated
using the formulae o f partial integration. So we get the final form o f both integrals 
as follows

rf-*> =  1 !j u t  0 k 10 M0a Ju 1 {น 2 — Ml)
1 ( l - e - ^ ) ^ g c o s f e i )  

ju to  k 10 k\QO,
2 —  I i j  g -fc io « s in 0  2 g —fciousin# " « 2

(น 2 - Ml) kxo sin0  +  (น 2 -  น1) ( / c io s in # ) 2 u 1 (2 -5 6 )
1 (1 - e -* 10W)7rsin6> ' 1 . ท 2 ,  ,1 . , ( น - น  1)——--------Y-------------—— c o s (kxx) /  g-fcio«s'**0j--------- L duju to  k 10 k l0a J {น2 -  น 1)

(^inf)
^ti2 — til ) AC 10 dill C7

1 (1 - e - fcloW)7rsin0
j u t  0 &10 &ioM

1 (1 -  e- fcl°'ๆ  7Tsin0
jwc0 &10 k ÏOa 

{ น -  « 1) e_fciousin0
c o s (kxx )

^  _  w 1) g —fciousintf J  g —A:iousin0 " U2
(น2 — Ml) fc io s in #  {น2 — Ml) ( f c io s in # ) 2 (2.57)

Ul
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2.3.4.2 Internal Green’s function and its integral

The internal Green’s function is natural to use the waveguide dyadic Green’s 
function which is formulated as follows

Gint(r,7ๆ
๐0 ๐๐

e m £

2abk,
m = 0  n = 0 ’t  (

=  พ '

น  — n i rft-,, — - y  
27r

(2.58)

(2.59)

- XX ร1ร ,xCyC'y +  yy CxC'xSyS'y +  z z  CxC'xCyC'y 
(m, ท) #  (0 ,0 )o r (l,0 )

] ç  _  r m r  I ç  _

k m n  = \ k l  +  ( k y ) 2  -  / ะ 2 ] 1 / 2  / c  ะ=  T
c *  =  cos kxX C'x =  cos kxx'
Sx =  sin kxx  ร1 = sin
C'y =  cos kyy C'y — cos kyy'
Sy — sin kyy  Sy =  sin kyy'

where I  -= XX + yy  +  zz  is the unit tensor, a and b are the waveguide dimen­
sions and em is the Neumann factor such that em — 1 if m =  0 and cm =  2 if m ะ̂  0. 
To simplify the expression, it can be presented in the matrix form as follows

G i n t  —

Noting that the operator V  V in the dyadic expression can be derived as

พ  =

therefore, the dyads can be expressed as follows
ท. (  -  I d

G i l 0 0
0 Gyy 0
0 0 G zz

[yadic expression
d2 d2 d2dx2d2 dxdy d2 dxdzd2dydx d2 dy2d2 dydzd2dzdx dzdy dz2

(2.60)

(2.61)

2 abk„
๐๐ ๐๐ 

=  v v
๐๐ ๐๐

v -"' € ฑ ท € ท

2 abkmr171=0 n = 0

1 +  ) S*S 'A C > 

§  ) ร ,ร ',C ,C 't (2.62)

'yy 2abkmn \
m = 0 n = 0  m n  x

๐0 ๐0
_ Y ”'' \  1 € ท ท £ ท

~ ' ท  ~ ' ท  2 a b k mm = 0 n = 0

^ __  1 n n '  o  o '  p -fcm n |z-z '|k2 dy2 I CxC*s ys y e
kl1 -  £§ ) CxCxSvS ’y e - k™\z- z'\ (2.63)

( 2 .6 4 )
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Table 2.1 ะ Vector multiplication for all combination of slot part
Observed field source นิ นิ’ นิ - G i n t ( f , f ' )  - นิ'

bottom slot bottom slot — X — X G x x

bottom slot side slot — X y cos 9 + z sin 9 0

bottom slot top slot — X X ~ G x x

side slot bottom slot y cos 0 - f  z sin 9 — X 0

side slot side slot y cos 0 + z sin 9 y cos 9 + z sin 9 cos 0 G y y  cos 9  

-l-sin 9  Gzzsin 9
side slot top slot y cos 9 -I- z sin 6 X 0

top slot bottom slot X — X ~ G X X

top slot side slot X y cos 9 + z sin 9 0

top slot top slot X X G x x

Gzz
๐0 ๐0E E

m  —fl TJ —n ^ i d b k f i i f i

๐ 0  ๐ 0

E E
m —n ‘ท -—n 2 d b k f j i f i

k 2 d z 2 )  C x C ' x C y C ' y  e- fe- l z- z'l

C X C '1 C y C ' y  e- fc-"lz- z'l (2.65)

According to the expression of the internal Green’s function, the vector mul­
tiplication on the (2.38) can be evaluated by evaluating the multiplication result for 
each variation o f the slot part for observed and sources elements. As an example, 
both elements lie on the top wall. According to the direction vector นิ =  X  and 
นิ' ะ=  X ,  the vector multiplication can be easily obtained.

■ 1 ■ T G xx 0 0 ' 1 ■
นิ • G i n t i r , ? 1 )  - นิ' ะ= 0 0 Gyy 0 0 =  G x x  (2.66)

0 0 0 Gzz 0

The result o f the vector multiplication for all variations o f the slot parts is listed in 
the table 2.1.

The table 2.1 shows the non zero results only contains o f G  11, except for both 
observed field and source are on the side slot part. Thus the explanation can be 
focused on the case of both elements on the top slot and on the side slot. While 
the other cases can be solved by taking analogous to the top slot case. Proceeding 
further, the component of the Green’s function is substituted into the integral then 
it can be analyzed for each expression inside the double summation of the Green’s
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function. Firstly, the integral that both observed field and source lie on the top slot 
is evaluated.

Ŷ nt =  JJ JJ Ni(น) cosaGXXNj(น') COSO:' ds'ds

■ เ § ^ (,ง■ JJ JJ AT* (น) cos a S xร'xCyC'y e~km̂-*'^ N j (น,) cos ๙  ds'ds (2.67)

Considering the physical inner surface o f the slot on the top wall, both surface 
integrals consist o f the first integral over the x-axis and the second one over the pr­
axis. The range o f first integration is the coordinate X  of the first and second nodes 
of the surface element, noted as X i  and X  2 for the observed field element and x [  and 
x ' 2  for the source element. The second integral is taken over the slot width, from 2 i 
and £1 +  พ. It is noting that the coordinate o f both nodes is similar for the element 
on the top slot.

The solution o f integral in (2.67) is explained by taking an example in case of 
i = j  = 1. The integral is rearranged based on the domain of integration.

y i n t
- ' l l ( l  -  c o s  { k y ÿ )  COS ( k y y ' )

f X 2  x 2 - x  ท . _ n  r ' 2 : ท  I \ x 2 ~ x '  n j  1
/  ----------------- c o s  6  s i n  ( k x x ) a x  • /  s i n  ( k x x  ) — J ----------- 7  c o s  6 a xJxx x2 -  x l Jx\ A  -  x \

m = 0 n=0  
r x  2

2  a b k „

x 2 -  X

f x i  X 2 - X 1 

f*zi+ w  r z [ +  พç z \- \-w  ç z

J Z \  J z \

z Idz'dz (2.68)

The first and second integral can be evaluated using the formula of partial integral, 
while the third can be alternately derived started from the inner integral over the z '.

e - k m n \ z - z ' \ d z >
g  km n  IZ z ' I

vm n  

~  k m n  พ  A

z \+ w

(  ๅ _  p - k m n W \i l _____________i „ - k m n \ z - z \ \

T ~• ''‘ทา.ท

(2.69)

(2.70)

Considering the integral o f the exponential function yields the exponential function, 
the outer integral over 2 can be solved in the same way as over the z '.
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Now, all integralร in (2.68) can be solved analytically and we get the analytical 
solution o f Y u .  The other combination of other i  and j  can be derived using the 
same procedures as well.

\ r i n t  __r l l  —

\ r i n t
M 2

E E d it  0 -ส)ื c » ( M ) c o s ( M ' )

\ r i n t  __r 21 —

COS 6 X̂2 ~ x  ̂ C0S ^ xX) 1 sin (kxx) 12
L (x2 -  x i) kx (x2 -  Xi) kl  . 11

( 4  -  x') cos (kxxr) 1 sin (kxx') ไ1'
C0S L (4 -  4) k (4~4) kl J 1,

_ p k m n . w \ 2______ e  )  c ~fcm nU l-z!l

E E  d i t  (' - I) cos (‘พ)cos (‘พ')
„ (x2 — x) cos(kx) 1 sin (kxx ) ] X2

■m t f t e - ฬ  T  -  (4 ' x,) r  J„
.โ  ( 4  — x') cos (kxx') 1 sin (kxx') 1 *■f ( 4 - 4 )  kx + (๙2-๙ 1) k i \ x1

_______ e  /  r - k m n \ z \ - z \ \
L %  J

E E d i t  0 - 1 )cos (‘พ)cos (‘พ')
1 sin (/Cxx)112

(2.71)

(2.72)

_ /I โ (ร2 -  4  cos (kxx)  1
• C O S 0  -  -------- F ^  +  7— --------T(X2 - X x )  kx {x2 - x 1) kl J  X I

C O S 0
( 4  — x') cos (kxx')
(4 -  4) k x

sin (kxx')
( 4 - 4 )  ^x

■ y i n t  __
z 22 —

COS 0  —

- cos 6

^  k m n  1̂ 1 Z 1 1

( i  -  p )  cos (fcyî/) cos (fcyî/) 
r) cos (fczx) 1 sin (

(2.73)

(rr2 — x) cos (k xx ) 
(x2 3*i) kx
( 4  — 2)') cos {kxx')
(4 -  4) 4 +

sin (fcj;ï)
( £ 2 - X x )  k l

1 sin (&*£')
J  X i

( 4 - 4 )  fcx
( 1  - e ~ k m ท น ) \ 2

JU2mn

\ 2' g - ^ mn  l^l—ZjI ( 2 .7 4 )
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The second case, both observed field and source are on the narrow- wall slot. 
Taking the result o f the vector multiplication on the table 2.1, the expression of the 
Yjj11 is obtained as follow

*  - N i (น) [cos OGyy cos 9 -I- sin 9GZZ sin 6] N j  (น') ds'ds (2.75)
0๐ ๐๐

\  '  V '  ffn^n= E E
m = 0 ท=0 2 abkn

0  ~  พ ) I f f l N i^  c o s 6 C x C *S vS v e~kmnlz~z'1 co s6 N j (น') d s 'd s  

N i(u )  sin e C x C'x CyC'y e ~ k^ z - z'\ sin 9 N j( u ')  d s 'd s

The integrals o f Gy y and Gzz are derived separately, but using the same pro­
cedures. The four integrals are over the area o f observed field element (น and z) 
and source element(n and z1) ’ that can be successively derived from the inner to 
outer one. The integrals over 2 and z' has solution as derived in (2.70). While the 
น and น' are evaluated by considering that y — น cos 9,y' =  น' cos 6,z — น sin 0 and 
z1 =  น' sin 6. The integrals becomes in the form of N i sin ( k y U  cos 9 )e (kmnUS๒ and 
N i co s  ( k y U  co s  9 )e ('krnnUsin^  that can be derived using the formulas o f the partial 
integral and the integral of the exponential and trigonometric function taken from 
[22] as follows

/ ■

/ ■

oat
eat sin (3t dt — a 2 +  1Q2

s > a t

ea cos /3t dt —

(a  sin f3t — p  cos fit) +  c (2.76)

a 2  +  p 2  (a  cos f +  ^  s i n  fit) +  c (2.77)
Finally, the expression of Yij of the second case is obtained. The final expression 
for i =  j  = 1 is shown in (2.78) below, while the others variation o f i and j  can be 
obtained by using the same procedures.

e m e n  ( l - e - k ™ w ) 2

=  E Ê
m = 0  n=0

+ 1 +

k i n

A i(u )  ^ A j(น ')e 

B i (น) [B j (น')

k m n  Sin 0 \■ ฯ:]:
■ ฯ:]:} (2.78)
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with

A l (น) = ( ^ - น!) (a 2 +  เฮ2)

(น2 -  น!) ( a 2 +  เฮ2 ) 2

1 P

A 2(u) =
( « 2  -  น ! )  ( a 2 +  P 2 ) 2

(น — น!) 1

(a sin ( เฮ น) — เฮ  cos ( เฮ น))

(asin (เฮน) -  เฮ cos (เฮน)) 

(a cos (เฮพ) +  เฮ sin (เฮน))

(น2 -  น!) ( a 2 + เฮ2)

(น2 -  น!) ( a 2 +  เฮ2)2
. 1 0

(a sin (เฮน) — เฮ cos (เฮน))

(a sin (เฮน) -  เฮ cos (เฮน)) 

(a cos (เฮน) +  เฮ sin (เฮน))

ร1 (น) =
(น2 -  น!) ( a 2 +  เ32)2

^7^0 (๙^ พ)พ cos พ") + ̂ ๒ พ"»
+พ-น1) (พTPพ{acos พ")+/?s๒ พ"»

1 0
(น2 -  น!) (a2 + เฮ2)2

(2.79)

(2.80)

(zy sin (เฮน) +  เฮ COS ( เฮ น)) (2.81)

ร!(น ) = (พy  พพพ(a cos พ") + 0 sin พ"»
ๆ «7 !  « 1) (a ’ ! W (“ C0S (/Ju) +  /Ssin (/?“ »
- («2! 111) P T  เ82)2พ-'sin พ") + 0 cos พ")) (2.82)

where

a  =  -fcm„ sin 0  (2.83)
เฮ =  k y  cos Q (2.84)

Hence, the expressions are on the form that are ready for writing into computer 
program. The required order o f the summations (m, น) is investigated and the result 
is shown in Fig. 2.7. The graph shows that it need about 200 iteration both m  and 
น to obtain an acceptable result.
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Figure 2.7ะ Convergent value o f integral calculation on the internal surface.

2.3.5 The formulation of fields on the outer surfaces
The field on the outer or scattering surface is shown on the third integral o f 

(2.22). It has the same form as the integral on the inner surface but it uses a different 
kind of Green’s function . The initial procedure to derive is similar to the inner 
surface and we get the formulation in terms of integral over the external surface 
element.

0(r) cos a นิ - Gext(f, f 1) - นิ' (j)(r) cos o' ds'ds

=  E E
e e x t  e e x t

EEA^rVi (2.85)

where eext is the element on the outer surface and coefficient o f Y- ‘‘x^ is given by

Y*jXt =  jj JJ Ni ( น )  COSO! นิ  - G e x t ( r y )  • นิ1 Nj(u') cos o ' ds'ds (2.86)

with i and j  are the local nodes o f the surface element.
The external Green’s function uses the 90° wedge Green’s function that has 

been introduced in [8]. This special Green’s function is derived to take into account 
the scattering effect o f a single comer around the field and the source regions. The 
detail formulation is conducted in the next subsection.



30

2.3.5.1 The formulation of 90° wedge Green’s function
In order to account the effect o f the waveguide comers in the edge slot analy­

sis, Jan et al. introduced the 90° wedge Green’s function [8]. They derived from the 
dyadic Green’s function for a perfectly conducting wedge that formulated in [19] 
chapter 9 . It has been derived in [8] specified for 90° wedge. The formulation is 
rearranged in more compactly form as follows

G(r,rO = -^|>-<s»)(±l)"
rr{gv- i  + 9 v + 1)/2 +  zzgv - (2.87)

J v = 2 / 3 n

where k  is the free space wave-number, <50 is unity as V  = 0 while zero for other 
v ' ร. The ± 1  means that it is equal to +1 when f  and f 1  lie on the same side of the 
wedge, while equal to (—1)" when f  and f 1  lie on the different sides o f the wedge. 
The functions g ^ ( g ,  —  V  — 1, V ,  or V  -f 1) are defined by

9แ{r,r’,z ,z ')  = 2 J  J^(grrท) } cos h\z -  z'\dh
rm =  min(r, r'), rM =  max(r, r')

(2.88)

(2.89)

ฦ is related to the h by 2ๆ =  k 2 — h2. and H are the Bessel function and 
the Hankel function of second kind respectively. The coordinates system has to be 
adapted in the calculation with relation as an example on Fig. 2.8. Simplifying the 
expression of the g  11, Jan e t  al. has rewritten it in normalized form as

M 1 ^d) J"  J y / e2 l^m)
-  1 f M) cos {hzd)d( (2.90)

c = h

k
(2.91)

__ ?M _  zd _ (2.92)I'm T]If zd =
Z d  = \z -  A (2.93)

The application o f this external Green’s function can be explained by consid­
ering the source and field points which is shown by four case in Fig. 2.5. In the case



31

Figure 2.8: Modeling the field caused by magnetic current on the external surfaces 
of slot.

o f one lies in the broad wall, while the other lies in the side wall as shown in Fig. 
2.9.a, the field from source to the field point is scattered by the between comer is 
derived using those 90° wedge Green’s Functions. The scattering field from other 
comer is neglected.

Fig. 2.9.b, both points lie in on the broad พฟ!. In this case, although the 
conventional half space Green’s function may serve as a crude approximation, but 
the wedge Green’s function should have better result, especially when both points 
are close to the waveguide comer.

In case of Fig. 2.9.C, both points lie on the side wall, therefore the scattering 
effect from both comer must be considered, The Green’s function is evaluated by 
the summation of the wedge Green’s function from two comers minus the half space 
Green’s function.

In case o f Fig. 2.9.d, one point lies on bottom wall and the other is on top 
พฟ! of waveguide. The contribution is now due to the consecutive scattering from 
the two comers. It is neglected in the calculation.

The half space Green’s function used in couple with the wedge Green’s func­
tion in case o f Fig. 2.9.b is expressed as

G ( r , f ' )  ะ= (k 2 +  พ )  (Ç - JZ n r (2.94)
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field pointX

(c)

Figure 2.9: Example o f source and field point in the coordinates system used in 
wedge Green’s function calculation.

where f  — yj(x  — x')2 + (y — y') +  {z — z') is the distance between the source 
and the observed field points.

23.5.2 The solution of integral on the external surface
The shape domain of the integral in (2.86) is similar to the integral on the 

internal surface that contains the internal Green’s function. The domain can be de­
composed into น, z, น' and z'. The first two parameters are the area o f the observed 
field element and the rests are the source element.

Y ^ 1 — [  [  [  [  N i(น) CO SO ! Ü-Gext(f, r*) •นิ, Nj(u') co sc / dz'du'dz du
J U\Jz J น'1J  z'

(2.95)
The vector multiplication inside the integration is evaluated in the same way as in 
the internal surface and considering the transformation of the rectangular coordi­
nates system to the cylindrical one as used in the calculation o f the external Green’s 
function. The result o f this operation is listed on Table 2.2.

The complicated form of the external Green’s function causes the integral in 
(2.95) can not be solved analytically, thus it is calculated using the Gauss quadra­
ture integral approximations. Since the shape of the area o f the element on the 
side slot is inclined, it is more convenient to solve by four successive line integral
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Table 2.2: Vector multiplications for all combination of slot part

Observed field source f f ’ นิ ■ G i n t i r y )  •นิ'
bottom slot bottom slot X X G r r

bottom slot side slot X y G r r  C O S  6

bottom slot top slot X X neglected
side slot bottom slot y X G r r  cos 6
side slot side slot y y cos 0 G r r  cos 6

+  sin 9 G Z Z  sin 6

side slot top slot y X G r r  cos 6
top slot bottom slot X X neglected
top slot side slot X y G r r  cos 6
top slot top slot X X G r r

approximations rather than two area integral to simplify the programming.

2.3.6 Matrix Assembly and Finalization
Based on the finite element procedures, the matrix forms of the fields in the 

cavity and both boundary surfaces are assembled into a global matrix using the 
relation o f the variational equation in (2.22).

<//

+ 2  £  £  x > ‘e" )y«'"V $e'“')
ei„t=l e'jnt = l L *—1

+ 2  £  £  £ > i ‘“ ‘) l «'”“’^ “ '’
eex t = l  e'e x t= l  Lt=l 
2

__ ^   ̂ j j { ein t)  ̂ i Gin t)
i =  1

=  % m m ]  -  [<f>}T [ h inc] (2.96)

where [4>] is a vector consisting o f the unknowns of all nodes and the superscript T  
denotes the vector transpose.
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Proceeding further, the stationary condition o f the variational equation is de­
termined by taking the first derivative o f (2.96) and considering the boundary con­
dition where the electric field on both ends o f slot must be vanished. The expression 
becomes

Finally, the last step o f the finite element method is solving the linear equation in 
(2.97) that can be done by applying the Gaussian Elimination method.

Accomplishing the finite element method, the electric field distribution dong  
the slot can be determined and it can be used to calculate the equivalent network 
parameter such as the reflection coefficient and the normalized admittance and other 
parameter such radiation pattern, resonant length, etc.

2.4 Admittance properties of edge slot
This section explains how to calculate the network equivalent or the admit­

tance properties o f an edge slot from the electric field distribution obtained in the 
analysis o f the combined finite element and moment methods.

Initially, the reflection coefficient r is calculated from the electric field distri­
bution along the slot with the relation recalled from (2.7) as follows.

where H^nc is the forward propagating magnetic field o f the TE10 mode, ท is the 
unit vector inward normal to the waveguide wall and Eg is the electric field along 
the slot that has direction across the slot width.

From the result o f the analysis, the electric field is known on each node, while on 
the other points is calculated by linear interpolation o f two closest nodes.

According to the structure o f edge slot that has parts on the bottom, narrow

mw = ['■‘ฯ (2.97)

Eg = V(f) =  —ÿ(p sin 6 + Z(j) cos 6 (2.99)
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and top walls, the ท has different direction on each part.
n = ÿ slot on the bottom wall
ท =  X  slot on the side wall (2.100)
ทิ =  — y slot on the top wall

The integrand of (2.98) can be evaluated for each slot part by the below relation

{ E g  X  H i n c )  • ท  —  ท -  ( E g  X  / f i n e )

TlX Thy Tlz
0 — (j)SÏn6 (j)cos6

H in c  0 H in c

and we get
( E g  X H i nc) • ท  — (j) cos6  H'x c 
(E _ g  X l i i n c )  - n  =  - ( f> S i n d  H ™  
( E g  X H i n c )  •ท =  — (f) c o s  6  H lxnc

slot on the bottom wall 
slot on the bottom wall 
slot on the top wall

(2.101)

(2.102)

Now, the reflection coefficient can be calculated easily by a summation of the in­
tegral on each element. Finally, the admittance parameters can be calculated using
(2.6) and get the equivalent conductance and susceptance o f the slot.

2.5 Radiation pattern of edge slot
The radiation patterns o f the edge slot antenna are rarely reported in the liter­

ature because the patterns are not easily obtained since the Green’s function for the 
specific structure o f edge slot is not available.

This research tries to predict the radiation pattern of the edge slot by assuming 
the wrapped parts as the extension of the narrow part on the infinite conductor plane 
and applying a common half space Green’s function. The coordinate system is 
transformed to ease the formulation of the calculation as depicted in Fig. 2.10.

The radiation pattern can be evaluated using the formulation of the far field 
pattern for a rectangular aperture [23].

E (f)  ะ= f ( k  sin ฟ้ cos (p, k sin ฟ้ sin <p) (2.103)
Z7rr

T  ร น 1'>1
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Figure 2.10: Coordinate transformation for the calculation o f radiation patterns 

where

f { k x , k y )  =  [  E s { x \ y ' ๆ e - ^ - W d x ' d y ”  (2.104)
J  s l o t

k x  —  k  sin ฟ้ cos V? 
k y  — k  sin ฟ้ sin If

The E s = x”4> is taken from the result o f the analysis that has direction across 
the slot. The integral is calculated for each element by the similar way as for the 
calculation o f the admittance properties.
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