method)

5.1

(Gauss elimination method)

(iterative method)

positive definite*
(quadratic function) [40,41]
(5.2)
f(x)=|x TAX -b Tx + ¢

X b , C
positive definite
Ax =b

positive definite XTAX >0

(dlirect
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Ax = 5.1
X = [2, -2 A positive definite
5.2 53
(contour plot) f(x) f(x)

¥ f(x)
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f(x) f(x)
X
£(x) = PATX + 3-Ax-b = 0 53)
A (5.3)
f'(x) = Ax-b =0 (5.4)
(5.1)
A positive definite
f(x) P X = A"b
P X P-X=¢ ¢
A (5.2) P
f(p) = f(x +e) =~ (x+e)TA(x +e)-bT(x +e)+c

=X TAX +eTAXx +-eTAe-bTx-b Te+ ¢
=X TAX-bTx+c+eTh+"-eTAe-bTe
= f(x) + "-eTAe
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A positive definite 2TAe
e X f(x)
f(x)
S(x)
f&® =
54 f(x) A
() A positive definite
() A negative definite
() A singular positive definite
() A Indefinite
(conjugate direction method)
(steepest descent method)
5.2 (steepest descent method) [40,42]
X() (bottom of
the paraboloid) X (0,x(25.. X



b
0 =-1(x(0)

(steepest descent)

54 £1(x(0)=b-Ax(0

(error) e(0=x(0- x
(residual) 0 =b-Ax()
0 =-Ae(0

X(0= [-2, 2]1

5.6



5

(55)

5.6

§@

=7

[-2, 2]t

()

41



- N
Mehig




f(x(i)rw =0
£ (X (1) = -r 40
r(i+Dr() = 0
(b-Ax(H)Tri) =0
(b- Ax() +ar()))Tr) = 0
(b-Ax() Tr0 -<x(Ar(0)'rr(0 =0
(b-Ax(0)  =cx(Ar(0)Tr(0

r(Or(i)=ar (H))

1A

M0=b-Ax(0
a= "1l
=FRNAL
X(i+) = x (I)+ar(0

A 0

(5.8 )
(58 ) - A h |
b- Ax(i+ = b+ (-Ax(0- a (0Ar(0)
i( ) =b- Axw - «0)*(0 = rf) - “ (070

(iH)=r(i)-a ()Ar()

AT
X(i4) = x() +ar()

(510 - )

58

0

(510 )
(510 )
(510 )
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5.3 (conjugate direction method) [40,43]

5.8

(set of search direction) d(0), d0),..., d(n0

7
7

s

D,

5.9

X2

x(i+)=+0)+ad(0 (5.11)

- X)+
o) +a () (5.12)



ctf) e (i)

d (i)e (i+) - 0
d3)(e(0+a (i)d(i) = °

— d(e(
0= d (i)d (i)
(5.13) a
e(0
(orthogonal) d0
orthogonal (conjugate)
dJJAd(j)=0 1*]
5.10

60

(5.13)
£(0

A-orthogonal
d() A-
(5.14)

A-orthogonal

i

|

510 ' A-orthogonal



e(H) A-orthogonal d) 5.11

f(x)
steepest descent
d
to f(x"*»)=0
f A (HYTdaXiH) =0
-1 (i+i)d (i) "0
d(i)Ae(it) = 0
d))A(e(i)+ad(0) =0
a=  d()AN)
d Ad)
d (i)A d (i)

61

—

5.15)

—

5.16)

' ' Vv v >
NNFIMT (5.16) axAuhmwamed a lalaslidasie e, Tdennaums (5.13)

orthogonal df

() e(0)
A-orthogonal  ( )

=

!

.

>
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| (linear
combination)
e@ = 8()dq) (5-17)
drA
(5.17)
dRAeQ = )dKAd()

KR 5MdRAdK
_ dRAe0
R

. d(kA (e +2ja()d()
0@@ = k i
(KAd{K

 dAeK
o = gnadk 1)

515  (519) af)=-8(0 (5.12)

0 )d ) (5-19)
(5.19) e =0
d(i) A-orthogonal
Gram-Schmidt process
0, 1 nl d(i) 0

A-orthogonal d 5.12

>0
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d)=ugy+Pikd(k (5.20)
piki >k 0]

d(FAd)) =Uj Ad(j)+ ~ Pikd(KAd()
0=uMAd(+pid)Ad) 5] (520)
TAd(J)

By =T
; d(TJ)Ad(J)

’ e d(ﬂ)
. Ty ¥
" o d,
5.12 Gram-Schmidt process
X0 +p1 X () 5.2
(r(0) 0 Di
(5.19) (519  -dJ}A
d5)Ae(j)=E S(X o Ada)
d*r() =0 (i<)) (5.23)
, (5.23)
s LN Dy
(5.20)
d (i)r() = unrG) + ZjPikd (K)r()

0 = ;0 (i <j) (5.24)

(523)  (5.24)

der(j)=u9r) (529)
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5.4

()

(conjugate gradient method) [40,43]

Y =r()

5.13



Pii.,

]}

(5.22)
(5.29)
(5.29)
(530) P
p0
(5.16)

65

f(x)
i ) = ] (5.26)
TAd() 520
j= MAdi)
(+D = 1) - a (j)A d () (528)
(i)r(+) = v (i)rG) -CX (j)redA d )
a (A d ) = r (i) _r @G
rAd )=~ (r(i)rd) -r (i)r(j+1)
a ()
- r(or(j) 1=]
o 5.29
“ r(i)r(j+D =]+l 22
a .
. otherwise
r(Or (i) iz 4]
D= oA dad) (5:30)
1> ]+1
i=j+1
py= O (531

a( ) d( )Ad()

n_ GEACk)  w )
PO Bk 4lwAd

L0 (532)
d( ) )

P -



(5.25)

P .. 1O
(i) = r(U r(m)

(5.16)  (5.25) ' ap

a,;, =- o
() “ de<Ad(

do) =re) =E-AX()

o mip>
dp)Ad()

X)) =x() +a)di)
ri+)=r(i)-a@®Ad()

P 1D
s rf—l)r@-l)

diH) = reH) + Ai+)d()

5.9 (preconditioning) [40]

preconditioning

MIAx=M I
M positive definite
(5.36)

MIIIA

(5.36)
M positive definite
E EEt=M

66

(539

(5.34)

(535 )
(535 )

(535 )
(535 )

Ax =

(5.36)



positive definite M-1A
positive definite
E~'AE"t
E“AE"t (eigen value)

(eigen vector) M™A ETV

M~'A = X
E~TE-'A = X

E~*A=ETA

E"IAE"t = EtE-tx = X

(5.37) M™A E-1AE t
M"1AX = xv
E-tE-1AX = xv
X= E~tx
E-IAE-tx = xEtv
(5.38) Etv
M 1A
(5.38)
E IAE tx=E"b
X= Etx X

E"AE"t positive definite

(535 - )

d() =r(0)=E 1b-E -1AE'TX()

b dJ)E-'AE-Td,

X0+1) = *(i) + a ()d ()

Ai#l) = f(i) - a ()E AE  d (i)

MIIIA
V
E“AE~t

EllIAEI_t

(5.36)

67

MHIA

(537)

(5.39)
v

(539)

(5.39)

(540 )
(540 )



(5.40 -

E
X() = E TX(0

conjugate gradient

5.6

0.000001

)

EEt=

M

i) - f{iH)(i+)
414 = - i)
E

i)=E~"1{)
540 - )

0 = b—AN)

40 =M 10

) jI]MA r(i)

X (i) = ()+a(|)d (i

ri+)) = r (i) - a ()Ad()

0 ﬂmM (140

D) = FOM_F

d(i+H) = M r(i+]) + P+l )

(541 - )

3x,t 2 x2
2x,* 6 x2

X=[2,-2]t

)

68

(540 )
(540 )

dj) = ET(

(541 )
(541 )

(541 )

541

_C)‘I
~
—

o1
I~
—

(541 )
(541 )
(541 )
(541 )

precondition



(542 - )

M
A
_lz
o = M0 = ‘g]
6
0] = V(122+82) = 144222051
1
o KM R0 = Ko
= 12 v +8 = 58.66667
cp = dJ-A-d0

69

Ax =



al =

X

Pi

Pi

10

806867 - 73333

30
x0+a0d0
2 3109333
2 PO 100222
16
0-a 0Ad0
“ W,
_ : |
0733%3) 5 ¢ 3 Lo
6
rT-M~'T,
-M-".r*
[L.24444 -3.73333)- g;gggg]
58,6667
004839506
Mmr’ +p’d0
j 2
0 . (addday * (P-04835506)
6
0608395061
.0.55769547J

yi(1.244442+(-3.733332)) = 3.935274298

2
rTeM"1-r = rT-d,

0.60839506(1.24444) + (-0.55769547)(-3.73333)
283917695



g = d™A-d,

3 2 _
[060839506 -0.55769547_]- » ¢ 00650587362553575]
my.

1.61938241
g = T™-Mr o= P
’ dl-A-d, = q

- 283917695 _
a, = 161938241 - 17532467532

X, = 1 +ad,

J 0.933331 0.60839506]
{-1.02222} AL T5a81R37) < -0.55769547

J 2.000001
{-2.00000}
2 = (-cqAd,

r 1.244441
{-3.73333}

fol

| 0.60839506]

32
(L7532467532) 5 o epoeocy

0 = 7(02+02) = 000

e 2.00
27 1-2.00

PCG

11
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