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A P P E N D I X  A

ELIMINATION OF THE ENVIRONMENTAL COORDINATES
From eq. (3.79), by omitting the subscrip t a  on the environmental coordinate 

qa,c0 , and ma , we have the expression

| / J r / ( r ) e x p j -  J \ [ ^ (q2 +  V  ) -  c r / x j r / r j ,  

where iD q ( j ) -  [ dq' [D q ij).

To evaluate the sum over all c lose  paths in eq. (A.1 ), we first consider

(A.1)

J  / f y ( r ) e x p j j ^ ( c / 2 + co:q 2 ) -  cqx r / r j  . (A.2)

Eq. (A.2) IS the standard form of the path integration of forced harmonic oscillator. From 

refs. [2] or [3] 1 eq. (A.2) is equal to

mco
 ̂2nh sinh(ry(/) exp <เ>'- (A.3)

where

0 E[x(r),c/'] = mco

h (๗y)sin [cosh(ry(/)-l]r/'2

s\nh ( ๗ / )  J"̂ ๒ h ^ 7 ~ r  ^ +  s in h  (w r ) M r V ?
2 บ r

-----------—,----- r  โ โ sinh[ry((7 -  r)]s inh  C 0 T 'x ( r )x { r ' )d T 'd T
m cosm hycoU)^  *

From eqs. (A.1) -(A.3), it is c lea r that

| D ^ ( r ) e x p | - ^ | ^ y ( r / : + (0 2c f ) -c q x  d c \  =
mco </.’ 1

2^/isinh (<y (/) 1๙ h ’ 'dq' .
<J>Eb W ]  1 ,

(A.5)
CO

By using eq. (A.4) and the formulae Je x p (a x 2 + bx + cjdx = -  a exp(c -  b 2/ 4a ) and
—CO

cosh(ryf/)- 1 = 2sinh 2(mUเ2 ), eq. (A.5) can be written in the form
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| z t y ( r ) e x p j - ^ y («?2 + ผ 2q 2) - c q x  d r j

1 f c 2

2sinh f  û)บ '] ^ }  4w<y/?sinh(ft)t/)[cosh((งบ )- ]]
V z  J

J  J {sinh [(û(lj -  r ) ]  + sinh (ryr)}{sinh [ry ( ( /  -  r  ')] + sinh ((งโ'))X(โ)x(โ')d โ d  r
0 0

ท,๗ , รto h ( ฟ / ) j j s i n h 7 -

(A .6 )
V น น T

เก th e  e x p o n e n t  o f  e q .  (A .6 ), w e  c a n  c h a n g e  \ เ 1 โ \ ป โ ’ in t h e  first term  to 2 โ c / r โ t / r '
0 0 0 0

s i n c e  th e  i n t e g r a n d  is invariant  u n d e r  the i n t e r c h a n g e  b e t w e e n  r a n d  โ ' .  A fter  this  

c h a n g e ,  b y  u s i n g  s o m e  h y p e r b o l i c  fu n c t io n  p r o p e r t i e s  (it d e p e n d s  o n  o n e ’s  e x p e r i e n c e s ) ,  

o n e  c a n  s h o w  th at

| / 7 r / ( r ) e x p j - ^ j [ ^ ( r / : + (0 2q 2)- cqx (Jt > =
2 sinh (rya บ  l)

exp< ป ี ' ! ' ^ - r J - U ^  (t )x  {t d r

2m f* ”  51111/ ' » ๆ
(A .7)

บ T

S i n c e ,  f ro m  e q .  ( A .7 ) ,  th e  d o u b l e  in teg r a t io n  โ d/r โ c /r '  in the  e x p o n e n t  i m p l i e s  th at  โ  > โ ' ,
0 O

( r  -  โ ' )  c a n  b e  r e p l a c e d  b y  \โ  -  r ' l . After this r e p l a c e m e n t ,  t h e  i n t e g r a n d  o f  t h e  e x p o n e n t  

o f  e q .  ( A .7 )  is  n o w  in variant  u n d e r  th e  i n t e r c h a n g e  b e t w e e n  r a n d  โ '  s o  th e  d o u b l e

in te g r a t io n  f j r f r / r '  c a n  b e  c h a n g e d  to — \ d โ \ d โ ' .  N o w ,  e q .  ( A .7 )  b e c o m e s  ( r e c a l l in g
0 0 2  0 0

th e  s u b s c r i p t  a  o n  q a c a , and ทา'1 )

f A / ( r ) e x p  j -  i  J j ^ y -  (<fa  +  oj; q i  ) -  c a q a X J c / r j
2 sinh ((ง'1 บ / l)

e x p
cl  f  f  cosh(rya | r - r ' | - 7 /  2 )

^ ' 1(ง J \ 0 0II sinh ((ง0 บ /2)
X ( โ ) X( โ ' ) d r ' d  โ  j

(A. 8 )



A P P E N D I X  B

ELIMINATION OF THE COORDINATE X OF A VORTEX
S ince Y „=Y- 1,, x_n = .V* (since r ( r )  must be real), and Vo = 0 , eq. (4.31) can be 

written as

- U  ^  1 ,2 11 2 บ "  1 12 1 1 M Q .F -

2 h

y  I ,2 UMQ ^  บ 2 บ "  12 11MÇ1"
L Y n \ x  ทI ~ ^ r ï l v , ,y , ,x -n = ~ 2 Ï i r , 'x  ~ h ^ 7 n k l  ~ ~ n  "

( M O  *
»

-Z Z x; -  —y  V lx I
2 /> t r

( M f i  "
Z k x x  11+ V . J .  11* , , ) .

(B.1)

Now, let us define *-0 = R e jr0,>''1 = R e >’,1, *•0 = lm r „ ,  and >’0 = Im >'0 . By these 

definitions and the properties v_n = - v n *■.0 =*•0, and >’. 0 = >’0 , eq. (B.1) can be 

expressed , after com pleting the square, in the form

u_ X

2  h
y  I r- U M Q  s r  น  1 2 r t ^ „ Y V. + บ

+ j j  U z 2 j x .

n=l V A

»  y
V

V A  ;

Yn )

a A  บM 2ท 2 

+ 1; - » V'
A- k l 2-

(B.2)

Substituting eq. (B.2) for the exponent of the integrand of eq. (4.24) and using eq. (4.26) 

we obtain

' U k x 'Jz)x(r)exp ( -  ร£ 1 [}’,x]/h)F E [x] = น - ^ j  J exp

n  A  je x p

f] A  Jexp

r

V >1=1 

/

Y 2 » ;
f

J  M ULy - —-  X
m

h

U r,

x , + i M Q v X ^ 2

V " Yn J
dx[.

r  0 iM Qv ÿ  ไ
~> Y

ทรท
a y

1 A  J J.

X exp l_JM2n 2 " v 2 12
— V - Z ^ - k

h t t Y n  y
(B.3)



93

After evaluating the usual Gaussian integrals in eq. (B.3) and recalling the 

definition of y  11 in eq. (4.31), eq. (B.3) can be written as

j>Z)x(r)exp(- ร * 1 [ ) \  x ] / / ;) /• '1 [x ] = J J —  [ ๅ  f
M v l

M v ;  + M o r  + Ç J

exp
« I r„ . ' น

where a>l = k x / M  .

(B.4)



A P P E N D I X  c

EVALUATION OF THE SEMICLASSICAL EFFECTIVE ACTION
About y  -  0 , the potential I '[)>) can be written, by Taylor series, as

I ’O') = —~ y : + o (y 3 ) (since V(o) = 0 = V '(o)). (C.1 )
Sim ilarly, about y  = y b 1 we have

r0) = c  + 1 ^  ^ O' -  y k ): + o (O’ -  y h y  ) (since I "0■„ ) = 0 ). (C.2) 

S ince we have to find the “sem ic lass ica l” effective action ร 1!; 1' and .ร'1!11|hi through eq. 

(4.51 ), eqs. (C.1 ) and (C.2) can be approximately written as

V{y) = ~M<oly- (since l/ir(0) = Ma>l), (C.3)

and

y {y )  = c  -  2  T/ry; 0 ’ -  Xh y  (since l'"(yb ) = -Mofb ),
บ

respectively. About y  = 0 , let US consider j V ( y ) j r . From eq. (C.3), we have
0

J r ( r V r  ะะะ J  )’ : (r)c/r .

Substituting eq (4.30) for >’( r)  in eq (C.5), we obtain

) n y T = x- M a > i u j y y
บ

To arrive this result, we have used the orthogonality relation J e"'"T e"'"1 d z  = US 11 n
0

Sim ilarly, about y  = y b, we have

{  v {y )d z  = vbu  -  - M a l  J (y ( r )  -  y b y  d r .

Let _y(r)= y b + 'Yj Ç ท6""1 - 11 is c lear from eq. (4.30) that
ท ะ:-CO

>’o = y b +Co and yท = cท for all // *  0 .

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)
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Now, by using the orthogonality relation of e"'"T 1 eq. (C.7) becom es

Jl-'O  ’)d r  = v kบ  f y . \  - (C  9)

Inserting eq. (C.6) into eq. (4.51), we get

+ '-2 M < 4 u ± > „ | = .

By using the properties y  1, = >'1* and 1 = Z ,, , the above equation can  be written in the 

form

S T  ผ V ;  +Mvp>:'\y„\= v i + ».s + K j M ( 0 -  (C.10)

Sim ilarly, when inserting eq. (C.9) into eq. (4.51), we obtain

ร ร พ = v b u + l- M i i ± x . \ y X “ « < « " 1 1 ๙ . CC.11)
By using eq. (C.8) and the properties A 1, = A„ 1 >’ 1, = >’,* and ^ ,1 -  Cn. eq- (C.11) 

becom es

ร ร ' \ A = y j U - y „ y  น ± ^ \ y , \ -  ^ '  = r t - ° > i  + ‘' .ท , ( ü < c . 12)
Since, in our problem , ■ร,efl-bl[>’] will be used to evaluate the reduced partition function z* h) 

in eq. (4.48) only, it is c lear from the function measure (4.26) (here, x„ must be rep laced 

by >’,1) that we can write (>’,1 - y h) in the second term of eq. (C.12) as >’11 without 

affecting the reduced partition function z ',h). By this reason, eq. (C.12) can be written in 

the form

s T b b v j u + ^ M w t s w • ^ ' = v i - a > + v - r M -  (C.13)



A P P E N D I X  อ

LINEARIZATION OF THE EQUATION OF MOTION
From eq. (4.44), we have the equation of motion

-M 'yc{r) + V '(yc) + 2 y c(r)\\g(T  -  โ ' ) - k(โ -  T')]dz'

-  2 j[ t f ( r  -  โ ')~ k (r -  r ' ) k  (r ' V r ' = 0 ■ (D.1 )

Inserting eq. (4.68) into the third term of eq. (D.1) and using the orthogonality relation
บ

j V ‘’',V n’" r6/r = US 11 '11 with the fact that F0 = 1, eq. (D.1) can be written as
นุ

-M }'X T)+  F ' ( y J  + M Î :>'1.( r ) -  2 j[g -(r -  r ' ) -  k(z -  โ')])■ '{โ' ) = 0 . (D.2)

Slightly below T0 1 y c(j)  can be rep laced by y B{โ) expressed in eq. (4.67) and บ  is now 

approximately rep laced  by บ,-1 = 2n p„ft -  2nkBT ft . After this replacem ent, eq. (D.2) 

becom es

Meo)j( cos(<yRr)+  r '[)’/, + cos((o,j)]+ \  fQ2 y  11 + MQ.z£ cos(cokt)
-  2}'b j f e ( r  -  T' ) -  k (T -  โ , ) \ เ โ ' -  2 e  f [g (r -  โ ' ) - k { j  -  r ') ] c o s (coRโ')d โ' = 0 ,

(D.3)

where coR = 2 K เ /3,1 ft . When inserting eq. (4.68) {บ  is now equal to บ,, ) in the fifth term of 

eq. (D.3) and using the orthogonality relation of e'": {v  11 is now equal to In n //3„ft ), one 

can see that the fifth term will cance l with the third term. เท the second term of eq. (D.3), 

expanding V'\yb + £xos((ywr)]about y h and using the fact that u ( e : ) = 0 ,  we get 

L ' l Vb + £ cos(ryRr)] = V"{yb)ร cos(<yRr )  since F '( >’6)=  0 . By these reasons, eq. (D.3) 

can be written in the form

M em \ cos(coRโ )  + s V ”(y b)cos(coRโ ) + M Q .2ecos{(oRโ )

-  2e^[g{โ -  โ ' ) - k{T -  r')]cos((yRr')6/r' = 0 . (D.4)
0

Now, let us cons ide r

J k ( r  -  โ ' ) -  k{โ  -  r')]cos(<yf lr ' ) i r '  = R e j  I [g (r -  โ ' ) - k(โ -  d r \ . (D.5)



97

B y  u s i n g  e q .  ( 4 . 6 8 )  a n d  t h e  o r t h o g o n a l i t y  r e l a t i o n  o f  ๙ ' ' ' ' ' r w i t h  t h e  f a c t  t h a t

C0R = 2 ท / p c1h  =  V, 1 o n e  c a n  s h o w  t h a t

jW  -  T ') -  k (T -  T ^ y ^ ’d r '  = /•ไ ๙' ( D . 6 )

In se r t in g  e q .  ( อ . 6 ) into e q .  ( อ . 5 )  a n d  r e c a l l in g  the  d ef in it ion  o f  F n form  e q .  (4 .6 8 ), w e  

o b ta in

fU ’C -  ะ'')- k {โ-  r')]cos((a„r')i/r cรัเM “ > :  + Si ■,1
M a> l + M co ] + p  M Q r

cosf c r ) . ( อ . / )

In ser t in g  e q .  ( อ . 7 )  into e q .  ( อ . 4 )  a n d  u s i n g  th e  re lation in e q .  ( 4 . 5 0 )  with th e  f a c t  that  

= (0 R 1 w e  o b t a in

\ M co l + V " { y b) + M Q ?  - M Q 2
co] + (ûRy{(ùR) coRy{coK)

(L>1 T (ง1 + (0Ry{(0H ) Q :
>£cos(fi>Rr) = 0 (อ.8)



A P P E N D I X  E

PROOF OF 77o > ๆ c

We have a lready known that ไ]0 obeys the equation

ท 2

+ 2 ih  r / M ,
tin ' 1 (o'

From eq. (4.74) (with (0 1 = 0 )  and the definition of y เท eq. (4.75), it is c lear 

obeys the equation

2 Q :

น 2’ ’:  f 1 M  1. / , ,nn *  +  ( y :  )
= (o:

Equating the left hand side of eq.(E.1 ) with the left hand side of eq.(E.2), we obtain

2 , / » r  j M  A’ไ , “น พ ) . .

ท  ท  • <y(&r + C û j{ )  ท  ท  '  (ช

" "  ท <y 

ะ;/. f ./'(®)
T T fn.T  ■ '1 <ช

ic/ry

Now, it is c lea r from (E.3) that ?/„ >7/1..

(E.1) 

that ?7„

(E.2)

(E.3)
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