CHAPTER Il

INTERVAL SEMIGROUPS OF REAL NUMBERS

From Theorem 1.7 and the cancellation property of R - {0} under usual
multiplication, we have that all the regular multiplicative interval semigroups on
R arer, {0}, {1}, (0, 00 and [0, o0). Then by Theorem 1.1, all of them belong to
BQ. The first purpose of this chapter is to show that these five intervals are the
only multiplicative interval semigroups on R which belong to BQ.

We also have from Theorem 1.8 and the cancellation property ofR uncer
usual addition that all the reqular additive interval semigroups onR are only R
and {0}. r and {0} are shown to be the only additive interval semigroups on R
which belong to 8Q. This is the second purpose of this chapter.

Theorem 21 Fora multiplicative interval semigroup onR. € BQ. ifand
only if isoneofthefollowing intervals: R, {0}, { }, (0, &Jand [0,

Proof, As mentioned above, if Sis R, {0}, {1}, (0, o0) Or [0, 00), then e BQ.
Next, we recall from Theorem 1.7 that these are all types of multiplicative
interval semigroups onR .
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To prove the converse, it is equivalent to show that none of the
multiplicative interval semigroups of types (6) - (15) belongs to Q.
Case 1: 5isof type (6) or (7). Then there existsa « = suchthat. > land
= (a, 00) OF [a, 0o). L€t
B={atlat 2) QR+ D2 0).
Thene ¢z ande2cz((@a+1)200). Thus B2¢z(a(a +1)2 00). Sincea > 1,
a(a+1)2>(@+ 1)2,50(a(a +1)200) ¢z ((a +1)2 00) Which implies that s g2z 8

Hence s Is abi-ideal of . Sincea + g anda+—26 B, (at gla - _2
G ss. But

@+ )@+ NM)=a2t2at <a2t2atl=(at1)2
and

a+2<a(a+2):a2+2a<a2+2a+ (a+ «+?

sincea> 1,50 (a+ (@ + 7)<t B, Thus B «B. Hence B is a bi-ideal of

which is not a quasi-ideal. Therefore g BQ.
Case2 isoftype(8), (9), (10) or (11). Then there existsb G such that 0 <
<land  (0,1), (0, b, [0, by or [0, b]. Let

Thens zs andB2(0,~ )cfi. Thense2¢ (0, ). Since0O<b<l <
,s0sB2e (0, )¢B. Thensjg2=sB2 B2e B. Therefore B is abi-ideal

ofCCSuncle— % 2—53'*’ Ge. But—g G,s0° 3(2—5%(3—%)635

This implies that sB ¢EB since mi Hence <¢BQ.

Case 3. isoftype (12), (13), (14) or (15). Then there exista,b o R such that
()  =(ah) (ab]orfab] and-I<a<0< a2<T><,



or
(i) =[a, b)and-1 <a<0< a2<h<l
Set

a a2 Kjf‘l a1

Then figSandB2G(™- ,) . Sinceb<landa <0, wehae <~ -
<0.Also, 0< - < since a2<b < 1 These implies that [a 6](Azr, g
(~~> ~)n (~~>)+ Nowwehavesac (»-,»-) anda, by ( )
(M-,N-). Itfollows that552=Sf2 £2C (-,"-). But <0, %0
(y,y)cfi. Hences®2C5. Therefore 5 is abi-ideal of 5. Since

<O0anda<  <OwehavethatY esand e .0 Ny )
G SB - B. Therefore B is not a quasi-ideal of . Hence e BQ.

Theorem 22 For an additive interval semigroup onR, e BQ ifandonly if
—R or ={0}.

Proof. We recall from Theorem 1.8 that these are all types of additive interval
SemIgroups onR .

1) {0} @ R

(3 {a o0 where a>0, (4 [a 00 Where a>o

(5) ('oo, b) where b < O (6) ('oo, b] where b<O.
As mentioned above, to prove the theorem, it suffices to show that none of the
additive interval semigroups onRr of types (3) - (6) belongs toBQ.
Case L isoftype(3) or (4). Then =(a, oo) OF {a, co) for somea e R such that
a> 0. Set

B=(a+2a+3] (2a+4, 00
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ThenB +B Z(2a +4,c0)¢B ands +B + B¢z (3a+4, 00) (zB. Thus( +B +B)
(B +B) (B, s0B isahbi-ideal of . Sincea+le anda+3eB, 2a+4=
(a+ 1)+ (@+3)e s+ B But2a+4gB, s0B isnot aquasi-ideal of . Therefore

0B8Q.
Case 2. isoftype (5) or (6). Then = (-o0, b) OF (-o0, b] for some b e R such
that b < 0. Let
B = (00,2b-A) \j(h- 3 b-2)
ThenB + B ¢z (00,20 - 4) ¢ B ands + B + B ¢z (o0, 3b - 4) ¢z B Since b <0, S0 B
is abi-ideal of . Since2n-4=(-1)+(6-3)e +B and 2v- 4¢g this
shows that 5 is not a quasi-ideal of . Hence < BQ. I
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