CHAPTER Il

MULTIPLICATIVE SEMIGROUPS OF INTEGERS
MODULO POSITIVE INTEGERS

Recall that for  GN, s square-free ifand only if for everyk inn- {1},

. We have from Theorem 1.9 that for G , the multiplicative semigroup
.. IS reqular ifandonly if is square-free. We blow from Theorem 11 that
every regular semigroup belongs tos o Thenfor G, if is square-free, then
(Z. %) Ge o Since the positive integer 4 is not square- free, by Theorem 1.9,z 41s

not regular under multiplication. In fact, it is clear because 2x2=0*2 inz 4 for
everyx . .. However, it is shown in this chapter that the multiplicative
semigroup - « belongs tos o We prove in this chapter that for  GN, (z,,, %) Gs o
ifand only if either =4 or is square-free.

The proof of Theorem 1.9 given in [4] is short by referring (1) if and only
if (2),(2) ifandonly if (3) and (3) ifand only if (4) where G -{1} and

(1) (Z, *) is reqular,

(2) foreverya GZ, there exists XGZ such that  2x=1a,

(3) foreverya GZ, (a2 ) la where (a2 )isthe g.c.d.ofa2and
and

(4) s square-free.
To us that (3) ifand only if (4) is not easily seen. Then we shall give here a proof
of Theorem 1.9 by ourselves. Qur proof uses simple knowledge of integers.

Assume that («, ¢ is regular. Suppose that is not square-free. Then there

exists aprimep ¢ suchthatp2 | . Since Z, is regular, p 2x =p forsomex gz.
Thisimpliesthat Ip2-p. Butp2 1 ,50p2 Ipipx - 1). Then p\ px -\ which
Is a contradiction. Hence  is square-free.

Conversely, assume that is square-free. Letp GN be a prime. Then
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p2\ . Sincep isprime, (p2, )= 10rp. Thenpx +ny = 1orp2x +ny-p for
somex,yez. Ifpx+ny-p,thenpax=p . Ifpx+ny= 1 thenpa +pny =p,
S0 p 2(px)=p . This proves that p isregularin (z,, ) for every primep G TV.
Forageneral case, leta G V. ifa = 1, then 1 isregularin (Z,, *). Suppose that

a> 1 Then there exist primesp 1,p 2, ....Pm Suchthat a =p\p. ... pm foOr Some m
GV From the above proof, for each i e {1, 2,..., m), there exists xi such

that p,1xi =p j. This implies that 0 2(x1J23 .Hence a is regular. But
zn- {X|xez }={ 3k gV}, so(Z, ¢ is reqular.

Lemma 3.1. (z4 1 e BOQ.

Proof. Note that | and 3 are all the units of (z4, ¥). Let 8 be abi-ideal of (z4, 1)
Then 0 GB.If Tesor3es thens =24 whichisaquasi-ideal ofz 4.

Supposethat T g and 3 g 8. Then5={0}or5={0,2 }. Since for these
both cases 8 is an ideal of (z 4, ¢), we have that 8 is aquasi-ideal of (z 4 ¢

This proves that every bi-ideal of (z 4, ¢ is a quasi-ideal. Hence (z 4 ¢)
€ BQ. [

Theorem 3.2. For e N, (Z,, 1)e BQ ifand only if either =4 or issquare-

free,

Proof. Let en.If =4 bylemma3l, (Z, 0Geo. If is square-free, by
Theorem 19 (Z,, *)is regular, so (Z,, 9) Gs ¢ by Theorem 1.1.

For the converse, suppose that + 4 and is not square-free. Then there
existsa e M -jl} suchthataz | .
Case 1 a>2 Sinceaz\ , =ax forsomeX GTV.Let

B={0, ax }.



Since (ax )2=(a 2¢ )x =nx=0,wehave#2= {0 }, sos is abi-ideal of (Z,, 9.
From the factthata > 2, we get lax <ax = . Thus 0 < ax < 2ax < Wwhich

implies that 2ax* 0 and 2ax+ax . Consequently, 2ax=2ax ezn - B. ThUS B iS
not quasi-ideal of (Z,, *).
Case2:a =2 Thus = 2 for somek €~ - {1} and some odd positive integer

Subcase2.1: k- 2. Since + 4andm isodd, m >3,
Set

B'=(2),.
By Theorem 158 =z, 22 {2}=Z,4 {2}. Claim thate is not aquasi-ideal of
(Z, 9. Since 6=32and 2 eB, 6 e z,8 . Supposethat 6 €. Since > 12 6

+ 2550 6=x 4 for somex 6 Z. It follows that 22 | 4x- 6 which implies that
am | 2x- 3. This is a contradiction because 2m is even and 2x - 3 is odd. Hence

6 <B. This shows that s is not a quasi-ideal of (Z,, *).
SuCase 2.2: « > 2 and k is even. Then k = 2t for some te n - {1}, 0
= 22m. Let

B={ 0, 2m }
Since (2'm v - (22Zm)m=nm =0582= {0 }. Therefore & is abi-ideal of
(Z,, ¢). Sincet > 1, we have 0 < 2'm < 21tm < 22m = . Then 2,+]m *0 and

2'4m *2'm ,S0 24lm=2(21m)ez,B - B. Hence s is not a quasi-ideal of

(Z,, )
Subcase 2.3: « > 2 and« is odd. Thenk = 21+ 1for somer ¢ n. Therefore
we have = 22r+i. Set

B= {0, Tm , 2lrm 2}.
We haves 2= {0, 2arm z}because (Zrm)2=2|rm2,(2rm){2|rm1) =

(2241 )(2r1/n2)=«(2r" 2)=0 and (22rm 2)2=(22rexm ){22r-'m 3) =
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«(22r-1m3)=0.To show thatz,82¢ B, letx < Z. If X is even, then* = 2Mfor
some GZ,s0 3c(22rm2)=(22+1 )(mw= ( )=q G5. Next assume that Lis
odd. Then X=V+ 1for some even integer V. From the above proof, v(22r 2)=0

which implies that x(22r 2)=22r 2 < B. Hence s is abi-ideal of (Z,, 1) Since
r+1>2 we have 2rf] >4> 3 Then 0 <2'm < 3(2rm) < 2r+21w = 224Im = .

This implies that 2>@r  )+2r . Suppose that 3(2rm ) =22rm 2. Then
22(Hm | 22m2- 3(2r ), S0 24/ 1 2r - 3which is impossible since 2r+1 is even

and 2rm - 3 isodd. Thus 3(2r )+ 2211 2. Therefore 3(2r )<z, so 3{2r ) =

3(2r ) Gz,s - 8. This shows that & is not a quasi-ideal of (Z,, ¥).
Hence the theorem is completely proved. [
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