CHAPTER IV

TRANSFORMATION SEMIGROUPS

The notation Px, Tx, Ix, M x, Ex and Gx where A'is a set and the notation
Cland Di where / is any interval on r with|/|> Lare recalled from Chapter I , page
6 . Again, since Px,Tx, Ix and Gx are regular for any setX, we deduce from
Theorem 11 that they are members ofs @ for any setX. We know that Mx = Ex —
Gx ifand only if X is finite. Then for any finite setX, Mx and Ex belongto s q.
We show in this chapter that Mx £ 8o andEx ¢ 8q ifX isinfinite. This is the
first purpose. Consequently, by Theorem L1and Theorem 1.2, both Mx and Ex are
not regular, not left simple and not right simple if A'is infinite. In fact, these can
be proved directly. The second purpose is to show that C/ ¢ 8 and Di ¢ Bq for
any nonempty interval / with |/ 2> L Observe that all ofthese semigroups have an
identity.

First, we shall introduce a direct proofthat both Mx and Ex are not regular
for the case that a*is an infinite set. Since X is infinite, X contains a countably

infinite subset {aL, U2, «3, ...} where g, * o5 if i *j .Definea,p X->X Dy

an if* =an for some eN,
xa = .
X otherwise,

if* =an for some even integer en,

X3 = w If* -5, forsome odd integer en,
X otherwise .

Thena e mx andp € £ x. Suppose there exists A e m x such that a = axa. Then
for e N, ana=a,aha =(azA)a. SINCE a IS ONE-t0-0NE, U2,A = a, fOr every e
N . ThuS {ii2, 4, <as o1 1 A= {Bl, 02,23, ..} 1fxe X - {al, a2 <= ... },thenxa=

X 4A A bGZ)6
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xaAa = (xA)a, SOxA = x. This proves that (x - {ai, (g as, ...})a = x.
Consequently, A is not one-to-one, a contradiction. Hence w x is not regular.

Next, suppose that there exists N6 ex such that /3= piup. Then for every
odd integer e N, a\ - a,p = anP/up~(a\it)p Which implies that a\( e {02}

{a\, ai, as,..}. [fwe TV- {1}, a, = a2np = a2,PuP ={a,/u)p, SO by the definition
0f?, a,u= @1 If* ex - {a\, a2 a2 ...}, thenX =xp = xfiruti= (xju)p Which
implies thatx/u = x. This proves that x/u = {a\fi) {34, as, a8, ... } (X -

{ 142, (5, ...}). Since air isonly onevalue in (a2} {a\, 43, %5,...}, it follows
that x/u * x, acontradiction. Hence ex is not regular.

Ifx is an infinite set, it can be easily proved that both m x and £ x are
neither left simple nor right simple because mx - cx andex - ¢ x are ideals ofm
and e x , respectively . To prove these , leta e M x, /7€ Ex,y e mx- cxanda e
Ex- Gx.TheNay, ya e Mx and(3a , Ap 6 Ex . Since ImQ7 <Imy *x , ay €
Mx- Gx.lfyaecx thenima Imya=x , S0a e cxwhich implies thaty -
(ya)aA e Gx, acontradiction . ThuSya € mx - Gx *Since a is not one-to-one ,
Aj3 IS not one-to-one , SO Ap e Ex - G x.Ifria € G x, then /?is one-to-one , 50 /?
e GxWhich implies that A = p 'xJ33a) e 6 x, acontradiction . Hence pa € £ x - Gx

Theorem 4.1.Forasetx, Mx £BQ ifand only if X isfinite.

Proof. As mentioned above, m x € 8Q ifx is finite.

For the converse, assume that x is an infinte set. Then x contains a
countably infinite subset. Let {a, lietvy e x where &, * wjifi |.
Definea :x  x hy

ifx =3nforsome en,
X otherwise .

xa -
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{a“, ifx =dn forsome €TV,
xf= i

x otherwise
and
a ifa =a, forsome en,
Xy= .
x otherwise .

Thenp, y e mx.Forn 6 iV, we have that anap = dzmp = a2 +2- )= an+a
anya. [fWe x - {d\, d2,d2 ...}, thenxap=X=xya. This proves thatap - ya
Therefore ap~ ya e aMx (" Mxa. Leta=ap. Thena e asixC” Mxa € BMx

M XxB Since a eB. To show that A < 8. Suppose that A e 8. Then A e cemxoc
{or}.SINCE (1\A = d\ap =aZ= «4* a2=ala, We havea+ a .Thenae cxMxOL, SO
A=arfa forsome e mx. It follows that for « 6 TV.antla = anya = anap= ana -
dna g a- (007 whichimplies thata2 =a,+i forall e TVhecause a is one-to-
one. Consequently,

{oi2, (Ia, df, .} 7 2,7, S, w0l (1)

Ifx e X - {a\, a2 a2...}, thenxa =X=xap =xa a - (xrj)a Which implies that
X = XT] since a is one-to-one. Thus

(X - {dUd2d2 .. })r=X - {d,,d2 a2 ... b 2)
From (1) and (2), we have

(X - {d\, a2d5 ..})5=x - {ai}



which is impossible since is one-to-one. Hence A <8, S0A e (BMx  MXB) -
B. Thusemx 0 mxs <28. Now we have that g is abi-ideal but not a quasi-ideal
ofwx. Therefore mx g BQ.

Hence the theorem is completely proved.

Theorem4.2.ForasetX, Ex e BQ ifandonly if X isfinite.

Proof. As mentioned previously, ex e 8o ifx is afinite set
Conversely, assume that x is an infinite set. Let {a, li e n) ¢ x where a
*qifi+j. Definea, /2,y 1x —=»x by
If* =anand iseven,

xa = a If*f .azand Isodd,
X otherwise

0 { it x =a, forneN - {1},

X otherwise
and
0,2 iff —atfor«cen - {1,2},
xy = @, if* =0, orX =02,
X otherwise .

Since Ima = im fi-Imy =x, a, /% ye Ex. SetB =(a)b ,thens = aexa {«}.
Next, we shall show that a(5=ya. Sincexa =x(3=xy=x forallXxex -

{a\, 2, 3, }, it follows thatxa/z = X=xya forall* ex - {a\, 2,03,...}. Next,
to show that anaf= anya forallne n, let be given.

Case 1: = 1Thena,a/3-a\a/3 = al\j3= al =ala=alya=a,ya .

Case2: - 2. Thenanat-a2a/3= ali3= q =ala =a2ya=anya.

Case3: —3.Thenana/3= aT,aj3=a\P= al=ala = aiya =anya.
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Cased: >4and iseven. Then 726A,-{Il,n-26iV and -2 is even, s

anap=anp= al =anjt=anga=ama.

2 2] 2
Case 5 «>4and isodd. Then - 2e Nandn-2isodd, soa,ap=0J/?=0 =
a,.24 = a,Ya.
Now we have ap=ya.Letx- ap.ThenAG aEx< Exac EXB. Since

atap =a =fl * a2= ana, we have that A* a . Suppose that A ofA-a. Then A
- a forsome GExilfreX - (ai, a2 03 ..}, thenx = xap - xarja =
(x ) ,so by the definitionofa , we havex =x . Thus

(X-{a},a2a2 EATE VAR X R S— (1)

By the definition of a , we have that fork ¢ TV- {1} andx 6 X, x a- aii implies
thatx =au .Butfor oN- {2}, anl=a,p=axap=a2 =(, ) ,%0
- Q(m) foralln 6 TV- {1, 2}. It follows that

({a3a4a5 ...}) ={a4aB @, ...}, (2)
From (1) and (2), we have
(X-{a\,a2}* =X- {a\, a2 as, as, an, ...}

which is impossible since X ->X and Im =X . This proves that Ag aexce.
ThenAg acxa {a} SinceAE .Buts =aExa { },50Ag5 .Because Ac
exe, We et A (sex  exs)- 5. Thus5 is not aquasi-ideal of £.
Consequently, e x g BQ.
Hence we prove that ex ¢ BQ ifand only if x is finite. I
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To prove that c1 and D/ €BQ forany interval 7on R with 171> 1, we
first note that for such an interval 7, there exist a, b e such that a < b which
implies that [a,b] e I since 7is an interval.

For any map arand A <z Domor, let a\ A denote the restriction of or to A,

Theorem 4.3. For an interval | on R with /1/>1, ¢10BQ .

Proof. Assume that I is an interval onR and I/ 1> 1 To show that CI €BQ, let a,

b el besuchthat a<b. Then[a, b]Q I Since a s the middle point of

hrot 820 ¢ ' Adso®2t2 61 since 35—"—-:{-3 -\2—’(a +a—+2£§ which is the

2 4
middle point of [a, and [a>~~~1 ¢ [ b] C/ . Ifr e R is such that
8th ¢y <, then3a§t-’--a +&‘—J’2—b <ath < a+hland'so -SQ-L;-’b <

- 2—Y<- )" . Therefore we have - 5 ¢ | for every X e R such that a b
A<b. Next, we define or: 7-> 7 by

ifA <3a+b

a+h . 3a+h  <a+h
Ar=< 4 1~4 <x--2-

atA |2 a+b Ac<h
ath A 5p

Then aris continuous on 7, so are ¢ 1. The graph of aron [a, b] can be given as
follows:
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1 (0

(2.0) Cesbe)Qacbe)  (arbe) (b.g)
Since E‘é’—b :'21-(a +3‘-"‘--Z-£)5 'ié’—b— is the middle pointof\a,-3-@-4ﬂ ]
From the graph of a 5we have
ca’= {1} foraftx e — (1)
and
Xxa'l= {2x-a} forallx 6 (N -—,—"—) s (2)

Set 8 = (a)b. Thens =ac/a  {or}. To show thats isnot a quasi-ideal of cl,
define /?:/—/ by

la +b ™ <Ia +h

ifx > la +h8
X 8 1

Thenp is continuous on/ 5so p e CI .We can give the graph of p on [a, b] as
follows
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(aath) -
2 1

(a3eeh) .
(6.78¢b) |
T S :
e S e
(a.8) (7a+b.8)(3a+b.a) (a+b.8) (b.8)
5 4 2

We claim that afi=fia. To prove the claim, we first note that

xa=x forall X€ In ('00,—4‘—] ................................................. (3)
R IS 4)
(I (00,Z2_£1Hlf; 1ZOLEN s (5)
and
xfi=x forallx 6/ [2an - 00)ummmmmmmmmmsmmmssnn, (6)

Now we are ready to show that afi=fia.Letxe I.

Case Lix e In ('oo,7a8+b ). From (3) and (5), we have xafi = xfi = 11-9'-5-'-12 and
dfia= (1320 ya= 340 qyaff T2 1D oygig

8 8 8
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Case2:x e In [—é-— , 00). From (4) and (6), xaj3 = x a . From (6), xpa =xa.

Thenxa(5=xa = xfia.

Now we have afi=13a.LetA- afi. ThenA=afi=fia e aCi Cla (ZBC/
C/5. From (3) and (5), we have aA =aafi= a fi- —k- *a=aa,S0A* or. To
show that A g aC/a, suppose that A e aC/a . Then A = arja forsome - 6 C 1, S0

afi= a . From(3) and (6), we have that for everyx € (7a8+ft 3a4+ftA xap =

xfi=xandxa a- (x )a . Itfollows from (1) that

la +ft 3a +ft

x =x forallx 6 ( g g ) (

Next, let y 6 (—4—5 2—). From (2), (2y -a)a =y which implies that

{2y-a)ap =y(i=y by (6). Then (2y-a)A=Yand(2y- ) o-(y )a.lt
follows that (y-)a =y . From(2), y =2y- a
This proves that

v =2 foralix e (3 T a+ft).

From (*) and (**), we have that

and
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lim  «x :2{3 a—i—?—a
4
Jath
2
a+h
Ja+h a+h

Sinceai b, which implies that ~ lim ~ »rp * - lim -«

4~ =2

Hence 7is not continuous at----h— which is a contradiction. Therefore A e a

Cloc,S0A 0 aC/a {a)} =B.Now wehaveAe (BCi C/B)- B .HenceBs is not
aquasi-ideal ofc 1.
This provesthat C/ g, asrequired.

Theorem 4.4. For any intervall on R with // /> 1, Di 0 BQ .

Proof. Let! be aninterval onr and I/ 1> 1. Then all the possible types of / are
as follows

L I1=R,

2. 1=c, 00) OF (c, 00) forsomeceR

3. 7=(-o0d] or (-ao ) forsomedeR
and

4. I=1c, ][c, ),(c, Jor(c, ) forsomec,deR suchthatc< .
Choosea,beR suchthata <banda, b have the following special properties. If
| is oftype 1,a, b canbe any pointsin/. If | isoftype 2, choose a=c.If [ is
oftype 3, choose b= . If / isoftype 4, choosea=candb =d . Then for every
type of/, (a, b) E/ .

Define fu\RAr R by

a+b 5 a+b
X/u = - 24
p.a &gt




forall X € R . Then s differentiable onR and the graph ofn on [a, 6] is as
follows :

(ab) (bb)
(a.atdn) (b,a+z>b)
(32450) " /o

b) A //
(aq+ ) I (ath.ath) L(b.a’z‘b)
1 .
|

i

| :

@a) (ba)

Observe that  is decreasing on (-oo, - - - -] and increasing on [ a >, 00)
From the definition ofn , we have

, 1 . a+h2 a+b
bsma> rz (Il 2 > 2
b—a a+bh
:~T~+~2~
atidb

Since a Vi is the middle pointof[--if‘ b ] alu-blae {a, b). Itfollows

from what we choose a and b that //i¢ / for every type of/ . Leta = |/, Then
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forallx e I . Since fi. is differentiable onR ,we have a €D i. Set B = (a)b . Then

B=aD/aru {or} .Let H, \R -» R be the straight lines define by

and

forallx ¢ R .Then £i and  are increasing functions onR and

;. a+R,aath
= St N
aC\ 2{a s ? ”
1,a-b. a+bh
2( 2 )+ 2

3 a+h

1, dte. a+bh
2<% 2 )t 2

1,b-a. a+hb
a+3b

o1, (+e6. ats

<2Z4h. S

1,a-b. a+b

42 ) 2
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_ 5a+36

and

46 46 2 )t 2

1 .,b-aX ate

=4 ~2 +~2~
=3 +56

- 8

Since "-- " is the middle pointof[a,a ] and is the middle point
of [~~~ »6], it follows that afi, ea1 € (a, 6). We havethat ~ *1'* s the

midde point 0 T3— +6 a—fg jland?f@---‘rl@- s tfle middte point of

[-—2 —5- —4’\- ] . It follows thata ¢ i, 6<E e (a, 6). Consequently, 1¢\ e / and /<
C/.Let3d= I/ and y= I/+Then/3 ye Di and

2
and
1 + +
= Lo th i
forallx s I.

Next, to show that ay= (3a, letx €/ . Then

eoy= (3 = (x-220)+220 )
b -a 2
a+6N2 a+6 athx ath
:ﬁ&ﬂa (* - — 15V ----- fA) t—r11l
1 at+te6.2 a+6

and
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O -A i a+h at+h
2 2 2
1 1 ath, a+b ate.. a+th
poa (==t SRR
1 at+bhx2 a+h
- ~ +
4o )= 7Y

forallXerandA=ay-[5a e aD/ D/aGBD/ DiB.WehavethatA* a
sincea* b

(BED S ED )y

1 B3asb ath,2, ath.
(b_-? (_Z_ Ty, )1
T Sa b A e th
=(p"d (=n -2 "
la +9b
6 )
17(3+96 a +6 a+6
4 16 2 + 2

3la +336
64

and

-3a+ 1 .3as+ atex2 a-+
(S e g ) =g

N4 >+ 2



29

=la +9b
16

Next, suppose that A e aD/cc. Then there exists e D/ such that A=arja. Then
XA = ((xa) )a forallxe I .By (1) and (2), we have that for every x € /,

1 ( a+h 2+a+b
A -a) Wy

_ 1 a+th 2 athb
FUEa e Ty

1 Lo "a+b.2 a+b,A at+th~ at+h
b-a ((br-rar( 2 ) t—i1 '_Jl) t—J1

which implies that for every x e/,

1, dtez2 1 atbh 2 a+h atbh 2
e b I (O S S S DR L -y -
Thenforx e I,
a+h ath 1 a+th,,ath
- ) . - - N+ (3
5 .q (¥ S BRSO )

Fix ce (=" —,s). Then[- " - ,c¢)c [andfort e [—"—, ca), there exists X
e [~~~ sc)suchthat ~'— (X - ~~~)2+—"— =1 which implies X=
j(b - a)(t - ~~Y~) + Y~ Therefore by (3), forre | ,C),
£l XTI Eti)+1ti
Then (&40 = 846 andforr e (28 ca)l tw* 46 Qince IS

differentiable on/, iscontinuouson(a  sca), V(a  ,ca) isan

interval on /2. Then if there exist t\ ,h e (— -, ca) such that
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i, - |t ¥ LN N B NI
and
1 y ath. a+b
hTd= 2f b~a)('2~2 ~)+~2
thena  G(/21M1 ca) 7 which is a contradiction since /77

—-— forevery t G (a+b, car). Hence we have

+ - +
tr7z:12 \L~ a *---é-i--"e—)él' 26 foral]j[/ G(EAE ca)
or
1. ~a+th, . ath +b
trj- ﬂ(b a)(t ; ) + 5 foraHtG(_é_ 1)
Assumethat /7=1]-J(b -a)(t -  b)ta~+b forailt G(a +b ,ca). Then
for h > 0 with +hG »ear) »
| .a +b a+th. 1.1 Im atb a+th .
(2 +A) 2 = i (2~ W+ 2 2 )
(£ _ 1)
2( V7 7

which implies that lim  ((a* +h)rj- (r~~-) ) does not exist. Then is

not differentiable at - Similarly, if #7=- Ab -a)(t - ~~~) &~ ~

forall rG(a b, ca), we also have that isnot differentiable at

This proves that A < aD/a  {a}, SOA g B. Hence A GBD/B - B ,SOB iS
not a quasi-ideal of£>/. Consequently, D] €BQ .
Therefore the theorem is completely proved. 0
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