Fuzzy Theory

(Fuzzy Mathematics)

(Fuzzy Logic and Artificial Intelligence)

(Expert System) (Fuzzy
Information) (Approximate Reasoning)
(Fuzzy System) (Fuzzy Control)
(Signal Processing)

(Uncertainty and Information)

; ( Fuzzy Decision Making )



'

vn

Fuzzy Theory

S

Fuzzy
Mathematics

Fuzzy
Systems

Fuzzy

Decision-Making

Uncertainty &
Information

Fuzzy Logic
&Al

!

Fuzzy sets

Multi-criteria optimization

Fuzzy logic principles

Fuzzy measures fuzzy mathematical Approximate reasoning
Fuzzy analysis programming Fuzzy expert system
Fuzzy relations
Fuzzy topology
fuzzy control fuzzy signal communication possibility theory
processing measures of uncertainty
controller design pattern recognition equalization -

stability analysis

image processing

channel assignment
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(Membership  Functions)
Numbers) (Fuzzy Sets) (Fuzzy Set Operations)
(Fuzzy Relations) (Fuzzy Compositions)

(Fuzzification and Defuzzification)

21
(Crisp  Sets)
(Fuzzy Logic)
2 (Two-Valued Logic)
2
! "
(Two-Valued Logic)
Logic)
(True) 1 (False) 0,
12
\={0./2.1

Valued Logic)

(Fuzzy

(Three-Valued

(Three-

(Many-Valued



Logic) 7;

=0 -2 11— @)
o -1 1=") |
7
0 Ta = [0,1]
[ “Infinite valued logic" “Standard Lukasiewicz Logic”
(Fuzzy logic theory)
. Lofti A. Zadeh
. .1965
1
0
2.2 (Membership Functions)

80

79

(Membership Functions (MFs))

(Degree  of



Membership) (Degree of Compatibility)

(Tabular
and List Representations) (Geometric Representation)
(Analytic Representation)
22-1
2 2.2-la
2 ' 1
0 2.2.1b
4
] i | |
! ? o ! ) >
5 10 0~ S 25 3 age
13 19
t f 1 } 1 >
5 10 1 20 25 30  age

(b)

21 ) b) '



A
MA20
X
2.2-1
A = < , 0.8>, < , 0.3>, < , 05>, <
A = {<x10.8>1< X2 0.3>, < X3 0.5>1< x4, 0.9>}

A = os/ +0./ +0./ + 0.9/
A=~ Ax)Ix
2.2-1 A
| ( A )
0.8
0.3
0.5

0.9

, 0.9>}

MA201

(2.2-1)

(2.2-2)

(2.2-3)

(2.2-4)



(2.2-5)

x- 5 when  Hex<s
A(X):.7-x When O<x<l
o Otherwise

R

(Fuzzy Numbers)

2.2-2

(98]
=S
4

a
~
o0

2.2-2

10

(2.2.5)



23 (Fuzzy Numbers)

(Numerical Variables)

(Linguistic Variables)

Variables)
(Linguistic Value)
13 7 13
13 7 13
7
1 7
7 0
1 0
a = FA(x) X fl, a2, Ia,,
Fa(fl,y =Ly =o (am,l) A

(Membership Function)

A =Fa«x)

[i 201 -> [0,1]

(233)

1

2.058

(Fuzzy

(2.3-1)

(2.3-2)



) for am<X<A

2.3-1

1.5 (2.3-4) 2.3-2

a=ra(V) 4{Xx-15)2t1,  a efol]

2.5
232 15

(2.3-3)

(234
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(Triangular Fuzzy Numbers) !

(2.35)
X-a
a\"x™aM

a ~a\

. R X-az2

triangle(x;a,&,c) = fIMAX <a?2 (2.35)
M- a2
0 otherwise
1 (fIM,])
aM e(a,,a?) aM a, a2
“Central Triangular Fuzzy Numbers” 233

233
(Central Triangular Fuzzy Numbers)

(Triangular Fuzzy Numbers)
!

“Managerial Decision

Making”
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0 1 3
0 A =(«,,au,a2)

2.3-4
(Trapezoidal Fuzzy Numbers)
4 {a b ¢ d}
(ci <h <c <d)
X-a
trapezoid(x; a 1byc,8) _1X SR (235)
0 otherwise
trapezoid(x; a, Ac,d) :max(minlx’ ¢ - ) (2.36)
!
(Gaussian Fuzzy Number) 2 {t\a}
gaussian(x;c',0) = exp 237)
v 2v e 2]
(Generalized Bell Fuzzy Numbers) 3
{«, hac }
bell(x;rr,. . . o 2.398)
1+

a



Membership Grades

Membership Grades

0.5

0.5

(&) Trianguler MF

20 40 60 80 100
(c) Gaussian MF
20 40 60 80 100
2.3-4
a)
b)
C)
d)

Membership Grades

Membership Grades

2.35

(b) Trapezoidal MF

100

1t
0.5

0 40 60 8

(d) Generalized Bell MF

1+
0.5

0

0 20 40 60 80
triangle(x;20,60,80)
trapezoid(x; 10,20,60,95)
gaussuan(x;50,20)

bell(x;20,4,50)

100

15



2.3-5 (Fuzzy Numbers With a Flat)
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24 (Fuzzy Sets)

(Classical Set) (Crisp Set)
24-1 (Fuzzy Sets)
X
/rA (Degree of Membership) L (Universe
of Discourse) X X X A
X A 11A(x)e[0.1] ' A
241
A={ (X,/IAX)] x e X,IrA(x) 6 [0,]] } (241
(Discrete Universe)
(Discrete Non-ordered Universe) (Discrete
Ordered Universe) (Continuous  Universe)
241 (Discrete Non-ordered
Universe)
X ={ : , }
c="
C

C - 1 09), ( 08), ( ,05)} 2.4-2)
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X
242 (Discrete Ordered Universe)
x={,2345867} 6 A
" A
A ={(1.0.2),(2,0.2).(3,0.7),(4.1),(5,0.9),(6,0.8),(7,0.7)} (2.4-3)
2.4-3 (Continuous Universe)
X =R+ B " 50 "
B = {{x,nB(x))\xe X} (2.4-9)
M 9 1
b(x)—l 'x-50V
y 10,
2
A
A=Y j*ex/'a@,)/x. (24-5)
A Ma(x\) IMa(x:) 1 v"1 Ma(xi
_ a\(/ ) a\(/ ) -V a(xi) (2.46)
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A =jl1A(X)/x A=J/la 2.4-7)

X X
+ , ‘N J —
C = 0.9 +0.8/ +0.5/ (2.4-8)
A=0.2/1+0.2/2+ 0.7/3+ 1/4+ 0.9/5+ 0.8/6+ 0.7/7 (249
1
A EEI Y 2410)
R+ X
24-2 (Support)
A X X
(/1A) 0
supporth) = {x|//A(x) > 0} (2410
24-3 (Core)
A X X
1

core(/4) = {x I//A(X) T (2412



2.4-4 (Normal Fuzzy Sets)

A
xe X Ax) =1
2.4-5 (Crossover points)
A X X&X 05
crossover(y4) = {X |//A(X) = 05} (24-13)
2.4-6 (Fuzzy Singleton)
X Ax) =1

Membership Grades
A

Middle Aged
1.0 r ?
0.5 ; : '
\ '*Con; / :go
Crossover Points
<« Support
(a)
Membership Grades
A
45 Year Old
1] itk itk s e
o. 5 ............... csmsasasesane
45 A'go
Core and Support
(b)

241



I( "jhdii'

) ahjnn; ) 2
24-7 (a - cut)
(a - cut a - level set) X
a (alpha)
aa = {xIIAX) >a} (2.4-14)
248 (Strong a - cut Strong a - level set)
X a
( pha)
Aa={*IAa(x)>a) (24-15)
2.4-9 (Convexity)
A (Convex) X, x2GX XG[0,]]
AA(be, +(1-A)x2)>min{/rA(x,),/rA(x2)} (24-16)
2.4-10 (Bandwidths of Normal and

Convex Fuzzy Sets)

width(/4)=1.X - X |

HIA(Y,) =/A(x2) =05

24-11

(Symmetry)

X=C

(Width)

(2.4-17)



JIA(C+x) = ITA(C-X) x e X (2.4-18)

2.4-12 (Open left, Open right, Closed)

1 Iimx>®//Ax) =1 lim x> ®/JA(x) =0
imx>® (x)=0 imx) (x)=1
lim« -« 1AX) =limx+®//Ax) =0
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2.5 (Fuzzy Set Operations)
(Union) (Intersection)
(Complement) A B X X
X A B C

251 (Subset)

AC;B <=Jiljx) <MJx) (251)

252

A is subset in B

o
®

Membership Grades
o
(02}

0.2
0
2.5-1 A B (A¢B)
252 (Union (Disjunction))
A B C ('=avis

c =AOR

Mc (*) = max(uA  BMb(*)) = Ma(X) v b b(x) (25-2)
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2.5-3 (Intersection (Conjuction))
A B C c =Ar*B
c =AAND B
juc(x) = min(dA(X),MB(x)) = "A(Xx)A 1iB(x) (253
2.5-4 (Complement (Negation))
n A (- LNOTA)
['aW ~-Z 'aW (254
255 - (Cartesian product and co-product)
A B X Y , A B
AXB (Product space) X Xy
/IAXB y) = m’n(/AA Bboo) (25_5)
A+B
Bats y) = max(/rA(x), //BOO) (2.56)
(AxB) | (1+/?) 2



0.8

e2r

08

o6

04 1

(c) Fuzzy Sets A <miB

Z

A

B

(c)Fuzzy *t"AORB"

0.8

0.5

0z

08

(23]

04

25

(b) Fuzzy Sot 'nctA'

(d) Fuzzy Set*A AND E"
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2.6 (Fuzzy Relations)

(Classical Relations) 2
(Cartesian Product)
A B ' ' (Cartesian Product) A B
AxB (x,>0 X A y
B
AxB={(xy) | XeAyyeB (261
Ai B AxXBiBxA A=B Ax B=B XA A2
B2
2
12 n f/, Xi/j XeeeX n («1l«2..., 1) eld,
[={12,..} (2.6-2)
(/, XU2 ={(«1i{1..., D!'»16 1 2e 2.., "e n} (2.6-2)
AxB R R(x.y)
2 ' ) ', (Binary Fuzzy Relation)

(2.63)

R = i(v-v), /IR, y))| (x.Y) e AxB.Mx,y)e 1 ] (2.6-3)



MR(x,y)

A XB

£2={((«l, 2.: nNMQu, 2

1111111

DAIQY

2.6-1 A = {x, ,x2,x3,x4}

1

{ (*1V,),05), ((X,,*2),0.6).
R= ((x2,yi),0A), ((x2,y.1,0.5).
((*3.3))-0.2).  ((x3,\2).0.3).

((*4->1)-01  ((*40 02

IIR(x4,j,) O

IIR(x,,V3) 08

(X._Y)

2,..MjeU, xU2x---X0J

} B= ;l.y2,33, ¥}
} IUR(X,y)

((x,- ).0-8), ((*1,72),1,
((*2,3/3),0.6). ((x2,y4),0.7).
((x3,.¥3),0.5), ((x83,3'4),0.6).

(("4"3X°-Ap - ((*4>34),"-5) }

(x4

X7 (v.)"

(2.6-4)

(y)"

27



y yioy: X yd
X
0506 08 1
x2 04 0506 07
0.2 03 05 0.6
xa 0 020405
262 X —Y —R*( ) R=
X 7 R

= if y>X

Mr (x,y) = <X+y 42
a//l ., If y < X
A'={3,4,5} Y ={3,4,5,6.7} R
"0 0111 0.200 0.273 0.333
R=0 0 0.091 0.167 0.231
0 O 0 0077 0.143
263 ={7,2,3}
R(uy) “ \A
approximately equal to 1" “ is close to V")

pairs of the relevant Cartesian products)

R(.) R(22 R@33) |
R(12) R(@21) R(2.3) =R3,2) .2
R(.3) R(31) .fi

28

2.67)
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1 if =V

R(uv) = 08 if m—v=1 (26:9)
06 if \-y=2
1 2 3
1 1 08 06
R(u,v)= 208 1 08 (2.6-10)
06 08 1
V'
(Euclidean Space) 2
2
> 2
(Mappings)
26.1

2.6-1 (Mapping Diagram)
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2.6. D = {dl, d2, d3, d4, d5}
T = {tl, t2, t3, t4) D T dl

tl 0.6 dl t2 1

(Directed Graph)

(Node)
25.2
X X = {xl, x2, x3, x4}
@ 08 >@
o0
0 0.7 08
v }
Q7 S
2.6-2 3 (Directed Graph)
v X y (X oy )
X v (X oy )
v X y (0 Xy )
¢ X y ( X I y
)
26.1 I (Basic Operations on Fuzzy Relations)



/<4

26-1

2.6-2

26.3

264

N2 A xB

:{((*1>>)1//r1 (X,Y))} (x,y) ea XB

R2 = {((~ IVII'R .tay)}, (X,y) £a XB

(Equality)
R R2 [R}=R2)
"R1(A, v) = Bri(x,y) x,y)eAxB

(Intersection)

1?, N2

1(x,y) =min{ A (x,yl/tRi(x,y)

(Union)

R] A2
I'v,i2(x,y) = max{ fIR(x,y) fiR(x. V)

(Complementation)

R R

Ir (x.y) =1-17fi(x,y)

a

2.611)

2612

(2.6-13)

(2.6-14)

(2.6-15)

(2.6-16)



26.2. (Projections and Cylindric Extension)
2 2
2
(Cylindric Extension)
26.2-1 (Cylindric Extension)
A X X Xy A
x Xy
c(A)= J/rAX)/(x,jO (2.6-17)
0
XemeXf/1 = } 1
Q {/1X“°X n Qc
c{0)= 1 HQ( ;s mi/i( ,,..., )| (2.6-18)
(a) Base Fuzzy Set A
E;DG
e
2.6-3 A
263 A
v A XY

32



2.6.2-2

264

33

(Projection of Fuzzy Sets)
R = { ((x,y\nK(x,.y)l (x,y) e X xY }
1 (First Projection) X R
R[']={(xX,/IR (X, "))}= |x, max AR(X,y) I(x,y) e X XYI (2.6-19)
2 (Second Projection) Y R
A2 ={(yyURO, t))}= {y, MaX fi*{x,y)\ (x,y)e X xY } (2620
(Tot projection) R
Rt max max {//[R(x,y)|(x,v)e x X1} (26-21)
max y X
max X y
1 2 X XY
261
y Yy, Y2 y3 34
X
X1 05 06 08 1
X 04 0506 07
xy 0203 05 06
an 0 020405

1 /1 = (1.0.7.0.6.0.5}
2 1 2 ={05.0.6.0.8.1}
Ra) ={1}
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Q
Ix---x(/k } ' ' 1 0
fl Xeo-X 1 101 A 1y k)
Map(« ,.se«b) = max 12( ..., ) (2622
W,... Wi 0} T L S . 1

(@) A Two-dimensional MF (b) Projection onto X (c) Projection onto Y

264 0 X Y
26.3. (Fuzzy Relation Composition)
Max-Min (Max-Min Composition) Mm-Max (Max
Composition) Max-Product (Max-Product Composition)
IV, \)
VX )m R1c )
m\ Z VG y Gy Gz (26'22) (26'23)
A= {((wivu(v.v) )] AV .y x Y (2.6-22)

AW.2) =U6-4/A:0-2) } O )6Yxz (26-3)



2.6-3

X xZ

Max-Min (Max-Min Composition)
Max-Min A R2
(2.6-24)

/[ oR2= "(Xx,z),max(min(uR (x,y),fiR2(v,z))))j, (x,z) €EX Xz.yeY

2.6-5
2.6-4
R R1
R] ©R: =

/ A2
yi yz yj R A z1 22 73
X1 01 03 0 yj 0802 0

y2 02 1 06

i 08 01 04
ys 05 0 04

(*RUx,, V), //R2O",, Z1)) = min(0.1,0.8) = 0.1,

min(/yRL(x,,y 2), [JR2(y 2,z 1)) =min(0.3,0.2) = 0.2,

min(//RI(x,,y 3), Mr2(y 3,2 )) = min(0,0.5) :=0.

max(0.1.0.2,0) = 0.2

71 Z2 -

Xl 02 03 03
X, 08 1 06

Min-Max (Min-Max Composition)
Min-Max (Min-Max Composition)

(  Vxz (2.6-25)

(ma\{jtin(x,y),fiH2(y.z) ) ))j. (v2)eX XZ.yeY

35

R}ol{

(2.6-24)

(2.6:25)



Max-Max, Max-Product, Sum-Prod
Max-Ave
2.1 (Fuzzification and Defuzzification)
(Fuzzified)
(Defuzzified)
|
2.1.1 (Fuzzification)
(Fuzzified) X*eU (ZR"
A
t |
3
) (Singleton Fuzzifier)
x*eU A
1 vV 0
2.7-1)
j1 if X=Xx*
Ay(-v) = (2.7-1)

otherwise

36



2.1.2

(Gaussian Fuzzifier)

Ma-(*) =42 A Y * o™/ (/\

a,
(Triangle Fuzzifier)
o=
S L7708 8 )
hn
otherwise
b:
3

(Defuzzification)

(1 A’
2.72)
) 272
xX*<= A’
(2.7-3)
if xj - X* <0j,1=12,..
73
(Fuzzified)

V*6 1"

37



real-time

(Centroid of Area Defuzzifier (COA))

Center of Gravity Defuzzifier

VA6 © - N —— (2.7-4)

(Bisector of Area Defuzzifier (BOA))

B!
i 1GE)dv= Vablay 075
a = min{y 1Y GV) P=max{>1y ¢V} y *
y=a,y =P¥s0a0s¥izvay) 2
» (Mean of Maxima (MOM))

Center Average Defuzzifier

(Mamdams Fuzzy Logic Controller)

Bl

jydy
MOM (2.7-6)

| dy

38



V'={y ljuAly) =ju’}

39

yMM={y~r+ynr)f2 @277

/[ OM

y LOM

(Smallest of Maximum (SOM))

(Largest of Maximum (LOM))

271

L SRS N

Smallest of Max.
Largest of Max.

> Z
Centroid of Area
Bisecter of Area
Mean of Max.

Ul 2.7-1 usasMsARadaFwLLYEIS
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