o o ce o o 4
annaTeeifuARa A NAL

UNEIFING NWLAL

?J‘wﬂﬁﬁwuﬁrﬁyﬂuzﬁmuﬁwmm?ﬁﬂ‘mmwzﬁ”ﬂqrﬂiﬁcytyﬁmmmammmﬁmﬁm
A1UNRTIATUAAIAAT NIATTIATIAANERTULALINENITARNNILADST
ANEANEANANT A1AINTDINYNAINENAE
Tnsdinen 2555

AUANTIRIANIAINIINMNINENAE
unAndauazuiludiayaativifinsasdneinushustinis@nmn 2554 AliiEnnsTuadsiloyau1qing (CUIR)
\Huuiladioyaraslidndnaesdne Inusndesinuneindsingst
The abstract and full text of theses from the academic year 2011 in Chulalongkorn University Intellectual Repository(CUIR)

are the thesis authors' files submitted through the Graduate School.



TRIANGULAR MEAN-VALUE FUNCTIONAL EQUATION

Mr. Worawit Tepsan

A Thesis Submitted in Partial Fulfillment of the Requirements
for the Degree of Master of Science Program in Mathematics
Department of Mathematics and Computer Science
Faculty of Science
Chulalongkorn University
Academic Year 2012

Copyright of Chulalongkorn University



Thesis Title TRIANGULAR MEAN-VALUE
FUNCTIONAL EQUATION

By Mr. Worawit Tepsan
Field of Study Mathematics
Thesis Advisor Assistant Professor Nataphan Kitisin, Ph.D.

Thesis Co-advisor ~ Associate Professor Paisan Nakmahachalasint, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in
Partial Fulfillment of the Requirements for the Master’s Degree

....................................... Dean of the Faculty of Science

(Professor Supot Hannongbua, Dr.rer.nat.)

THESIS COMMITTEE

....................................... Chairman

(Associate Professor Patanee Udomkavanich, Ph.D.)

....................................... Thesis Advisor
(Assistant Professor Nataphan Kitisin, Ph.D.)

....................................... Thesis Co-advisor

(Associate Professor Paisan Nakmahachalasint, Ph.D.)

....................................... Examiner

....................................... External Examiner

(Watcharapon Pimsert, Ph.D.)



v
299Ne WnuaY : aNnaEsANiFANAIRAtgUaNmAN (Triangular Mean-

Value Functional Equation) @. Nsnsaneninuiuan: nua.ne.nigiug Anauw,

8. anentlnuiian: sa.a9. lnAa wiANMTaAug, 311,

Tiangntinusaiiull  Hqadscasfinamuaieaevioll  aesannismaiaridu

]
| Ay

o o o o d4o4 = 4 a
ANBRYILATNWAN TINTENIMUATN WAATILANMMAENTUNAANNNTIAAUNTETNE

S < : o o o
nngUaNaENNgNNIUANNILe  Anresieidunqatunsee reaglanae

(P J dl a 1 6 o dl IS BN
LVI'Wm_Iﬂ’]Lﬂ@ﬁlL@ﬁlﬂmmmﬂﬁﬁ’]ﬂﬂﬂﬁuﬂﬂﬂﬂ'ﬂﬂ Imaugﬂ LULRANNITAR

f@E+tz)+fz+tz,)+ f(z+tz3) =3f(2)
A wdunn z € R? uax t > 070 24, 2y, 23 HluqAAILUITINL



# # 5373859523 : MAJOR MATHEMATICS
KEYWORDS : TRIANGULAR MEAN-VALUE FUNCTIONAL EQUATION

WORAWIT TEPSAN: TRIANGULAR MEAN-VALUE FUNCTIONAL EQUATION.
ADVISOR: ASST.PROF. NATAPHAN KITISIN, Ph.D.,
CO-ADVISOR: ASSOC.PROF. PAISAN NAKMAHACHALASINT, Ph.D., 31 pp.

The main objective of this thesis is to determine the general solution of the
triangular mean-value functional equation with the constrain that for each triangle
obtained by translations and dilations of an arbitrary fixed triangle, the value of the
function at its centroid is the arithmetic mean of its values at the vertices. In

particular, we obtain a general solution to the equation
fz+tz) +f(z+tzy) + f(z+tzgz) =3f(2).

forallz € R? and t > Owhere z,2,, z3 are fixed points in R?,

Department : ____Mathematics Student’s Signature

and Computer Science Advisor’s Signature

Field of Study : Mathematics Co-advisor’s Signature

Academic Year : 2012



vi

ACKNOWLEDGEMENTS

First I would like to show my deep gratitude to Assistant Professor Dr. Nat-
aphan Kitisin, my thesis advisor, for his kindness and many good advices. I
would like to thank Associate Professor Dr. Paisan Nakmahachalasint, my thesis
co-advisor, for insightful suggestions on my work. I also would like to give thank
to my thesis committees, Associate Professor Dr. Patanee Udomkavanich, Dr.
Khamron Mekchay, and Dr. Watcharapon Pimsert.

Special appreciation is also given to Development and Promotion of Science
and Technology Talents Project (DPST) for long term financial support and for
granting me great opportunity to study Mathematics.

In particular, I am indebted to all of my teachers who have taught me for my
knowledge and skills. Moreover, I would like to give thanks to my family, for their
love and support in all my lifetime.

And last but not least, I feel thankful to my friends for my good times at
Chulalongkorn University.



CONTENTS

page
ABSTRACT IN THATL ..o iv
ABSTRACT IN ENGLISH .. ..o e A\
ACKNOWLEDGEMENTS .. e vi
CONTEN TS vii
CHAPTER
I INTRODUCTION .. 1
1.1 Functional Equations ............ ... i 1
1.2 Literature Review ... 3
1.3 Proposed Problem ...... ... ... 4
I PRELIMINARIES .t 5
I[IT EQUILATERAL TRIANGULAR MEAN-VALUE
FUNCTIONAL EQUATION . ... 8
IV FUNDAMENTAL CASE OF TRIANGULAR MEAN-VALUE
FUNCTIONAL EQUATION it 17
V. TRIANGULAR MEAN-VALUE FUNCTIONAL EQUATION ...... 23
VI DEGENERATED TRIANGULAR MEAN-VALUE
FUNCTIONAL EQUATION ... i 26
REFERENCES . 30



CHAPTER 1
INTRODUCTION

1.1 Functional Equations

Functional equations are equations whose unknown variables are functions.
The objective of study functional equation is to find all functions satisfying equa-
tions. The following example illustrates a functional equation problem and its

solution.
Example 1.1. Find all functions f : R — R such that
2 AN S
1@+ f(=3) = 2° — o

for all z € R.

Solution: Replace x by —z in the equation, we have
o f(=2)+flx)= "4 + =
By adding both equations, we get
(@ + 1) (f(2) + f(=2)) = 0.

Since 2% 4+ 1 > 0, we have

Substituting this into the first equation and solving for f(x), we get

x ifxd¢{l,—1}
f(x) = c ifz=1
—c ifxr=-1
where ¢ are constants. Conversely, the solution can be verified by substituting

back into the first equation. O



In addition, an unknown function in functional equations can be defined in
any domain and range. We will give some example of functional equations whose

unknown is defined on R?.

Example 1.2. Find all functions f : R> — R such that

flz,z) +xyf(e,y) + fly,y) =2y +2

for all x,y € R.

Solution: Let x = 0 and y = 0 into the equation, we have
£(0,0) = 1.
Replacing y = 0 into the equation, we get
flz,z)+ f(0,0) = 2.

So,
T ns 1

Substituting back into the first equation, we get

zyf(z,y) = zy.
So,
flz,y) =1,
if 2,y # 0. So
1 ifaz,y#£0
flx,y) =1 qi(z) ify=0
g2(y) ifx=0

where g1, go are functions on R such that ¢g;(0) = 1 = ¢2(0). Conversely, the

solution can be verified by substituting back into the first equation. U



1.2 Literature Review

The functional equation has widely been studied. In this section, we review
some researches which are related to our work. In 1968, J.Aczél, H.Haruki,
M.A.Mckiernan, and G.N.Sakovi¢ [1] published a paper which determined the

general solution of a functional equation

f(x+oz,y+5)+f(x+oz,y—ﬁ)—i—f(x—oz,y—i—ﬁ)—i-f(x—oz,y—ﬁ)=4f(x,y).

This equation states that the value of f at the center of any rectangle with its
sides parallel to the coordinate axes, equals to the arithmetic mean of its values
at all vertices. The authors also showed that if f € C(R?) and the value of f at
the center of any homothetic regular n-gons in R? is the arithmetic mean of the
values of vertices, then f is a harmonic polynomial of degree n. Later in 1982,
S. Haruki [5] determined the general solution of triangular mean-value functional

equation

fla=ty=—2)+ fa+ Ly =<2)+ fla+ ) = 3/(.0).
Note that the triangles embedded in the above equation have the certain config-
urations that they are homothetic equilateral triangles with one side parallel to
the x-axis. In 1995, J.A. Baker [2] studied a triangular mean-value functional

equation of the form
f(z+e") + f(z+e'w) + f(z + '"w) = 3f(2),

where z € C and w = €2™/3. This functional equation states that the value of f at
the centroid of any triangle, obtained by rotations and translation of equilateral
triangle, equals to the arithmetic mean of its values at all vertices. He found
that a solution of this equation must be a harmonic polynomial provided that the
function f is continuous. Recently, R. Kotnara [3] studied the functional equation

which state that given z;, 2, € R?,
f(2)+ f(z+21t) + f(z + 20t) =0

for all z € R? and ¢t € R~ {0}. He found that a solution of this functional equation

is zero function.



1.3 Purposed Problem

The objective of our studying is to solve the triangular mean-value functional
equation. Through out this thesis, the triangular mean-value functional equation
of a triangle with vertices zy, 29, 23 € R? (it may be sometime called in short as
triangular mean-value functional equation of zy, z2, z3) is referred to a functional

equation of the form

f(z4tz1) + f(z+tz) + f(z +tz3) =3f (2 + %(zl + 2 + 23)), (1.1)

for all z € R? and t > 0.

Figure 1.1

Geometrically, this equation says that given an arbitrary triangle with points
21, 22, 23 as its vertices (as Figure 1.1.), for each triangles obtained by translations
and dilations of this fixed triangle, the value of the function at its centroid is the

arithmetic mean of the values at its vertices. For example, triangular mean-value

functional equation of (0,2/v/3), (1, —1/v/3), (=1, —1/+/3) is of the form

f(ﬂc—t,y—%)+f(:v+t,y—%)+f(w,y+%) — 3f(z,y).

forz,y € Rand t > 0. Note that the above equation is equivalent to the functional

equation which Haruki had studied [5].



CHAPTER I1
PRELIMINARIES

In this chapter, we provide background knowledge which plays important role
in this thesis. A function A : R — R is said to be additive provided A(z + y) =
A(x) + A(y) for all z,y € R. If n € N and A, : R* — R, we say that A,
is n—additive (multi-additive) provided it is additive in each variable. A, is
symmetric provided A, (z1,...,2,) = A,(y1,...,yn) whenever (yi,...,y,) is a
permutation of (xy,...,2,). Throughout this paper, we use the alphabet A, or
AY to denote a constant and A or A! to denote an additive function. For any

m,n € NU {0}, we use the following notations for specific meanings:
o If 2 = (z,y) € R? we denote Re(2) = z,Im(z) = y and ||2|| = /22 + 2.

o S(z1, 29, 23) is the set of all solutions of a triangular mean-value functional

equation of 2y, 2o, 23 € R2.

o An(xy,29,...,2,) : R™ — R is a symmetric m—additive function and
A™(z) : R — R be the diagonalization of A,,, i.e., A™(z) = A, (z,..., x).

We say that A™(z) is a diagonalization of order m.

o Amn(T1, %2, o T Y1, Y2, - -, Un) : R — Ris a (m+n)-additive function
which is symmetric in its first m entries while the last n entries are fixed

and vice versa.
o A%0(z,y) : R? — R is a constant function.

o A™Y(z y): R? — R is a diagonalization of a symmetric m-additive function
while y is fixed, and is a constant while x is fixed. For convenience, we use

A™9(z) to denote A™O(z,y). We define A" (x,y) and A%"(y) similarly.



o A™"(x,y): R? — R is defined by

A", y) = Apn (@, 2, T Y, YY)

)
L

WV TV
m entries n entries

In this study, the difference operator is extensively used. We define the differ-

ence operator of order n € N for a function f : R — R as follow;

n

8 f0) = 31 (1) £t (0= o

=0
The following theorem shows the relationship between difference operator and

the multi-additive function.

Theorem 2.1. [}/ If a function f: R — R satisfies

A () =0

t

for all z,t € R then

flx) =) A"(x).

The difference operator can be extended to the function on R?. We define the
difference operator of order n € N for a function f : R? — R with respect to x as

follow;

Ay = En:(—l)i (:L) f(z 4 (n—i)t,y).

=0

Similarly, the difference operator of order n € N with respect to y is defined as;

A" f(x,y) = i(—l)" (7;) [z y+ (n—i)t),

t
v =0

where (z,y) € R? and t € R.
The following theorem shows the relationship between difference operator of a

function on R? and the multi-additive function.

Theorem 2.2. [1] If a function f: R* — R satisfies both equations

AT () =0 and AN f(zy) =0

t
z,t Y,



forall z,y,t € R then

flay) =) A™™(x,y).

n=0 m=0
S. Haruki[5] determined solution of the triangular mean-value functional equa-
tion of the certain equilateral triangle. His result will be applied in the next

chapter. The Haruki’s theorem can be rewritten in our notations as follow:

Theorem 2.3. [5] The general solution of the functional equation

t 2t

t
- t? - —=)* + ta 7 + ) +—=)= 3 ) )
flz—ty \/3) flz+ty \/3) flz,y \/§> f(z,y)
for all x,y,t € R, can be written in the form of
fl@y) = A+ A0 (2) + A*0 (@) + A20(2) + A% (y) + AV (2, ) + A% (y) + AV (2, y),

where A%2(\/3t) = —3A%°(t) and AY?(x,/3t) = —9As(x,t,t), for x,y,t € R.



CHAPTER I11

Equilateral Triangular Mean-Value Functional Equation

According to Haruki’s paper [5], Haruki determined solution of the triangular
mean-value functional equation of the certain equilateral triangle. In this chapter,
we extend Harukis’s work by solving a triangular mean-value functional equation
of any equilateral triangle.

First, we will establish fundamental knowledge which is important for solving
our problem. Recall that S(zy, 2, 23) is the set of all solutions of a triangular

mean-value functional equation of 2;, 2, z3 € R?, i.e.,

S(21,22,23) = {f :R> > R|f(z + tz1) + f(2 + tza) + f(2 + t23)

t
:3f(z+§(z1+22+23)), for all z € R* and t > 0}.

The following lemma shows that the set of solutions of triangular mean-value
functional equation of two triangles, where one triangle is obtained from dialation

and translation from the other, are equal.

Lemma 3.1. Let 2y, 21, 22, 23 € R? and o > 0. Then
S(z1, 22, 23) = S(az1 + 20, a2y + 20, @23 + 20)-
Proof. Let f € S(z1,29,23). So f satisfies the functional equation

flz+tz1) + f(z+t22) + f(z+ t2s) =3f (2 + %(21 + 2+ 23)),

for all z € R? and t > 0. By substituting z as z + tz, and ¢ as ot in the above

equation, the equation becomes

f(z +t(az + 20)) + f(2 +t(aze + 20)) + f(2 + t{azs + 20))

(CKZl + Zo) + (CKZQ + Zo) + (CKZg + Zo))
3

:3f(z+t



for all z € R? and ¢ > 0. Hence, f € S{az;+ 20, aza+ 20, @23+ 20}. Conversely, we
can similarly prove that S(azy+20, aza+20, az3+20) C S(z1, 22, 23) by substituting

zas z— (tzg)/a and t as t/a. O

Let 21, 29, 23 € R? be noncollinear points. Define w; = z; — (21 + 22 + 23) /3 for
1 =1,2,3. This is translation and dialation the triangle with vertices z1, 29, 23 to

the triangle whose centroid is the origin point (as Figure 3.1).

w2

w3
Figure 3.1
By the property of w;, we have
w1 +wy +ws =0

and the triangular mean-value functional equation of wy,ws,ws is, therefore, of
the form

fz4tw) + f(z + twa) + f(z + tws) = 3f(2). (3.1)

According to Lemma 3.1, we have S(z1, 29, 23) = S(w1,ws,ws). Hence, to solve
triangular mean-value functional equation of zi, 2o, 23 is sufficient to solve the
functional equation (3.1) instead. Thus, we will concentrate on solving only tri-
angular mean-value functional equation of a triangle which sum of its vertices is
zero (its centroid is the origin).

Next, we consider the relationship between solutions of triangular mean-value
functional equation of two related triangles. Suppose that there exists a linear
bijection T : R? — R? which maps three vertices of a triangle to three vertices
of another triangle (as Figure 3.2), we find that each solution of triangular mean-
value functional equations can be formed by composition of one solution with the

linear bijection 7T'. This fact is stated precisely as in the following lemma.
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3 3
Lemma 3.2. Let w;,§); € R? fori = 1,2,3 be such that Zwi = ZQZ =0. If

i=1 i=1

T : R* — R? be a linear bijection with T(w;) = Q; fori=1,2,3, then
S(wr,wa,w3) ={g o Tlg € S(Q, 2, U3)}.

Proof. We will show that S(w,ws,ws) = {goT|g € S(,Q0,Q)}.
(D) Let g € S{Ql, QQ, Qg} SO,

gz +t) + g(z + Q) + g(z + tQ3) = 39(2).
Since z +1Q; = T(T~1(2)) +T(tw;) = T(T1(2) +tw;) for i = 1,2, 3, we have that
g(T(T7H(2) +twn)) + g(T(T 7 (2) + twz)) + g(T(T~"(2) + tws)) = 3g(T(T~(2))).
Hence,
goT(TH(2) +twy) +goT(T ' (2) +tws) + go T(T ' (2) +tws) = 3go T(T'(2)).

Since T is a linear bijection, T!(z) can be chosen arbitrary. So, we obtain that
goT € S{wy,ws,ws}.

(C) Let f € S{wi,ws,ws}. Since T(w;) = €, we get that T71(;) = w;. So
foT™t e S{Q,Q,0s}. Since f = (foT 1) oT, we have that f € {goT|g €
S(Q1,Q,Q3) ). O

Next, we will show that solutions of triangular mean-value functional equation

of wi,wy, w3 € R? and —w;, —wsy, —ws € R? are the same.
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Proposition 3.3. Let wy, ws,ws € R? be noncollinear and satisfied wy + wsy +wsg =
0. Then

S(Wh w2,w3) = S(—wh —Wwy, —w3).

Proof. Tt is easy to see that T : R? — R? given by T'(z) = —z is a linear bijection
which is satisfied T'(w;) = —w; for ¢ = 1,2,3. By Lemma 3.2, there exists g €
S(—w1, —we, —ws3) such that f(z) = goT(z) = g(—z). Since f € S(wy,ws,ws), we
have

3f(2) = f(z +twr) + f(z + tws) + f(z + tws).

Because f(z) = g(—z), we obtain that f(z+tw;) = g(—z—tw;) for i = 1,2,3. Then

3f(2) = g(=z —twy) + g(—2z — tws) + g(—2 — tws).
Since g € S(—wy, —we, —ws), g(z) = (g(z — twr) + g(z — twa) + g(z — tws))/3 for

all z € R? and t > 0. Then

1
3f(2) :§(g(—z —twy — twy) + g(—2z — twy — tws) + g(—2z — twy — tws)
+ g(—2z — twg — twy) + g(—2z — twy — tws) + g(—2z — twy — tws)

+ g(—2z — tws — twy) + g(—2z — tws — tws) + g(—2 — tws — tws)).
Since wq + we + w3 = 0, the above equation becomes

3f(2) :%(g(—z — 2twy) + g(—2 + tws) + g(—2 + twy)
+ g(—z + tws) + g(—2z — 2twy) + g(—2 + twy)
+9(—2 + tws) + g(—2 + twr) + g(—2 — 2tws))
== (g(—= — 26n) + g2 — ) + g(—= — )
+2(g(—2 + twr) + g(—2 + twa) + g(—2 + tw3))).

Because f(z) = g(—=z) for all 2 € R? and g € S(—wi, —ws, —ws3), we have form

the previous equation that

31(2) = 3(39(=2) + 20g(—2 + tn) + (== + ten) + g~ + )

_ %(Bf(z) +2(f(z — twy) + f(z — tws) + f(z — tws))).
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Consequently, we have

3f(2) = f(z —tw) + f(z — twa) + f(z — tws).

Hence, S(wy,wq,ws) C S(—wy, —ws, —w3). On the other hand, we can similarly
prove that S(—w;, —ws, —w3) C S(wy,ws,ws) by considering w; as —w;. Therefore,

S(wr,wa, w3) = S(~wi, —wn, —w3). L
As a result of Proposition 3.3, we immediately have the following corollary.

Corollary 3.4. Let 21,29, 23 € R%. Given a function f : R? — R satisfies (1.1)
1.€.

flz+t21) + f(z +tza) + f(2 +tz3) =3f (2 + %(21 + 2+ 23)),

for all z € R? and t > 0. Then f satisfies (1.1) for all z € R? and t € R.
Originally, triangular mean value functional equation (1.1) is only for ¢ >

0. The above corollary, however, implies that the equation hold for all ¢ € R.

This fact implies that solutions of triangular mean-value functional equation of

(0,2/v/3), (1, -1/v/3), (=1, —=1//3) which is of the form
fla =ty = SR+ ety =)+ o+ =) = 3f(@.u).

for all z,y € R and t > 0 is also Haruki’s solution as in Theorem 2.3. Applying
this fact and Lemma 3.2, we can find solutions of triangular mean-value functional
equation of any equilateral triangular by composition of Haruki’s solution with the
linear bijection which maps its three vertices to (0,2/v/3), (1, —=1/v/3), (=1, —1//3),
respectively.

In the following theorem, we reformulate Theorem 2.3 by incorporating the

conditions on A%? and A2 into the solution.
Theorem 3.5. The solution in Theorem 2.3 is equivalent to
f(x,y) = Ao+ B(z) + B(y) + C(x + V3y,3x — V3y) + Cly, x)
+D(Z‘,{Z‘—|— \/gyux_ \/gy)a

where Ay is a constant, B,E : R — R are additive functions, 0,6’ :R? — R are

2-additive functions, and D : R® — R is a symmetric 3-additive function.
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Proof. (=) Let f:R?* — R be the Haruki’s solution as in Theorem 2.3;
fx,y) = A"+ AN (1) + A0 (2) + AP (2) + A (y) + AV (2, ) + A" (y) + AV (2, ),

where A%2(v/3t) = —3A%°(t) and AY2(z,v/3t) = —9A3(,t,t), for all 2,7y, € R.
By choosing

B(z) = A"(x), B(y) = A (y), D(x,y.2) = Azo(z,y,2).

C(z,y) = Aso(z,y)/3 and é(y,x) = A (z,y) + Agp(z, \/gy)/?) — AQ,O(\/gy, ),

we have that Ay is a constant, B, B : R — R are additive functions, C, C:R2>R

are 2-additive functions, and D : R? — R is a symmetric 3-additive function and

flz,y) = Ao+ B(x) + Bly) + C(x + 3y, 3z — V3y) + C(v3y, z)
+ D(z,x +V3y,x — V/3y).

(<) Let

flz,y) = Ay + B(z) + Bly) + C(x + V3y,3z — V3y) + C(y, z)
+D(:E,x+\/§y,x—\/§y),

where Ay is a constant, B,E : R — R are additive functions, C’,é :R? - R
are 2-additive functions, and D : R® — R is a symmetric 3-additive function. By

properties of m-additive function, we have

flz,y) = Ay + B(x) + B(y) + C(z,3z) — C(z,V3y) + C(v/3y, 3z)
— C(\/gy, V3y) + 5‘(@/, z)+ D(z,z,x) — D(x, V3y,V3y).

By choosing
Al’o(as) = B(z), AQ’O(QJ) = C(z,3z), A?”O(x) = D(z,x,x),

A"My) = Bly), A“Y(z,y) = —C(z,V3y) + C(v3y,32) + Cly, ),

A% (y) = —C(\/gy, \/gy) and  AY(z,y) = —D(x, \/§y, \/§y),
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we obtain that
A2(\/3t) = —C(3t,3t) = —3C(t, 3t) = —3A>°(¢),
AV (z,V/3t) = —D(z,3t,3t) = —9D(x, t,t) = —9Aso(z,t,1)
and
fla,y) = AP+ AY (@) + A0 (2) + A (2) + A™ (y) + A (2, y) + A (y) + AV (2, ),
for all z,y,t € R. O

Now, we will determine the solution of triangular mean-value functional equa-
tion of arbitrary equilateral triangle. First, we find a linear bijection formula
which maps three vertices of any equilateral triangle to (0,2/v/3), (1, —1/v/3),
(—1,—1/4/3). We know that any equilateral triangle whose centroid is the original
point can be obtained by rotation or dilation of the triangle whose vertices are
at (0,2/v3), (1,—=1/v/3), (=1, =1/+/3). Let wi,ws, w3 € R? be three vertices of a

triangle whose centroid is the original point (as Figure 3.3).

W]

Wa
Figure 3.3
Without loss of generality, we can assume that vertices of equilateral triangle are
wy = 1(2/v3sin6,2/v/3cosb),
wy = 1(cos@ — 1/v/3sinb, —1/v/3cos —sinf), and
wsy = 7r(—cosf — 1/v/3sin 6, —1/v/3 cos 0 + sin 6),

for some 6 € R and r > 0. On the other hand, define

2
T(x,y) = —(zcosf —ysinb, zsinh + y cosb).

V3r
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Then T is a linear bijection and

T(“l) = (072/\/3)7
T(wy) = (1,—1/v/3), and
T(ws) = (=1, -1/V/3).

By applying Lemma 3.2 with the above linear bijection 7', we are able to solve

the triangular mean-value functional equation as follow:

Theorem 3.6. Let zq, 25, 23 be vertices of an equilateral triangle. Without loss
of generality, assume that wy = 23 — (21 + 22 + 23)/3 with Re(w;) > 0. Given a
function f:R?* — R satisfies (1.1),

flz+t21) + f(z+tz) + f(z 4+ tz3) = 3f (2 + %(zl + 2+ 23)),

forall z € R and t > 0. Then f is of the form

f(z,y) = Ao + B(x) + B(y) + C(Bz + ay, ax — By)
+ C((a+ V3B)z + (V3a — By, (3 — V3B)x + (—V3a — 38)y)
+ D(az — By, (o + V3B)z + (V3a — By, (a — V3B)z + (—V3a — B)y)

where § = arccos(Im(wy)/||wi]), @ = cos@, B = sin6, Ay is a constant, B, B :
R — R are additive functions, C,é : R? — R are 2-additive functions, and

D :R3? — R is a symmetric 3-additive function.

Proof. Let w; = z; — (21 + 29 + 23) for i = 1,2,3. By Lemma 3.1, we have that

the set of solution of (1.1) can be solved from the functional equation (3.1),
flz+twr) + f(2 +tws) + f(2 + tws) = 3f(2),

for all z € R? and ¢ > 0. Therefore, we will determine solution of (3.1) instead
of (1.1). Given a function f : R? — R satisfies (3.1). Since w; + wy + w3 = 0,
Re(w; +wa+ws) = Re(w;)+Re(wz)+Re(ws) = 0. Because wy, wsy, ws are vertices of

a nondegerated equilateral triangle, they are noncollinear. Therefore, Re(w;) > 0
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for some ¢ = 1,2,3. Without loss of generality, we assume that Re(w;) > 0. Let

r = ||w1]| and 6 = arccos(Im(w;)/r). Define

2
T(x,y) = —(zcosf —ysinb, zsinh + y cosb).

V3r

Then T is linear bijection which
{T(w1), T(wz), T(ws)} = {(0,2/V/3), (1,=1/V/3), (=1, =1/V3)}.

By corollary 3.4, we have the solution of triangular mean-value functional equation
of (0,2/v/3),(1,-1/v/3),(—1,—1/+/3) is Haruki’s solution. Assume that g is a

Haruki’s solution. Because of Theorem 3.5, g can be written in the form of

g(z,y) = Ay + B'(x) + /Bv’(y) + C"(x + 3y, 3z —V3y) + 5(3/, )
+ D,(l’,[[‘ + \/gyvr A \/gy)’

where A is a constant, B’ ,/BEJ’ : R — R are additive functions, C’ ,6’7 :R? - R
are 2-additive functions, and D’ : R? — R is a symmetric 3-additive function.

Applying Lemma 3.2 with the above linear bijection 7', we have

f(@,y) =goT(zy).
Making simple manipulations using additive properties of the functions, we get

f(x,y) = Ay + B(z) + Bly) + C(Bx + ay,ax — By)
+ C((+ V3B)z + (V3a — By, (3ar — V3B)x + (—V3a — 33)y)
+ D(azx — By, (a + V308)z + (V3a — B)y, (a — V3B)x + (—V3a — B)y)

where o = cos#, = sin#, Ay is a constant, B, B : R — R are additive functions,
C’,é’ : R? — R are 2-additive functions, and D : R® — R is a symmetric 3-
additive function. Conversely, the solution can be verified by substituting back

into (1.1). 0



CHAPTER IV
FUNDAMENTAL CASE OF TRIANGULAR
MEAN-VALUE FUNCTIONAL EQUATION

In this section, we prove the fundamental case of (1.1) when the three fixed

points zi, 29, 23 are (0,1), (1,0), and (—1, —1) respectively (as Figure 3.1).

(0,1}

(-1.=1)

Figure 4.1

Note that in this case, the directions of the median lines of the triangle are
parallel to the r—axis and the y—axis. In addition, its centroid is at the origin.

So, (1.1) is of the form

f(ﬁ—i—t,y)+f(I,y—|—t)+f(l’—t,y—t):3f(l’,y), (41)

for all x,y € R and t > 0. First, we prove the following proposition and lemmas

which are needed in the proof of Theorem 4.4.

Proposition 4.1. Let 21, 20,23 € R? and w; = z; — (21 + 22 + 23) /3. Assume that
f:R* = R satisfies (1.1). Then

f(z 4 3tw;) — 3f(z + 2tw;) + 3f(z + tw;) — f(2) =0,

forallzeR?, teR andi=1,2,3.
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Proof. By Corollary 3.4, we have f satisfies (1.1) for all 2 € R? and ¢t € R. Since
(1.1) is equivalent to (3.1), we get that 327 | f(z +wit) = 3f(2) for all z € R? and
t € R. Define

F(z,t) = 3f(z) = (f(z + tw1) + f(z + twa) + f(z + tws)).

From (3.1), we have F(z,t) = 0 for all z € R*/t € R. For i = 1,2,3. We obtain
that

0= F(z+tw;,—t) — F(z + 2tw;, t)
=3f(z + tw;) — (f(z + tw; — twr) + f(2 4 tw; — tws) + f(z + tw; — tws))
— (Bf (2 + 2tw;) — (f(z + 2tw; + twy) + f(z + 2tw; + tws) + f(z + 2tw; + tws)))
=3f(z+tw;) — f(z +t{w; —wy)) — fz +t(w; — w2)) — f(z + t(w; — ws))
—3f(z 4 2tw;) + f(z +t(2wi + w1)) + f(z +t(2w; + w2)) + f(z + t(2w; + w3))
Let j, k € {1,2,3},i # j, i # k and j # k. We must have that one of w; — w1, w; —
w1, w; —wi is zero and one of 2w; +wy, 2w; +ws, 2w;+ws is 3w;. Since wi+ws+wsz = 0,
we get that 2w, +w; = w; — wy. Therefore, two of w; —wy,w; —wy, w; —w; are the

same as two of 2w; + wy, 2w; + wa, 2w; + w3. By eliminating the equal terms from

the above equation, we have

0= f(z+ 3tw;) — 3f(z + 2tw;) + 3f (= + tw;) — f(2).

Lemma 4.2. Given A% (x,y), A?%(z,y) and AV (x,y) satisfying

2A20(t) + 2A%2(t) + AV (t,t) = 0, (4.2)
for allt € R. There exist 2-additive functions C' and C' such that
A (2, y) + AV, y) + A% (2, y) = C(x, 2y — 2) + C (22 — y, y).

Proof. Since A*? is a quadratic function, there exists 2-additive function C' such
that A?2%(z) = —C(z,z). Let

1
C(z,y) = —C(x,y) + §A1,1(:L“; Y).
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Then C (z,y) is also 2-additive function and
Ay (zyy) = 20z, y) 4 2C(z, ).
From (4.2), we have
—20(t,t) + 2A%2(t) + 2C(t,t) + 2C(t,t) = 0, for t € R.

Therefore, A»?(t) = —C(t,t) for all t € R. So, we get

AN (@, y) + A20(2) + A% (y) = 2C (2, y) + 2C(2,y) — C(z,2) — C(y,y)

=Cl(z,2y — ) + 6(235 —Y,Y).

Lemma 4.3. Given AY(x,y) and A>*(x,y) satisfying
AV (z,t) + Agq(z,t51) =0 and  A*'(t,2) + Aot 2,t) =0 (4.3)

for all x € R and t € R. There exists a symmetric 3-additive function D such
that
A*(w,y) + AV (2,y) = D(a — y, 2, y).

Proof. Substituting t = y + z into (4.3), we get
241 5(z;y, 2) + Aga(x,y; 2) + Asq(x, 2z;y) =0, and (4.4)

2A2,1(y, Z; l’) + Al,z(?/; 2,33) + Al,Z(Z;ya 513) =0. (4-5)

Since (4.5) holds for arbitrary x,y, z € R, we have

2A2,1(I7 Z??/) + Al,Z(x; Zay> + A1,2(Z;x7y) = 07 and

2421(y, 23 2) + Ara(y; @, 2) + Arp(23y, 2) = 0. (4.6)
Using (4.4) and (4.6), we get

2A12(2;y,2) = A12(ys 2, 2) + Ao, y). (4.7)
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The cyclic permutations of (x,y, z) and (4.7) give

241 0(y; 0, 2) =A1o(x3y, 2) + A12(2;2,y), and

2412(z 2, y) =A12(ys @, 2) + Ara(ay, 2). (4.8)
From (4.7) and (4.8), we conclude that

A1,2(33§ Y, Z) = A1,2(Z/; 2793) = A1,2(Z§ wa’f)' (4~9)

Hence A, 5 is a symmetric 3-additive function and so is A ;. Moreover Al2(z,y) =

—Asq(x,y;y). Therefore,
AV (,y) + A (2,y) = =Asa (2,53 9) + Asa (2, 23y) = —Aza (2 — y, 23y)
= D(LE 7] y>$7y)7
where D is a symmetric 3-additive function. O

Now, we are ready to establish the general solutions of the mean-value func-

tional equation (4.1).

Theorem 4.4. A function f: R* — R satisfies (4.1),
flet+ty)+ fley+6)+ fle—ty—t)=3f(z,y),
forallz,y € R and t > 0 if and only if
f(,y) = Ao+ B(x) + Bly) + Clz,2y — 2) + C(2x — y,y) + D(x — y,z,y),

where Ag is a constant, B,E : R — R are additive functions, C,é :R? — R are

2-additive functions, and D : R® — R is a symmetric 3-additive function.

Proof. Since (4.1) is the triangular mean-value functional equation which is ob-
tained from the three fixed points (1,0),(0,1) and (=1, —1), by Proposition 4.1,

we have

flx+3t,y) = 3f(x+2t,y) + 3f(x + t,y) — f(x,y) =0, and

flx,y+3t) = 3f(x,y+2t) +3f(z,y+t) — f(z,y) =0
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for all z,y and ¢t € R. This means that A3f(z,y) = 0 and Af(x,y) = 0 for all
x,t y,t

x,y and t € R. Consequently, Theorem 2.2 implies that
2

floy) =) A™™(x,y). (4.10)

n=0 m=0

Substituting (4.10) into (4.1), we have the following equation:

(2"4272 (tu y) + 2A2’2<$, t) + 2(A2,2(t7 t7 Y, t) + A2,2 ('ra tu ta t))

+44z5(, try, 1) + AP2(1,1))

+ (2471 (¢, y) + A (t, 1) 4+ 2451 (2, 85 1))

+ (241 (2, 1) + AV (1, 1) + 2A415(1 1, 1))

+ (AN (¢, t) + 24%°(t) + 2A%(1)) = 0. (4.11)
We then substitute x,y and t by rz,ry and rt respectively, where r is rational.
Note that after the substitution, we have the equation which is a polynomial in
variable r. Since this is true for all 7, by considering the coefficient of r#, 73 and
r? we must have

24%%(t,y) 4+ 2A%%(z,t) + 2(As2(t, t; y, t)

+A2,2(x7 tu t: t)) =k 4A2,2(x7 tu ya t) * A272(t7 t) = 07 (412)

(24% (¢, y) + AP (t,t) + 2451 (, ;1))
+(2A% (2, 1) + A (¢, 1) + 241 5(t;y, 1)) = 0, (4.13)
and
AVt 1) +24%0(t) + 24%%(t) = 0, (4.14)

for all z € R and ¢ € R. From (4.12), we again substitute ¢ by r¢, where r is

rational, and let y = 0, and by considering the coefficient of r%, we obtain that

A*2(x,t) =0 for z € Rand t € R. So
A% (2,9) =0
for all (z,y) € R% Similarly, from (4.13), we have,
ANt 2) + Ay o(t; 2, t) =0, and

AV (z,t) + Ao (z, ;1) =0 (4.15)
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for all z € R and ¢ € R. By Lemma 4.2 and (4.14), we get that
A% (z,y) + AV (2, y) + A0 (2, y) = C(x,2y — x) + 5(29{: —Y,Y),
for some 2-additive functions C' and C. By Lemma 4.3 and (4.15), we have that
A (z,y) + A (2,y) = D(= — y, 2,y),
for some symmetric 3-additive function D : R* — R. Hence
flx,y) = A"+ AY(2) + A% (y) + C(,2y — 2) + C(2x — y,y) + D(x — y, 2,y).

Conversely, the solution can be verified by substituting back into (4.1). O]



CHAPTER V
TRIANGULAR MEAN-VALUE FUNCTIONAL
EQUATION

In the previous section, we have established the general solution for the fun-
damental case of the triangular mean-value functional equation which will play
an important role for the main theorem of this section. Given three noncollinear
points 21, 29, 23 € R2. So, these points generate an actual triangle which its ver-

tices are at z1, 29, 23 and its centroid is at (27 + 22 + 23)/3 (as Figure 5.1).

Z1

Figure 5.1

Let w; = z; — (21 + 22 + 23)/3. This mean that the triangle is translated and
dialated to the triangle which its vertices are at wy, ws, w3 and its centoid is at the

origin point (as Figure 5.2).

Wa Ws

Figure 5.2
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Assume that wy = (g, 1) and wy = (ag, F2). Since z1, 29, 23 are noncollinear,
10y — o3y # 0 (w1, ws are linearly independent). Given T : R? — R? be such
that T'(w1) = (1,0) and T'(we) = (0,1). By simple calculation, we have

1

T(x, y) B a1 — anf

(202 — yag, yar — ).

Then T is linear bijection. Applying Lemma 3.2 with the linear bijection T', we
can solve triangular mean-value functional equation of 21, 25, z3. The following

theorem shows the general solution of triangular mean-value functional equation.

Theorem 5.1. Let z; = (x1,y1), 22 = (T2, y2), 23 = (x3,y3) € R? be noncollinear

points. A function f:R?* — R satisfies (1.1) if and only if

f(z) = Ao+ B(x) + é(y) + D(f17 — aqy, fox — vy, Bz — 3y)

+ C(Box — ay, 012 — 11y) + 5(5290 — Yy, b1 — apy),

where o; = x; — (w1 + 22 + 23)/3 B = yi — (1 +y2 +y3)/3, v = w3 — @i,
0; = ys —y; for alli = 1,2,3, Ay is a constant, B,E : R — R are additive
functions, C, C : R% — R are 2-additive functions, and D : R® — R is a symmetric

3-additive function.

Proof. Given a function f : R* — R? satisfies (1.1). Let w; = z; — (21 + 22+ 23) /3,
fori=1,2,3. WLOG, assume that wy = (v, 01),ws = (g, 52) and wy = (ag, F3).
By Lemma 3.1, f also satisfies (3.1) i.e.

f(z4tw) + f(z + tws) + f(z + tws) = 3f(2).

Define

1
04152 - 04251

Then T is a linear bijection and T(w;) = (1,0), T(w2) = (0,1) and T(w3) =

T(r,y) = (202 — yag, yau — x31).

(—1,—1). Let g be a solution of the triangular mean-value functional equation of

(1,0),(0,1),(—1,—1). By Theorem 4.4, we have

g(x,y) = Ao + B(x) + B(y) + C(x,2y — ) + C(2x — y,y) + D(x — y, 2,y),
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where Aj is a constant, B,E : R — R are additive functions, C,@ :R? - R
are 2-additive functions, and D : R® — R is a symmetric 3-additive function.

Applying Lemma 3.2 with the linear bijection T', we have

1
04152 - 04251

By making simple manipulations using additive properties of the functions and

flz,y) =goT(z,y) = g( (282 — yag, yau — xf1)).

changing of variable, we have

f(z,y) = Ay + B(z) + é(y) + D(B17 — any, fox — iy, B3 — i3y)

+ C(fox — oy, 012 — M1y) + 6'(5295 — Yy, bix — agy),

o = x;— (v1+224+23)/3 .0 = yi — (1 +y2+ys) /3, Vi = 13— 14, §; = y3 —y; for all
1=1,2,3, Ay is a constant, B, B : R — R are additive functions, C, C:R2>R
are 2-additive functions, and D : R® — R is a symmetric 3-additive function.

Conversely, the solution can be verified by substituting back into (1.1). O]



CHAPTER VI
DEGERNERATED TRIANGULAR MEAN-VALUE
FUNCTIONAL EQUATION

For the sake of completion, we will treat triangular mean-value functional
equation of a degenerated triangle (three vertices of triangle are collinear). In this
case, we will show that the general solution varies independently among the lines
parallel to the line generated by z1, 23, 23.

Now, we will solve the triangular mean-value functional equation of a degen-
erated triangle. Assume that 2,2, 23 € R? are collinear points and a function
[ R? — Rsatisfying (1.1). If z; = 25 = 23, then it is obvious that any function is
a solution. In the case where 2y, 29, 23 are not all equal, let w; = 2z, — (21 +22+23) /3
for all © = 1,2,3. Without loss of generality, we assume ||wi|| > ||ws|| > ||ws]|-
Since 21, 29, 23 are not all equal and wy +wy +ws = 0, we get ||w;|| > 0. By letting
a = ||lwe||/||w1]], we have wy = —aw; and w3 = (o — 1)wy. So, the triangular

mean-value functional equation in this case is of the form

flz+wit) + f(z — awt) + f(z + (o — Dwrt) = 3f(2) (6.1)
for all z € R? and t > 0. By Proposition 4.1, we have

f(z 4+ 3wit) = 3f(z + 2wit) + 3f(z + wit) — f(2) = 0. (6.2)

for all z € R? and ¢ € R. First, we consider the case where Re(w;) = 0. Without
loss of generality, we assume that w; = (0,1). Therefore, (6.1) in this case is of

the form
f@y+t)+ fe,y —at) + fz,y + (a = 1)t) = 3f(z,y) (6.3)
for all z,y and ¢t > 0. Fixed = € R, define f,(y) = f(z,y). Then (6.3) becomes

foly +1) + foly — at) + fo(y + (a = 1)t)) = 3fa(y). (6.4)
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for all x,y and ¢ > 0. By (6.2), we also have

foly +3t) = 3fo(y +2) + 3fu(y +1) — fuly) =0

for all y,t € R. This implies that

A fa(y) =0 (6.5)

t

for all y,t € R
We observe that the equation reduces to functional equation whose domain is

R. The following lemma shows the solution of any f,.
Lemma 6.1. Let o € R. A function f: R — R satisfies
fla+t)+ f(x—at)+ f(z+ (= 1)t) = 3f(x)
forallz € R andt > 0. Then
f(x) = A+ A(x) + A*(x)

where A*((1 — a)x) + Ax(ax,x) = 0 for all x € R. In particular, if a is rational
number, f(z) = A%+ A(z).

Proof. By (6.5), we have

A*f(x) =0.

t

Because of Theorem 2.1, we get
f(z) = A" + A(x) + A%(z).
Substituting back to the equation, we have a condition
A%((1 = a)z) + Ay(az, ) =0

for all x € R. If « is rational number, 1 — « is rational number. By the property

of multi-additive function, we get

A%((1 — a)z) + Ag(az, ) = (1 — a)?A%(z) + aA®(z, 7)

= (a® —a+1)A%*(2)
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From the condition of A? and (a? —a + 1) > 0, we have A%(z) =0 for all z € R.
In conclusion,

f(z) = A"+ A(z) + A%(2)
where A%((1 — a)z) + A(az,x) = 0 for all z € R. If « is rational number,

flx) = A% + A(x). O

Therefore, Lemma 6.1 implies that

fo(y) = A + AL (y) + Be(y,v)

where AY is a constant, Al is additive function and B, is symmetric 2—additive
function equipped with the condition B,((1 — a)y, (1 — a)y) + B.(ay,y) = 0 for
all y € R. We can see that the general solution of this functional equation varies
independently among the lines parallel to x-axis.

Now, we will determine the general solution of triangular mean-value func-
tional equation of a degenerated triangle which the line generated by its vertices

is not parallel to y-axis (Re(w;) # 0). We can rewrite (6.1) of the form

f(z + Re(wy)t, y + Im(wy)t) + f(z — aRe(w)t, y — alm(w)t)

+ f(z+ (o = DHRe(wr)t, y + (@ — D)Im(wy)t) = 3f(x,y).

Let m = Im(w;)/Re(w;). Substituting ¢ as t/Re(w;) in the above equation, we

have
flz+t,y+mt)+ f(xr —at,y —amt) + f(x + (a — Dt,y+ (a— 1)mt) = 3f(x,y).

Define
Ly, = {(z, 9)ly = yo + ma}.
Therefore, L,, is the line which parallel to the line generated by z1, 22, 23 and pass

(0,y0). We will show that the general solution varies independently among L,,.

Define

Sy (@) = [ (2,50 + ma).
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Let (z,y) € R% Given yy = y — mx, we have

fle+tyo+m(x+1)) + flx —at,yo + m(z — at))

+ flz+ (a— Dt ,yo + m(x + (o — 1))t) = 3f(x, yo + mx).
Hence,
fr,,(@+1t)+ fr, (x —at)) + fr, (v + (= 1)t) =3f1, (v).
Therefore, Lemma 6.1 implies that
fr,,(x) = AZO + A;O (@) + By, (z, )

where A(y) , is a constant, A; , is additive function and B,, is symmetric 2—additive
function equipped with the condition B,,((1 — &)z, (1 — a)z) + By, (az,z) = 0
for all x € R. We can see that the general solution of this functional equation
varies independently among the lines parallel to the line generated by 21, 2, 23.

In conclusion, we have the following theorem.

Theorem 6.2. Let 21,20, 23 € R? be collinear points and not all equal. Choose
wi = z; — (21 + 29 + 23)/3 for i,j = 1,2,3 such that ||wi|| > [|we|| > ||ws]|. A
function f: R* — R satisfies (1.1). Let a = ||ws]|/||w1]| and m = Im(w;)/Re(w;).
If Re(wy) = 0, then

fla,y) = A7+ Ay(y) + Bu(y. y)

where A% is a constant, Al is additive function and B, is symmetric 2—additive
function equipped with the condition B,((1 — a)y, (1 — a)y) + B.(ay,y) = 0 for
ally € R. If Re(wy) # 0, then

f(l', y) - Agfmz + Agl/fm:r (.I) + By—mx($7 l’)

1

0 .
where A is a constant, A, ..

Y is additive function and By_p., is symmet-

ric 2—additive function equipped with the condition By_p.((1 — )z, (1 — a)z) +
By _pmz(ax,x) =0 for all x € R.
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