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CHAPTER 1

INTRODUCTION

Throughout this thesis, the letter p always denotes a prime number. We use the letter
n to denote a positive integer unless otherwise stated. For any two integers a and
b, the greatest common divisor of a and b is denoted by (a,b). The notation #A is
used to denote the cardinality of a set A. If g(x) is a non-negative function, we write
f(z) = O(g(z)) to mean that there exists a constant C' > 0 such that |f(x)| < Cg(z)
for all x > xy for some xy. Alternatively, we may use the notation f(x) < g(x), due to
Vinogradov, if there is no main term. We write f(z) = Oy (g(x)) or f(z) <4 g(x) to
indicate that the constant C' may depend on some parameter a. We write f(z) = o(g(z))
to mean that f(x)/g(z) — 0 as z tends to its limit. As usual, we shall mean x — oo
unless otherwise specified.
Let w(n) denote the number of distinct prime divisors of n. In 2005, Banks et al.
[2] introduced the arithmetic mean of distinct prime divisors of n, which is defined for
n > 2 by
pn) = 2530
pln
and set p(1) = 1. They studied the distributional properties of the sequence (p(n)) by

showing that for sufficiently large NV a bound for the exponential sum

la|N

—_— 1.1
loglog N (1.1)

holds for every integer a # 0. Here e(x) = exp(2miz) for all real numbers xz. Moreover,
they showed that for sufficiently large N the discrepancy D(N) of the sequence (p(n))
is

(logloglog N)?

D(N
(V) < loglog N

(1.2)

(see the definition of discrepancy in §El|) Furthermore, they pointed out that the
estimates (El!) and (@) also hold for the function

) = s

pn
a>1

where Q(n) denotes the number of prime divisors of n counted with multiplicity. Their

results imply that the sequences (p(n)) and (p(n)) are uniformly distributed.



The geometric mean of distinct prime divisors of n can be defined by

1/w(n)

gn)=]]»

pln

In 2006, Luca and Shparlinski [9] studied the uniform distribution of the sequences
(g(n)), (n'/*™) and (nY/*™) by proving that their discrepancies are all equal to
(log N)~'*°(1) as N — oco. Noting that these three sequences are all the same if n

1/9(n) represents the geometric mean of prime divisors

is square-free, and the function n
of n taken with multiplicity.

Let us define

S0 )
SRS TSV TR b ST

which can be interpreted as the harmonic means of prime divisors of n taken with and
without multiplicity, respectively. In 2009, Katai and Luca [(] proved that the sequences
(h(n)) and (h(n)) are uniformly distributed. More generally, they proved that if f(n)
is an additive function such that there exist two positive constants ¢; and ¢y such that
f(p) < ci/p and 0 < f(p®) < ¢ for all primes p and all positive integers a, then the
sequences (w(n)/f(n)) and (2(n)/f(n)) are uniformly distributed.

For every positive integer k, let pr(n) and pg(n) be defined for n > 2 by

pr(n) = ﬁ S ph o and pi(n) = Q(ln) S
T il
and set px(1) = 1 = p(1). Thus pr(n) and pg(n) represent the arithmetic means of
the kth power of prime divisors of n taken with and without multiplicity, respectively.
As defined above, we note that p; = p and p1 = p. The purpose of this thesis is to
study the distributional properties of the sequences (pr(n)) and (pg(n)) for all k£ > 2 by
estimating their exponential sums and their discrepancies.

The rest of this thesis is structured as follows. Chapter E contains some materials
which are necessary for us to develop our main results. The chapter is divided into
two sections. Section @ introduces the fundamental concept of uniform distribution
of sequences of real numbers. Section @ provides some terminology and elementary
results in analytic number theory. Chapter B presents the main results of the thesis,
namely the bounds for exponential sums and discrepancies of the sequences (pg(n)) and
(pr(n)) for k > 2.



CHAPTER II

PRELIMINARIES

2.1 Equidistribution of sequences

For any real number z, we denote by [z] the unique integer such that [z] <z < [z] + 1,
called the integral part of x. Let {z} = x — [z], called the fractional part of x. Thus we
may treat z as an element of the quotient group R/Z by considering only its fractional
part and ignoring its integral part.

Let (u,) be a sequence of real numbers. For any positive integer N and any real
number 0 < a < 1, let A(N, «) denote the number of positive integers n not exceeding N
such that 0 < {u,} < a. The sequence (uy) is said to be uniformly distributed (modulo
1) or equidistributed (modulo 1) if

f 1
]\}gnoo NA(N7 a) =« (2.1)

holds for all a € [0,1). Alternatively, we may represent (El]) as

N !
im, v 3= L)) = | 1ot du (22)

N—oco N
n

for all a € [0,1). Here 1y, is the characteristic function of the closed interval [0, a],
that is, g (u) = 1 if u € [0,a] and O otherwise. The equation (@) leads us to

establish the following theorem.
Theorem 2.1. The following statements are equivalent:
(i) The sequence (uy) is uniformly distributed.

(i) For every real- or complex-valued Riemann-integrable function f defined on [0, 1],
1 & !
dm oy () = /O f(u) du. (2.3)

(iii) The equation (@) holds for every real- or complez-valued continuous function f
defined on [0, 1].

In fact, the sequence (uy) is uniformly distributed if and only if (@) holds for every

Riemann-integrable function f defined on R with period 1.



Proof. The implication (H) = () is trivial since every continuous function is Riemann-
integrable. To prove that () implies (), we fix 0 < a < 1, and let € > 0 be arbitrary.
Then there exist two continuous functions g; and g2 such that g1 < 1jg 4 < g2 on [0, 1]

and 101(92(@ — ¢g1(u))du < e. Thus we have

1 1 1 1 &
1 —e < —e< = 1i —
[ e —e< [Cowane [Cnta= g 53 0(m)

N
|
< lim inf > Ljga{un})-

n=1
Similarly, we also have

1 ) 1 N
| o) dut e > timsup 3™ 1 ().

N—o0 —1

Since € can be arbitrarily small, we conclude that (uy) is uniformly distributed by ()
To show that () implies (B), suppose that f is Riemann-integrable on [0, 1], and let € > 0
be arbitrary. Then there exist two step functions f~ and f* such that f~ < f < f*
on [0,1] (that is, f~ and f7 are linear combinations of characteristic functions of closed

subintervals of [0, 1]) and fol (fT(u) = f~(u))du < e. Arguing as above, we yield

1 1 N 1 N 1
/O fndu = < it 32 () < Hmosup o0 3 ({un) < /0 f(u)du +e.

Therefore we obtain (@) since € can be arbitrarily small. O

The following criterion characterizes uniformly distributed sequences, due to Weyl
in 1916 (see Theorem 4.1.9 in [12]).

Theorem 2.2 (Weyl’s criterion). The sequence (uy,) is uniformly distributed if and only

if
1 N
MmN n§:1: e(au,) =0 (2.4)

holds for all integers a # 0.

Historically, the first example of a uniform distributed sequence is the sequence
(na) for any irrational number «, called the Kronecker sequence, due to Kronecker who
first proved in 1884 that this sequence is dense in the unit interval [0, 1]. The uniform
distribution of the Kronecker sequence was proved independently by Bohl, Sierpinski and

Weyl in 1909-1910. We shall prove the following statement by using Weyl’s criterion.



Corollary 2.3 (Bohl-Sierpinski-Weyl). The sequence (n«) is uniformly distributed if

and only if a is irrational.

Proof. If a = a/b for some integers a,b with b > 1, then 3 _y e(bna) = N, and hence
the sequence (n«) is not uniformly distributed since the limit (@) does not hold for b.

Conversely, suppose that « is irrational. Then for any integer k # 0,

e(ka) (1 — e(kNa)) 2 1 |
[—e(ka) | = —elka)] _ |sin(rka)] = 2[kal’

N
Z e(kna)
n=1

where ||z|| denotes the distance from x to the nearest integer. Thus the limit (@) holds

for all integers k # 0, and hence the sequence (n«) is uniformly distributed. O

The discrepancy of the sequence (u,,) is defined by

D(N) = sup iA(N,Oz)—a.

0<a<1

A bound for the discrepancy in terms of exponential sums is provided by the following
theorem, due to Erdés and Turdn in 1948 (see Theorem 2.5 in Chapter 2 of [§] or
Theorem 11.4.8 in [L1]]).

Theorem 2.4 (The Erdés—Turan inequality). For any finite sequence of real numbers

U1, U2, . .., uN, and any positive integer M, there exists an absolute constant C' > 0 such

that
L
N Ze(aun) ) :
n=1

The following theorem gives another criterion for uniform distributed sequences.

1 M 4
< —
D(N)_C<M+1+Za

a=1

Theorem 2.5. The sequence (uy,) is uniformly distributed if and only if D(N) — 0 as
N — o0.

Proof. The sufficiency is obvious. To prove the necessity, we use the Erdés—Turdn in-

equality to obtain

M
. . 1 1
OSI}\I{IIJ&fD(N)Sh;{Ilj;?D(N)<<M+1+ E -

by noting that the absolute term vanishes by Weyl’s criterion. Since the last term tends

to 0 as M — oo, we conclude that D(N) — 0 as N — oo. O



2.2 Some elementary results in analytic number theory

2.2.1 Arithmetic functions, Dirichlet series and Euler products

Analytic number theory normally deals with a Dirichlet series Y .- | f(n)n™°, where
f(n) is an arithmetic function, a real- or complex-valued function whose domain is the set
of natural numbers or some subset of the natural numbers, and s is a complex variable.
Traditionally, we write s = o + ¢t to represent its real and imaginary parts. Note that
if the series Y 7, |f(n)n~*| does not converge everywhere or converge nowhere, then
oo =1inf{o : > |f(n)n™%| < oo} exists. We call o, the abscissa of absolute convergence.
Also, we define o, = —00 and o, = 400 if the series > |f(n)n~%| converges everywhere
and converges nowhere, respectively.

Several examples of arithmetic functions are given as follows:
o id(n) = n for all n, called the identity function,
e 1(n) =1 for all n,

1 ifn=1,
° 5(”):
0 ifn>1,

e w(n) = >_1, the number of distinct prime divisors of n,
pln

o Q(n) = > 1, the number of prime divisors of n counted with multiplicity,
pln
a>1

(=1)“(™ " if n is square-free,
 pn) =
0 otherwise,

known as the Mébius mu function,
o p(n) =#(Z/nZ)*, known as Euler’s totient function,

A(n) logp if n = p* for some prime p and some k > 1,
] n)=
0 otherwise,

known as the von Mangoldt lambda function.

An arithmetic function f is called multiplicative if f(1) # 0 and f(mn) = f(m)f(n)
whenever m and n are relatively prime. A multiplicative function f is called completely
multiplicative if f(mn) = f(m)f(n) for all m and n. The following theorem asserts
that an absolutely convergent Dirichlet series of some multiplicative function can be

expressed as an infinite product over primes (see Theorem 1.9 in [10]).



Theorem 2.6. Let f be a multiplicative function such that > .2 | f(n)n™% converges

absolutely for o > o4, then

if(n):H<1+f(p)+f](£j)+> for o > o,. (2.5)

ns
n=1 D p

Moreover, if f is completely multiplicative, then

o~ f() _ F)\
Z el H (1 — ps> for o > o4. (2.6)

n=1 P

In each case, the product on the right is called the Euler product of the Dirichlet series.

Let us introduce the Riemann zeta function, which is defined for o > 1 by

o0

gls) = oo

n=1

Since the function 1 is completely multiplicative and Y n~7 < oo for o > 1, it follows

from (@) that

o0

% (s :H<1_pls)_1 for o > 1. (2.7)

n=1 P
This deduces that ((s) # 0 for o > 1 since the product on the right does not vanish.
Here we present two short proofs of infinitude of primes based on the relation (@)
First proof. This proof was first discovered by Euler in 1737. Treating s as a real
number and then taking the limit s — 17, the sum on the left tends to the harmonic
series Y 1/n which is divergent, forcing the product on the right to be infinite.
Second proof. Putting s = 2 in (@), we obtain

2 is irrational (otherwise there exist positive integers a and b such that 72 = a/b,

Since 7
and so 7 satisfies the algebraic equation bxz? —a = 0, contradicting the transcendentality
of 7), the product on the right must have infinitely many factors.

Using (@) we also have

Z <1:H<1—pl> for o > 1 (2.8)

by noting that p is multiplicative and Y |u(n)n™7 <> n~7 < co for o > 1.



Theorem 2.7. Let F(s) =) f(n)n™® and G(s) = >_ g(n)n™* be two Dirichlet series,
and let H(s) = > h(n)n~*% whose coefficients h(n) are given by

= Y f(k)g(m). (2.9)

km=n

Then H (s) is absolutely convergent and H(s) = F(s)G(s) for all s in the half-plane that
F(s) and G(s) are both absolutely convergent.

Proof. We observe that

=S F0E S glmym =303 F)g(m) (k)
k=1 m=1 k=1 m=1
Zs ( S f(k)g(m)> w — H(s)
n=1 \km=n

The rearrangement of terms is justified by absolute convergences of F'(s) and G(s). [

Note that the equation (@) can be rewritten as

=> f(d)yg (%) :
djn

The function h is called the Dirichlet convolution of f and g, and denoted by h = f * g.
By means of Theorem @ together with (@) and (@), we obtain the identity

1 ifn=1

> wld) = bn) = | (2.10)
din

0 ifn>1,

and we write ux1 = 4. If we let A be the set of all arithmetic functions f with f(1) # 0,
then (A, *) forms an abelian group with identity §. Thus the equation () is equivalent
to saying that the Mobius mu function and the function 1 are convolutional inverses of
each other. This enables us to establish the Mébius inversion formula: g = f 1 if and

only if f = g * p for any arithmetic functions f and g. By using (), we find that
n n/d

Z 1—25 (m,n) Z Z :Zu(d)glzdzn:,u(d)z.

(mn) 1 m=1d|(m,n) dn

This proves that ¢ = p % id. Consequently, it can be easily derived that

=D 1-3)



Also, we obtain the identity n = Zd‘n ©(d) by the Mébius inversion formula. By using
Theorem @ and Theorem @, we yield

e Cs-1)  qrl-oe
) _Hl_pl—s for o > 2.

n=1 P

Next, we show that any Dirichlet series has an abscissa of convergence o, with the
property that the series converges for all s in the half-plane ¢ > ., and diverges for all
s in the half-plane ¢ < o.. Also, we let 0. = —o00 and g, = +o0 if the series converges
everywhere and converges nowhere, respectively. We shall prove the existence of such

half-plane of convergence by means of the following lemma (see Lemma 2 in §11.6 of
[1])-

Lemma 2.8. Suppose that the partial sums of the Dirichlet series Y f(n)n=%0 are
bounded, namely ‘Z fn)n=20| < M for all x > 1. Then for all s with o > oy,

n<x

> f(n)n | <2Ma™ <1 + M) : (2.11)

g — 0p
a<n<b

By letting a — oo in (), we see that > f(n)n™* converges for all s with o > oy,
and we let o, = inf{o : Y f(n)n™® < co}. The estimate () also implies that for
an arbitrary constant R > 0 the Dirichlet series > f(n)n™* converges uniformly in the
region R = {s : 0 > o¢ and |t — to| < R|o — o¢|} since the expression in the parentheses
of () is bounded by 2 + R which is independent of s.

To obtain some more analytic properties of Dirichlet series, we require the following

fact in complex analysis (see §5.2 in Chapter 2 of [13]).

Lemma 2.9. Let (f,) be a sequence of analytic functions on a region Q2. Suppose that
(fn) converges uniformly to a function f on every compact subset of Q. Then f is
analytic on Q, and the sequences of derivatives (f],) converges uniformly to f' on every

compact subset of ).
Applying Lemma @ to the sequence of partial sums, we have the following theorem.

Theorem 2.10. A Dirichlet series F(s) = > f(n)n™* is locally uniformly convergent
and is analytic for all s in its half-plane of convergence o > o.. The same statement
also holds for its differentiated Dirichlet series F'(s) = —>_ f(n)(logn)n=*.

Applying Theorem to f(n) = 1(n), we have

=Y lofsn for o > 1. (2.12)

n=1




10

Taking logarithms in (@) and then noting that —log(1 — z) = S_3° | 2¥/k for |2| < 1,
we yield

log (s Zlog(l—) szk for o > 1. (2.13)

P k=1

Differentiating (), by means of Theorem , gives

Zzlogp _i@ for o > 1. (2.14)

p k=1 n=1

By virtue of Theorem @, (@), () and (), we obtain the identity
logn =" A(d). (2.15)

d|n

2.2.2 Summation formulae and some useful estimates

We turn to introduce two basic tools in analytic number theory: Abel’s summation
formula and the Euler-Maclaurin summation formula. Several estimates of arithmetic
functions that will be used in proving our main results are also provided in this subsec-

tion, and some of them can be derived from those summation formulae.

Theorem 2.11 (Abel’s summation formula). Let (a,) be a sequence of real or complex

S~

nlx

numbers. Define

Let f be a continuously differentiable function on the interval [y, x| where x and y are

real numbers with 0 <y < x. Then

S anf(n) = Al) @)~ AW )~ [ A () du (2.16)
Yy

y<n<z

Proof. Let M = [y] and N = [z]. The idea of the proof is that we can write

N
Y anf(n)= > (A(n) - A(n—1))f(n)
y<n<lz n=M+1
N
= AN)F(N) = AM)F(M)+ > Aln—1)(f(n—1) = f(n)). (2.17)
n=M+1

We refer to this method as partial summation or summation by parts. Since A(n — 1) is



11

constant in the interval [n — 1,n), the sum on the right of () becomes

N n N
- > A(n—l)/nlf(u)d Z (u)du:—/M A(u) f'(u) du

n=M+1 n=M+1""" 1
(2.18)

Since A(u) is constant for all w € [N, z], the first term in () is

A(x)f(x)—/ A(u) f(u) du. (2.19)

y
AW = | AW @ du (220)
The assertion follows by substituting (}213), (}Zlﬁb and (l22d) in (}217|) O

(]

Instead of using partial summation, it is much more convenient to derive (R.16) by

means of the Riemann—Stieltjes integral (see Appendix A in [L0]) to express

anf(n / Fu)dA(u (2.21)
y<n<x
The equation () immediately follows by integrating () by parts. Note that if =
and y in () are both integers, then we may choose any real number in [y — 1,y) to
be the left endpoint, and any real number in [z, + 1) to be the right endpoint without
affecting the value of the integral. In many cases, it is useful to consider the integral
from y — € to « where € > 0 is arbitrarily small. For convenience, we shall write f;,
instead of lim, o+ ym_a.
Now, we suppose that f is continuously differentiable on the interval [y, z], and we
let a,, = 1 for all n so that A(z) = [z]. Using (), we obtain

/ f(u / () du — / " fu) dfu)

Integrating the last integral by parts, we have

y<n<z

[ fwatut = @)t - st - [ asw.

Since f € C*([y,]), the integral on the right is f;{u}f’(u) du. Therefore

/f Ydu — f(e) e} + ) () + / {u} f'(u (2.22)

y<n<x
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The last integral can actually be repeatedly integrated by parts if f is continuously
differentiable up to higher order. To generalize the formula (), we introduce the

sequence of polynomials (B, (x))n>0 satisfying the following conditions:

By(x) =1, (C1)

(%Bn(;r) =nB,_1(x) forn >1, (C2)

/1Bn(x)dx:0 for n > 1. (C3)
0

The polynomials By, (x) are called the Bernoulli polynomials. Alternatively, we may

represent By, (z) by the equation

(o)

ze"? B, (z) ,
ez—lznz:% T2 for |z|] < 2.
By integrating (@), we find that
B,(0) = B,(1) forn > 2. (2.23)

We define the Bernoulli numbers as B,, = B,,(0) for all n > 0. It can be deduced from

(cd) that

n

Bux)=Y" (Z) Bya™" for n > 0. (2.24)

r=0

Taking x =1 in () and then using (), we obtain

L] n
B, = Z (T)BT for n > 2. (2.25)

The equation () provides a recursion formula for computing B,_1 in terms of By,
Bi, .., B,_s. The first five Bernoulli polynomials are shown below:

1 ) 1

By(z) =1, Bi(z)=z— 2 By(z) =" —z+ 3

3 35,1 4 3 2 1

Bs(z) =2° — 2+ -z, By(r)=2"—22"+2z ~ 35

These polynomials can be computed by using () together with ()

Theorem 2.12 (Euler-Maclaurin summation formula). Let k be any positive integer.

Suppose that a function f is k-times continuously differentiable on the interval [y, x]
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where x and y are real numbers with 0 <y < x. Then

K j ‘ :
Z f(n / <>du+Z(_jf (B{=h @) - B({wh 9 ™0w) (2.26)
Tl ORI LD

T

Proof. We prove by induction on k. The case k = 1 is exactly the same as ()
Suppose that f € C*¥T1([y,z]). Integrating the last integral of () by parts yields

1
17 (Bt @) = Beaahr ) - [ Bl s au).
which proves the inductive step. O

We now give an approximation formula for n! by applying the Euler-Maclaurin

summation formula to f(u) = logu with y = 1, z = n and k = 2 so that

1 1 1 [
logn! =nlogn —n+ = 4 logn + C + TN 5/ Bo({u})u=2 du, (2.27)
n

where

1oEepee L
C——1~2-+2/1 By({u})u™* du

Exponentiating () gives

= (g)n N (1 +0 <i>) . (2.28)

Next, we show that C' = log v/27 by using the product formula for the sine function:

sinmz i 22
= 1—— 2.29
- 2] ( n2> (2.29)

(see §3.2 in Chapter 5 of [13] for the derivation of this formula). Taking z = 1/2 in

(-29) yields

1:[ < 4n2> (2.30)

known as the Wallis product. The right-hand side of () is equal to

lim (2n +1)(2n)!?

Jim S (2.31)
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Combining () and () and then using (), we find that

2 om+1 ((2n)2re=21y/2neC)? 1)
~ i 2001 (0RO ‘(1+0<>) e
n

T n—oco 24n (nne—n\/ﬁeC)‘1

which establishes Stirling’s formula:

n! = (Z)"\/%<1+O <:L>> (2.32)

Next, we shall use the Euler—-Maclaurin summation formula to show that the Riemann

zeta function can be extended meromorphically beyond the half-plane o > 1.

Theorem 2.13. Let x > 1, 0 > 0 and s # 1. Then

()= : S+ {} s/ iﬁl (2.33)

n<x

Proof. We write ((s) =3, <,n "+ >, n ° for 0 > 1. The latter sum is

/ u fdu+{z}z™° - s/ {u}u*"1 du

by () The former integral is #!=%/(s — 1). The latter integral converges absolutely
for ¢ > 0, and uniformly for ¢ > § > 0. Also, it is an analytic function of s for ¢ > 0.
Thus the equation () holds for ¢ > 0 by analytic continuation. O

Taking z =1 in (), we obtain

s—1 us—‘rl

((s) = A 8/100 i du for o > 0. (2.34)

By using (), we can generalize () to all positive integers k as

1 b B; (s+1 s+k—1) [ Br.({u
C(S)z b ZQH (s+1)— 1) kf i )/1 ];(Sik})du

=0

We now notice that the first term on the right has a simple pole at s = 1 and (s—1){(s) —
1 as s = 1. Also, the integral is analytic for ¢ > 1 — k. We can let k be arbitrarily large
so that the function ( can be analytically continued into the entire complex plane. The

following corollary gathers the facts discussed above.

Corollary 2.14. The Riemann zeta function has an analytic continuation into the entire

complex plane except for a simple pole at s = 1 with residue 1.
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In the remaining part of this subsection, we collect some estimates of arithmetic

functions needed in the proof of several results given in Chapter E

Theorem 2.15. For x > 1,

1 1

(i) $ 5 =lesa+r+0(),

g 1zl _

(i1) ZEII_S-F{(S)—FO(x ) foro>0ands #1,

n<x

1
(iii) Y, — <a'™7 foro>1,
n

n>x

s+1

x
v n® =
()n% p—

+O(z%) foro >0,

where v is the Euler—Mascheroni constant (also called Euler’s constant ), defined by
y=1~ / {uyu=?du = 0.5772156649 . . ..
1

Proof. The estimates (H) and () are immediate consequences of Theorem . Taking
f(n) =1/n in (.22) yields
1 *d v
Z—l—i—/ I Y s C (2.35)
1

n u x 1 u?
n<x

The former integral is logz. We express the latter integral as floo — fxoo. The integral
[7{u}u"? du and the penultimate term of () are < 1/x. This proves (H) To prove

(0, we take f(n) = n* in (£23) to give
Z n®=1+ /I wdu—{z}x® + s /x{u}us_l du.

n<e 1 1

The assertion follows by noting that the former integral is 27! /(s 4 1) + O(1), and the

last two terms are < z. O
The following theorem is due to Mertens in 1874 (see Theorem 2.7 in [10]).

Theorem 2.16 (Mertens). For xz > 2,

(i) 2

1 1
—loglogac—i—ﬁ—i—O( ),
p<z P

log

(i) Tl <1 - ;)1 — g+ O(1),

p<z

where B =y — Zp ZZOZQ(k‘pk)_l.
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We now let A(z) =3, 1/p. Then, by Theorem (H), we may express A(z) =
loglog x + 8 4+ R(z) where R(z) < 1/logz. Thus we have

Z 1 _/°° dA(u) _/OO dloglogu+/°° dR(u)
plogp ), logu /., log u . logu

p>x

The penultimate integral is [° (u(log u)2)71 du = 1/log z. The last integral is —R(x)/ log x+
[ (u(logu)?) ' R(u) du < 1/(log z)2. Therefore

1 1
. 2.36
Z plogp < log ( )

p>x

~

Letting  — oo in (R.3(), we see that the sum on the left approaches 0 and thus we

obtain the following corollary.
Corollary 2.17. The series > (p logp)~! is convergent.

The following theorem gives a minimal order for ¢(n) (see Theorem 2.9 in [10]).

4Vl e’"+0 ! .
loglogn loglogn

Theorem 2.18. For n > 3,

p(n)

Theorem 2.19. For x > 2,

n @B s
Bt oz e)

Proof. We first observe that n/¢(n) = >4, 1(d)? /p(d). To see this, we let Q denote the

set of square-free integers, and suppose that n has a prime factorization n = Hp|n pp

We find that

(d)? 1 1 PP n
S =2 g = (=) =11 = Sy
2 o)~ 2 pl) L (1+,59) e (1-1) A
deQ p

Then for x > 2,

n p(d)” MONE wd)? x
> = 22wy =2 iy L) =2 o (a+om)

= v(n)
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The last term is < J],, (1 - 1/p)~! <« logz by Theorem (H) We now split the

sum of the penultimate term as Y 52, — > ;... The latter sum is

u(d)2 1 loglogd  loglogx
2 oty € 2= do(d) D mE <,
d>x d>zx d>zx

by Theorem m and Theorem () The former sum is

o~ 1) _ Lo Pl R)KE)
2 do(d) 11 <1 B 1)> N 1}29(192 -DE*-1)  C6)

d=1 p

The proof is now complete. ]

For any arithmetic function f, the variance of f is defined as

o == S (f) — g,

n<x
where f1f is the mean value of f, given by
1
W > fn).
n<x

We now estimate the mean values and the variances of the functions w and Q. We first

give an estimate for the mean value of w by considering

EOEDREDS [;] 23+ Oln(a).

n<w n<z pln p<x p<zx

Here m(z) = >_ <,
function. Using Theorem (ﬂ) and the crude bound w(x) < 37 1 < z (we shall

give some better approximations to 7(x) in the next subsection), we obtain

1, the number of primes not exceeding x, called the prime-counting

Z w(n) = xzloglogx + O(x). (2.37)
n<x
The equation () can be interpreted probabilistically that if n < x is chosen uniformly
at random, then we would expect n to have approximately loglogx distinct prime di-

visors on average. The following theorem gives a bound for the variance of w, due to
Turdn in 1934 (see Theorem 2.12 in [10]).

Theorem 2.20 (Turén). For xz > 3,

Z(w(n) —loglog )? < zloglog . (2.38)

n<x
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We now consider

x 1
Z(Q(n)—w(n)):221zzz [pa] <<a:;p(p_1)<<x.

n<z n<z pin P a>2
a>2

Also, we have

COEFOIES 9 FEHIEIED I M EE

a,b
n<z P a>2 P1:P2 q,b>2 PPy
P17£P2

The former term on the right is <z (3p —1)/(p(p — 1)?) < 2. The latter term on
2
the right is < x (Zp 1/(p? — p)) < x. Thus we have proved that

Y @Qn) —wm)f <z ifk=1,2

n<zx

This deduces that () and () also hold if w(n) is replaced by Q(n). Consequently,

we obtain the following statement, due to Hardy and Ramanujan in 1917.
Corollary 2.21 (Hardy-Ramanujan). For almost alln < x,

lw(n) — loglog x| < (loglog )*/?+¢

for every € > 0. The same result also holds if w(n) is replaced by Q(n).

2.2.3 Distribution of prime numbers

Because of the randomness of primes, it seems useless to find any explicit formula for
m(x) which can be computed effectively. Instead, it is much more sensible to concern
the asymptotic behaviour of m(z) when = becomes large. Legendre conjectured in 1798
that m(z) =~ z/(Alogx + B) for some constants A and B, and then refined in 1808 by
proposing that w(z) ~ x/(logx — 1.08366) (we shall discuss later that Legendre was

misled about his constant when & — 00). This suggests that

()
x/logx

—1 asx— oo. (2.39)

It is usual to represent such behaviour by writing f(x) ~ g(x) to indicate that f(z)/g(x) —

1 as = tends to its limit. Thus we can reformulate () as

X

7(x)

~ . 2.40
log ( )



19

This statement is known as the prime number theorem. It was first proved independently
by Hadamard and de la Vallée Poussin in 1896, based on the non-vanishing of ((s) on
the line o = 1 (see Chapter 3 of [14] for more details). A quantitative form of the prime

number theorem is given by

n(z) = 10; +0 <(10g2)2> . (2.41)

Chebyshev was the first one who made an important contribution to proving the

prime number theorem. In 1848, he showed that

: ()
<1 < limsup .
z—oo x/logx oo x/logx

(2.42)
However, he was unable to prove the existence of the limit ()

Proof of () Let limsup 7(z)/(z/log z) = a, and let € > 0 be arbitrary. Then there
exists xo such that m(x) < (a + ¢)z/logx for all © > xy. We see that

U ulogu

S [ <) [+ 00) = (ko) logloga +0.01)

p<z

By Theorem () we obtain a 4+ ¢ > 1, and so @ > 1 since € can be arbitrarily small.
Similarly, we also have liminf 7 (z)/(z/logz) < 1. O

In 1850, Chebyshev introduced

Y (z) = Zlogp and ¥(x) = ZA(n)

p<z n<z

He proved that for z > 2,
6 2
Az + O(logz) < 9(x) < gAx + O ((log z)?) ,
where A = log(21/231/351/530~1/30) = 0.9212920229.. . ..

Theorem 2.22 (Chebyshev). Forz > 2, ¢(z) < z.

Here we write f =< g to indicate that f and g have the same order of magnitude,

i.e., both f < g and g < f hold. We next consider

P(z) —I(x) = Z logp = Z I(z*) < 21?4+ 2B loga < V2. (2.43)
P

k<g 2<k<logz/log?2
£>2
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Also, we have

m(x) =

T dd(u)  V(x) +/x I(u)
o— logu  logz = Jo- u(logu)?
The penultimate term is ¢ (z)/log z + O(z'/?/ log ) by () Since ¥(u) < ¥(u) < u,
the last integral is < [~ (logu)™? du < z/(log z)?. Therefore

r(z) = 2@ +O( v 2). (2.44)

- log x (log x)

The following statement can be deduced from Theorem , () and ()
Corollary 2.23. For z > 2, 9(x) < x and w(z) < z/log x.

We now prove that the correct value of Legendre’s constant, the number 1.08366,

must be exactly 1. Suppose that there is a constant A such that
x x
= — . 2.45
m(@) logz — A +O<(logm)2> (243)
The equation () can be reformulated as

m(x)

+ (A+0(1))

(2.46)

" logz (log z)?"

Let us consider

I x) = /m logudm(u) = w(z)logx — /w 7r(uu) du.

29—

By using (R.46), we find that the penultimate term is « + (A + o(1))z/log z, and the

last integral is

T du T odu
/2 +Aa+o) | gz = (1 0(1)

~ logu 9 logx

Thus we obtain

Y(x)=x+(A—-140(1))

by means of () By using (), we see that
oy

2- u?

. 24
log (2.47)

u= [ SEramtro) [T~ o+ (A= Lbo(1)) logloga. (245)
2 2

_u — ulogu

We now want to derive a formula for the leftmost integral in a different way. Consider

S logn =YY A@d) =Y Ad) [ﬂ =z Agld) +O(¥(2)).

n<x n<z dn d<z d<z
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Note that the first equality is obtained by () The error term is < x by Theorem
. The leftmost sum is xlogz — x + O(log x) by using () Thus we have

Z Afzn) =logz + O(1). (2.49)

n<x

The sum on the left is [;* v dy(u) = [, (u)u=? du+ O(1). It follows that

x
Y(u)
By comparing (R.4§) with (), we conclude that A = 1, correcting Legendre’s con-
stant.
In 1792-1973, Gauss observed that the density of primes in the neighborhood of x
is approximately 1/logx. This led him to propose that a better approximation to 7(x)

is

(7)) ~ /j 1oiuu = li(x). (2.51)

We call the function li(x) the logarithmic integral. A sharper quantitative form of the

prime number theorem is

(z) = li(z) + O <;n exp (~C/logz)) (2.52)

for some absolute constant C' > 0 (see Theorem 6.9 in [10]). By integrating the integral
in () by parts N times, we yield

N
. IWE (n=Dt o
i) = g (Z (log a1 ¢ <(1°gf”)N>> |

n=1
This shows that the error term in () cannot be sharper than O(x(logz)~2) because

li(x) contains the term z(logz) 2.

For every integer k > 1, we denote by 7 (z) the number of positive integers n < z

with w(n) = k. It can be shown that

z(log log z)*~1

mh(z) ~ Th-T)iogs (2.53)

The same result also holds if w(n) is replaced by Q(n) (see Theorem 437 in [4]). Note
that the asymptotic relation () in the case k = 1 is exactly the same as ()
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2.2.4 Primes in arithmetic progressions

The infinitude of primes in the arithmetic progression of the form ¢k + a with (a,q) =1
and k > 0 was first studied by Dirichlet in 1837. He introduced the Dirichlet characters
modulo ¢, which are defined as the extensions of group homomorphisms Y : (Z/qZ)*

C* to all n € Z by setting

As above, we see that the multiplicative group (Z/qZ)* of reduced residue classes modulo
q has exactly ¢(q) Dirichlet characters, each of which is completely multiplicative and
has period ¢. That is, x(mn) = x(m)x(n) for all m,n and x(n + ¢) = x(n) for all n.

Also, we have the orthogonality relation

1 if n=a (mod q),

1
@ 2 M@xn) = | (2.54)
XE(Z]qL)* 0 otherwise.

Here (m % denotes the set of all Dirichlet characters modulo q.
Let x be any Dirichlet character modulo q. The Dirichlet L-function is defined for
o >1by

o x(n)

L(s,x) = —

n=1

Since x is completely multiplicative, it follows from (@) that

L(s,x) =] (1—&5»_1 for o > 1.

p p

Let xo denote the principal (or trivial) character, which is given by xo(n) = 1if (n,q) =1

and 0 otherwise. Observe that

1 1
L(s,x0) Z i H(l—p) for o > 1.
n=l plg
(n,q)=1

Then, by Corollary , the function L(s, xo) is analytic for o > 0 except for a simple
pole at s = 1 with residue ¢(q)/q. For x # xo, we have ‘an (n)‘ < ¢(q) for all

x > 1. Note that »_ f(n)n™" converges for ¢ > 0 if the partial sums »_ _  f(n) are

bounded (this can be proved easily by taking sp = 0 in Lemma @ and then letting
a — oo in ()) Therefore L(s,x) is analytic for o > 0 if x # xo. By applying
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Theorem to f(n) = x(n), we have

n)l
—L'(s,x) Z x(n og for o > 1. (2.55)

In fact, the equation () holds for ¢ > 0 if x # xo.
Suppose that (a,q) = 1. The existence of infinitely many primes in the arithmetic

progression ¢k + a can be proved as a consequence of the asymptotic estimate

A(n) 1
— = logx + Og4(1). 2.56
ng; n SD(Q) Q( ) ( )
n=a (mod q)

The sum on the left can be expressed as

Z log p £ Z log];p'

p<z A pF<z p
p=a (mod q) k>2
p=a (mod q)

Note that the latter sum is <73 log p/(p* — p) < 1. Thus we have

log p 1
=5 logz 4+ O,4(1).
2 P pq) o)

pz
p=a (mod q)

This implies that there are infinitely many primes p = a (mod q) since logx — oo as
x — oo. To prove (), we use the orthogonality relation () to obtain

S A g S = @ S K

n<x n<z n<z
n=a (mod q)

The contribution of the principal character is

SR - 5 A ST 5 R g 0,00

n<x n<x n<x pk <z
(n,q)=1 plg

by using () and noting that the last sumis < 3° , logp/(p—1) <4 1. It is therefore

sufficient to show that
> X <<x 1 if x # Xxo- (2.57)

n<x
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To prove (), we suppose that y # xo and then consider

ZX logn:_ ZX logn (2.58)

n<x n>x

Let S(z) = >_, <, x(n). The sum on the right of () is

/ loguds(u)__S(a:)logm_/ (1 —logu)S(u) du <, loia:

U x u?

by noting that S(z) <, 1. By using (), we have the sum on the left of () is
S XS A -y M2 5 XA 57 X
n<x d|n qd<zx d<z q<z/d

We express the rightmost sum as L(1, x) — >_,-, /4 x(¢)/q. Note that

x(@) _ (> dSw) _ S/d) (> Sw) _ d
> /m/d A +/ du < —.

¢>x/d z/d u?

Therefore

Z (n logn ey Z @@ Lo, <¢§;’3)> . (2.59)

The error term is <, 1 by Theorem - Combining (E a) and (ﬂ ) yield

Lty Y. X2 x(n <<X 1 if x # xo. (2.60)
n<z
We now notice that the factor L(1, x) in () can be dropped to obtain () provided
L(1,x) # 0 for x # xo. Thus the following theorem plays an essential role in the proof
of Dirichlet’s theorem (see Theorem 4.9 in [10]).

Theorem 2.24 (Dirichlet). If x is a non-principal Dirichlet character, then L(1,x) # 0.

Let us introduce

m(x;q,a) = Z 1 and ¥Y(z;q,a) = Z A(n).

p<z n<z
p=a (mod q) n=a (mod q)
That is, the function 7(z;q,a) counts the number of primes not exceeding z in the
arithmetic progression gk + a where k > 0. The prime number theorem for arithmetic

progressions asserts that if (a,q) = 1, then

(w: 0, a) : -
m(x;q,a) ~ ———— as T — 0.
¢(q)logx
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The following theorem represents the quantitative form of the prime number theorem

for arithmetic progressions (see §11.3 in [L0]).

Theorem 2.25 (The Siegel-Walfisz theorem). For any A > 0 with 1 < q < (logz)?
and (a,q) =1,

Y(z;9,0) = ﬁ + 04 (a: exp (—C\/@))

for some absolute constant C' > 0.

We also have the following theorem as a consequence of Theorem .

Theorem 2.26. Under the assumption of Theorem , we have

m(z;q,a) = 2((3 + 04 (:c exp <—C\/@)>

for some absolute constant C' > 0.

2.2.5 Generalized Gauss sums

A generalized Gauss sum is an exponential sum of the form

S(a,q) =) e <§) : (2.61)

n=1
where k > 2, ¢ > 1 and a is an integer relatively prime to ¢q. Gauss showed that for any
positive integer g,

;

(1+14)y/q if ¢=0 (mod 4),

( )
n2 O Va if g =1 (mod 4),

2o () - rrmvi-
=1 N1 ! 0 if g =2 (mod 4),
i\/q if ¢ =3 (mod 4)

This shows that S3(1,q) < /g. More generally, we have the following estimate which
holds for all positive integers k and ¢ (see Theorem 6 in [[7]).

Theorem 2.27. Let k and q be positive integers. If (a,q) = 1, then Sk(a,q) < ¢*~/*.

The above estimate also holds if the sum in () runs through all positive integers

n not exceeding ¢ with (n,q) = 1. To see this, we consider

q k q k q k
Z an Z an Z Z Z an
n=1 1 n=1 7 dma dlq n=1 1

(n,q)=1 n=0 (mod d)
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by using () The rightmost sum is

() o $e (), 26

For each prime divisor p of ¢, let [, denote the unique integer such that plr | ¢ but
pl»tl § g, and let oy, = min{k,l,}. It is easy to see that (ap¥,q) = p®. Consequently,

we have

((:Ldk7 q) = Hpap =Py

pld

for any square-free divisor d of ¢. If we let b = ad*/P; and ¢ = q/Pg, then (b,q) = 1

and the sum () becomes
S () S Base ()
i) az\7)

m=1

The equality above follows from the fact that the function e(6/q) has period ¢q. Therefore

4 ank
d e (T) = &‘Zﬂsk(b, 7). (2.63)
(=1 dly

The sum on the right of () is

_ d — (o _
<Y M;)(Pd)l/k | (1 _pa ,,/k)) < gV
dlq plg

by Theorem . This establishes the following result.
Corollary 2.28. Let k and q be any positive integers. If (a,q) = 1, then

1 CLTLk
()

n=1
(n,g)=1

Remark. By applying the equation () to the case k = 1, we obtain the identity

n=1
(n,g)=1

provided (a, q) = 1. The function ¢4(a) is known as Ramanujan’s sum.



CHAPTER I11

UNIFORM DISTRIBUTION OF ARITHMETIC MEAN
OF i TH POWER OF PRIME DIVISORS

In the previous chapter, we discussed several criteria for determining whether or not a
given sequence is uniformly distributed. One may use Weyl’s criterion (Theorem ) to
obtain the uniform distribution of the sequences (pi(n)) and (pg(n)) for any fixed k by
showing that for every integer a # 0 the asymptotic size of the associated exponential
sums ), oy e(aug(n)) is o(N) as N — oo, where ug(n) = pg(n) or pg(n). In fact, we

shall prove the following statement, based on the same techniques as described in [2].

Theorem 3.1. Let k > 2. Suppose that N s sufficiently large. Then

la| N

—_— 3.1
(loglog N)1/k (3:1)

N
> elapr(n)) <

n=1
holds for every integer a # 0. The same estimate also holds if px(n) is replaced by pi(n).

Another criterion is to compute whether or not the discrepancy D(N) of a given
sequence approaches 0 as N — oo (see Theorem @) For any positive integer k, we
denote by Dy(N) and Dy(N) the discrepancies of the sequences (pg(n)) and (7x(n)),
respectively. The following theorem gives a bound for the discrepancies Dy(N) and
Dy(N).

Theorem 3.2. Let k > 2. Suppose that N is sufficiently large. Then

log log log N loglog log log N

Dy (N
HN) < (Voglog N)1+1/k

(3.2)

The same estimate also holds if Dy(N) is replaced by Dy(N).

By dividing both sides of (@) by N and then letting N — oo, or by taking N — oo
in (@), we conclude that the sequences (px(n)) and (px(n)) are uniformly distributed
for all £ > 2, and hence for all positive integers k by the previous results (ll:l]) and (@)
from [2].

To prove the preceding theorems, we require the following auxiliary lemmas.

Lemma 3.3. Let 0 < X\ < 1. Suppose that x > 1 is a real number, and n is a positive
integer with (1 — XNz <n < (1+ XN)x. Then

n—1

(T‘f_ oy <o \;Eexp(x) exp <—W>
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holds for any fized real number o > 1/(log4 — 1).

Proof. Let £ = n/x. The assumption together with Stirling’s formula () give

xnfl "

1) S 217m p(n)e" (1 o <:L>)

< \}5 exp(z) exp (—x€ log &) exp (—g (1-— 5)2> exp (—g (1 — 52)> )

It can be shown that for any fixed real number o« > 1/(log4 — 1), the function

1 1

© = 3@ - (5= +) (€~ - €long

defined for ¢ € (0,2) has a unique global maximum at & = 1 with f,(1) = 0. This
implies that

X

C - ew (-5 (1-8)) <ae (-2 (1-€?).

x
exp (—xz log &) exp ( -

The proof is now complete. O

Lemma 3.4. Let 0 < A < 1 and xz > 2. Then there exists a constant A depending on \
such that

3 Z(n) = Az' 4 0(1).

n<x

Proof. Tt can be derived from () that

Zwtw2”+vm2”1m
p(n) p(n) - p(n) | ultr =

n<x n<x n<u

Using Theorem , we can express the right-hand side as

_ log x T T logu
1-X A
_ -
where o = ((2)¢(3)/¢(6). The penultimate integral is z'=*/(1 — \) + O(1), and both
error terms are < 1. Thus the sum in question is az!=*/(1 — X) + O(1). O

For any real number a, we define o4(n) = 3_y, d*, called the divisor function.

Lemma 3.5. Let 0 < A< 1,z >3 and \/xr <y <z. Then

o1_x(n loglog x
> <

r<n<z+y
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Proof. Let us consider

Z g1-A(n) _ del—)\

r<n<z+y (p(n)

IA
7
2
/gr—t
N
S
s
4
—
Q3
~
S
N————

r<n<z+y d|n
d<v2z
1-A 1 (1-2) n'~A
= Y - Ly g
> ot 2 2 o
d<+2zx z<n<w+ty d<v/2z z<n<z+y
- n=0 (mod d) - n=0 (mod d)
(3.3)

1 loglogn loglog x 1

r<n<zty r<n<aty o)d<q<(z+y)/d I
n=0 (mod d) n=0 (mod d)

The last sum above is < log(1 + y/z) < y/x by means of Theorem () Thus the
former term in (@) is

< yloglog x Z PRz yloglogx(f)lf/\ _ yloglogx

= A €T -z - -
% T+x
T (V)

where the second bound is obtained by Theorem (H) Again, by Theorem , we
yield

nl=A loglogn  loglogx I\
S Ty belen s

r<n<z+y z<n<z+y z/d<q<(z+y)/d
n=0 (mod d) n=0 (mod d)

Using Theorem (H), we have the last sum above is

x\ 1= Y 1-X Y 1 1=A
f 1 7) 1)< () .
<707 =5 ()
Hence the latter term in (@) is

< ylogiog:c Z N « ylogloga:(\/g)f(k” _ yloglog x

X I+A
¥ s x (V)
by virtue of Theorem (H) The proof is now complete. O

We are now in a position to prove Theorem @ and Theorem @
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3.1 Proof of Theorem 3.1

We proceed analogously to the proof of Theorem 1 in [2]. Let P, denote the largest
prime factor of n > 2 and set P, = 1. Let Q = NV%, where
2logloglog N

= ) 4
“ log log log log N (34)

We define four sets of positive integers as follows:
L 51:{n§N : PngQ},
. ng{nSN :né¢ & andPn2|n},

e & ={n <N : |w(n)—loglog N| > dloglog N}, where § > 0 is a sufficiently small

absolute constant,
o &4={n < N/loglog N}.

As we defined above, it can be easily deduced that if n is a positive integer not exceeding
N with n ¢ U?Zl &;, then the integer n can be uniquely written as n = mP,. In this

situation, we have m < N/Q and P, € L,,, where

N

Ly = P, —
" max{Q, "™ mloglog N

} and Lo = (L, N/m].

Next, we define
4
. 55:{n§N:ngﬁUi:lé’iandLm:Q},
_ ; 5 _
. 56—{n§N : ngéUi:l&-andLm—Pm}.

Let £ =%, &. Tt was already shown in [2] that

#E (3.5)

< loglog N~

However, we shall intentionally repeat the argument in the next subsection for the sake

of completeness.

3.1.1 The exceptional set £

To prove (@), it suffices to show that #&; < N/loglog N holds for each 1 <i <6.
Let S(z,y) denote the set of positive integers not exceeding x all of whose primes

factors are not exceeding y. That is, S(z,y) = {n <z : P, < y}. Such integers n are
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called y-smooth. Let ¥(x,y) denote the cardinality of the set S(x,y). In 1930, Dickman
proved that for any fixed real number u > 0 there exists a function p(u) > 0 such that

U(z, 2" ~ 2zp(u) as z — oo (3.6)

(see Theorem 7.2 in [10]). The function p(u) is known as the Dickman—de Bruijn rho

function. It can be shown that

p(u) = w0 +oW) 454 — 0o (3.7)

(see [3] or [p] for more details). Applying (@) and (@), we obtain

N

_ O(N NV o Ao o N
& (N, ) < Nu <<loglogN’

where u is defined as (@) As for &, it can be easily seen that

#£2<Z[ }<NZ~<NZ <<—< logIJZgN’

p>Q >Q n>Q

where we have used Theorem () By using Turan’s estimate () we have

N

< 4 = C e N
#E3 < (6loglog NV) Z (w(n) —loglog N) loglog N

n<N

It is clear from the definition that #&; < N/loglog N. To estimate #&5, we note that
N/(mloglog N) < L, = Q) < N/m, and hence

N N

Let m(L,,) denote the number of primes in the interval £,,. Since each n € & can be

uniquely factorized as mP, for some prime P, € L, = (Q, N/m] and some m € .#, we

N N
#E5 < Z (L) < Z T (m) < mgflmlog(lv/m)’

meN meM

yield

where the last bound follows from Corollary . The last sum above is

N N
logQ Z “log0 <10g <Q> ~log <QloglogN)>

N logloglog N 2N(logloglog N)? N
log Q log N loglogloglog N loglog N’
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where we have used Theorem (ﬂ) As for &, we observe that

N S = Q

Py =Ly > > .
mloglog N — loglog N > loglog N

If we let p1 = P, and ps = P,, then we see that the set & contains positive integers
n < N composed of two distinct primes p; and py such that p; > @Q/loglog N and
p1 < p2 < p1loglog N. Fix p; and pa. The number of positive integers not exceeding N
which are divisible by p; and py is [N/(p1p2)] < N/(p1p2). Therefore

#HE; < N Z 1 Z L

1 2
p1>Q/loglog N p p1<p2<p1 loglog N p

Using Theorem (H), we have the inner sum on the right is

1 log log log N'
><<Og°g0g.

log log(p1 log log N} —log 1 %)
oglog(py loglog N) — loglog p1 + (logpl log p1

Thus we obtain

#E < N logloglog N

1 N log log log N
Z < og log log

p>Q/loglog N plogp log(Q/ loglog N)

by using the estimate () The last term is < N logloglog N/log Q) < N/loglog N,
which proves (@)

3.1.2 The remaining n

We now define NV to be the set of positive integers n < N which do not belong to the
exceptional set £. The estimate (@) gives

N
> elap(n) = Y- elap(n) +0 (oo ) (35

= loglog N

Moreover, we note that each n € N can be uniquely written in the form n = mP,,

where

Pneﬁm:( N N]

mloglog N m
Let M be the set of all acceptable values for m. That is, the set M contains an integer

m for which m < N and n = mP, for some n € N. For every integer v > 1, we define

Ny={ne~N :wh)=v} and M,={meM: w(m)=uv}.
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Let
h=(1-¢)loglogN and H = (1+0)loglogN.

It can be seen that for h < v < H, there is a one-to-one correspondence between the
element n of N, and the element P, of L,, for some m € M,_;. Consequently, for
h <v < H, we obtain

#Ny = D w(Lm). (3.9)

As discussed above, we have

delapen) = D> D elappn)= > > > elapr(mPn)

neN h<v<H neN, h<v<H meMy_1 Ph€Lpm

e <u‘”> Pgm%“?’v
< 25 S

k
= ) : (3.10)
v
h<v<H mEMy_1 PhE€Lm

To estimate the innermost sum on the right of (), we let b = a/(a,v) and v, =
v/(a,v). Note that (b,v,) = 1 and for £ > 0,

N g
v <v < H <2loglogN < (logQ)® < (log | ————— .
mloglog N
Applying Theorem together with () and noting that P, = d (mod v,) implies
P,k = d* (mod v,), we deduce that for z > @,

3 e(ank> _ ﬂ(x)e<bd’“>+o<$exp (—C\/@))

Prez Vg, SO(Ua) Vg
Pn,=d (mod vq)

for some absolute constant C' > 0. Summing over d € (Z/v,Z)*, we find that

S o) =20 5 (%) 0 (e (~0vioga)).

v, V) v
P,<z a #(va) 1<d<vq @
(dyva)=1

Consequently, we have

Pn;me (bfzk> _ 7;(5):)) 13;3@ o (f) +0 <mexp E’éf\\]/@» . (31)
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The sum on the right is < (v4)'~'/* by using Corollary . Inserting () in ()
and using (@), we find that the right-hand side of () is

(va)lfl/k
< Y P H#N p— C\/k)gT dw Z — (3.12)

h<v<H #(va) h<v<H menN

The penultimate sum is < (loglog N)? by Theorem (B), and the last sum is < log N
by Theorem () We now observe that

o=y I (13) 2o L0 -) = oy = G ow

| (ai,)v) plv

Thus the former term in () is <|lal > pcpenm (vl_l/k/cp(v)) #N,,, and the latter term
in () is < NlogN(loglog N)?exp (—Cv/Iog Q) < N/loglog N. Using the trivial
bound #N, < 7,(N) together with the asymptotic estimate (), we obtain

(3.14)

la| N Z v =1/% (loglog N)v—! N
—1\! )
= logNthSH o(v) (v—1)! loglog N

By applying Lemma @, we have

(loglog N)v—1 & log N - (v—log log N)?
(v—1)! Vioglog N 3loglog N ’

For every integer j, we let .#; be the closed interval defined by

;= |loglog N + (j — 1/2) y/loglog N,loglog N + (j +1/2) \/loglogN] .

We find that each integer v in the interval [h, H] is contained in the interval .#; for some
integer j with [j| < dv/loglog N. Hence the sum on the right of () is

logN Z ( 32> pl—1/k
ep (L)
IOglog |71<6v/Toglog N 3 vEI SD(U)

The inner sum above is

1 1-1/k
G (O B B T

by using Lemma @ Note that 72 exp(—32/3) < 1. Thus we have

v!=1/% (loglog N)v—! log N

< : 3.15
h<v<H e(v) (v—1)! (loglog N)1/k ( )
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Combining together the estimates (@), (M) and (M), we obtain (@) If we replace
pr(n) with pg(n), then the function w(n) in the proof will be replaced by (n) and this

will not affect the proof because the estimates () and () also hold for Q(n).

3.2 Proof of Theorem 3.2

By the Erdés—Turan inequality, we find that for any positive integer M,

SHES

1 1Y
Di(N) < — + —
k()<<M+NZ

a=1

N
Z e(api(n ‘ (3.16)
n=1

Note that the replacement of Dy (N) with Dj(N) does not affect the proof since the
estimate (@) also holds for pg(n). The latter term on the right of () is

1 % 1 Ual’l/k#N, " log M
v

—_— (3.17)
-l W 7wt ©(vq) log log N

by () and Theorem (H) Recalling that p(v,) > ¢(v)/(a,v) from () and then

interchanging the order of summation, we see that the former term of () is

11/k M 4

1
SN Z Zfavl/k (3.18)

h<v<H a=1

@

The inner sum in (B.1§) is

1-1/k
Jl/k } < Ak 1 1 <1) l
dzv: 1(%;_% @ dZU: _%S(%S:J\g A “ dzh; d 131;:\4#1 b

The last sum is < log M by Theorem () Thus the right-hand side of () is

log M o1-1/k(v)
« == L LA TENS (3.19)

ot e(v)

Arguing as in the proof of Theorem @ and then applying Lemma @, we find that the

sum in () is

N < j2> o1-1/k(v) N loglogloglog N
Ny e )y N 23
log log N <oy 3 ey o(v) Vioglog N (y/loglog N)

(3.20)



Combining together the estimates (B )7(), we obtain

1 log M loglogloglog NV log M
Dy(N) < — .
k() M (VIoglog N)1+1/k loglog N

The assertion follows by choosing M such that M — 1 < (\/log log N) 117k <M.
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