1 (shear locking)
2 (zero energy mode or

spurious kinematic mode)
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(3.1.1) © 0y
Y, Y
PLAT8
{}=INl {a (312)
{}={ 0X 0yJT
0X = y
Oy - X
N 0 0 n?2 0 0 Ng 0 0
[N = O N, 0 0 N2 0 0 N8 0
0 N, 0 0 n2 0 0 NS
N, = -(1-AX1e ) -- (N #Ng)
4 2
i A
Noo=-(HCxi- ) -(NBNg
4 2
N, =-(I+Cxi+ )--(N6NJ
4 2
N4 = -(1-")(1+ ) - -(N 7N
4 2
N =) (3.13)
N6 =r(1+")(1- 2
N7 = A1+ (142
Ng = -(1-M)(1- 2
2 J
{a}T= { , ©8 oyl 2 ©®2 0y2... * 085 0y8T
PLAT8H
N, N1 (3.1.3)

(3.1.4)
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I+ = —I-"Ki+r)). . (L+Lg--L,

5= . (1 )(1-"2- AL, (314
6= (1+N(1-2 -\

17 = %+r|)(I-C2--"9

Ls =~ (1-MH(12- 2-719

19 = -0-C 2(i+r|?

J
{gr={ 10X 0 e QL Oy 0n@ 000 0.0 Qe
(315 [PL
L
(¥4 = e 31
Y= Y, =[P {a} (CNES)
)74
Yyz yZ
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{a}
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2 e

dr\ 0\ dy
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ac = dx
N a 316
ar|
N

. 8
NN kAky GE)
SRS AN
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dar\ ar|
(312,313 (315 (31)
a tof I\ , e
- 2 E3 "4 kBy+" a'Gdg- -4 : 318
nwe 2 B8 o k) Et{J( =AY @18
kB- [ B> .B Kkdxdy= Jalbk]T[dk][bk]
| / DrBrdxd,= {[p]T[dt][bt] lil dE>dT| > (319
Ha = JAPTDYPdxdy = ([p]1'[07][p] lil dGdi] >
1JI = dd[J
a
- 0
~ax
a
[BK]=[aK]N] 0 = NI 3119
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Byl= [dyN] = &
A
dv
(3.1.10) (3.1.11)
(3.13)
"o A 0 0 a, 0
dx " dx
0 0 0 0 2 0"
dy
w A, &

X dx
o N Mo g
dy dy
PLAT8H

(3.1.10)  (3.1.11)

(3.1.3)
dL,
0o d<
dx
Do o
dy dy
dL dL. dL dL,
o —L —L o —L
dy dx dy dx
dN,
L 0 5 1 L
" dx ' dx
dN, dN,
o L - 0

" ody dy

3

(3.1.11)
IN] PLATS
A 0
dx
dN8
0 (3.1.12)
dy
aNS dN8
dy  dx
i?8 Ns
dﬁS (3.1.13)
0
dy
PLATS 9
[N]
(3.1.4)
du du
o ®
a dx
dL dL9
0 0
dy dy

dL8 dL8 dL9 dL9

dy dx dy dx
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d d =h"1Gaq
1, Pf°f ,
NN& sV gk gt

PrGfLV

Tt

=qTQ

NN&Z jqTkeq-qTQ
Kg = Q

K=

q:

Q:

(3.118)
| o 1

M, >= - DkK =- DKBKq

M

xy

-D Y=-D PCt=-D PHa' Gaq

*

(3.1.19)

3

(31.16)

(3.1.16)

(3117)

(3.1.18)

(3.1.19)
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—qTG*"H~"G aq
2
Ga
a
a
3

(1) 8&X y)ﬂ.:a,+a£+a3 +at

Yz=a Sra6™+a7l+ait T
2)6a yxz=a+af+a3

yyz=a+ab +ag
3) 5a Y,—a+a2+a,

yyz=ada " (a,

a
5a 6a
dr|
sa 6a
(simply-supported plates)
2x2 3x3
2x2
2x2

( Hughes heterosis element

- (—1 —00
E 'm
=0
Ga a
(31.20)
(3121
(B122)
a6=a3 £1
5
(clamped plates)
PLATS PLAT8-8a
22
PLAT8H 3x3
PLAT8H-8a
IPBQQ  GTSTRUDL)W
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106
311 (Reduced Integration)'3t
(uniform reduced integration)
(serendipity element) 8 12
(selective reduced integration)
(Lagrangian element)
PLAT8H
PLATSHR-50C 6a  8a
32 <
(Reissner- Mindiin theory)
(hybrid stress method) (Hellinger - Reissner principle)
7ot 1y i ill
(global coordinates)
(coupling) (flexibility matrix)

(band)

(mixed element method)

(natural coordinates)
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3 ' " (bubble function)
1
0X oy ™)
C -M2 M2
t h=t/2
qa= aqa( )
ug="hC (. ) (321
\= -i»ceyq(C, )
n= AT
3=-hCO0 3(£, ) (322
OXqiqu
o~ o~
h =12
c Z

n,-Jv_-Vsa.oT(a%)-ar(6“x) IV-~[( ,* 1)?] & (3.23)
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o
=

(3.2.3) X

< - h Ccaxn)
~oo= K CIWE, )
Cy = h ¢ C2(, )

Ge =Y (1-c) dZ,)

ey =~ (I-€) CT,(,)

an =y (C-3%-2)aZ, )

G
(Lagrange interpolation function)
a NN qi
qu >=Z N ‘<g¢. ) ‘ qui'
le,J 0
NN
(3.21)
{ df = [NKa( [NI
N, N,
[N] = [ N,
O\
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(324)
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n2 =- (1+4) - )
N =-(1+4) +)
N4 = '4) + )
() gr=fexn 8 £ 8 )
q
egd ) = Byd ) g (327)

Ba(G, ) = [O]N]

0
0 —
Ox
0
0 0 —
Oy
0 = 0 Q i
Oy - Ox
0
— 0
Ox

0 o0 0 0 0 0 0 0
a
S A A
dy oy dy dy
, , Ond
0 Y om o 0 A0
a a a a
a a,
0 ml 0 me 0 m 0 nvd
_ dy a " dy 4

(3.2.8)



mQ* >= X GjCA, )< :

NB

A+ B+ cC

dy

dx

A
X 0jC,)
t<0, hCo02
NB
X

wx Ox

bcoB

hGo,

Oa
0y?

(32.7)

dx

dy

ho 1

e yX
j
{w} = [OHA} (0]
(3.2.10)
hCo2 hCoc
(3.2.11)
[B;J
0 0 0
L
1 i 1
0 0 0
i h@. Rl

(3.2.12)
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G=P() @ (3.213)
P P
(3.2.7),3211) (3213 (3.2.3)
N | —B\HB+pTGq+pTRA - FTq- # X (3.2.14)
2h3
H £ p TSPAV
3
. 2h3
3 [ pIV v
2h3
R L | pTIscav (3.2.15)
FTq = | _1 I
A = . L1
i
(3.2.14) P X
P =H1(Gq+RA,) (3.2.16)
RTp =R (3.2.17)
— -(RTH1R) 1 (RTH'G q-F 2) (3.2.18)
(3.2.18) (3.2.16)
P =H1Ggqg + HIRRtH 'R )" R (3.2.19)
G =G - R(RTh'r) ‘Reh'g (3.2.20)

(3.219)  (3.2.20) (3.2.14) P X



=X -qTKq-FTq (3.2.21)
K=GTH'G (3.2.22)
F=Fl-GTH'R (RTHIR)1 F2 (3.2.23)

k
[a]
( \Vl W
M1 0,
K| i
0 P
| [Bq]< s % (3.2.24)
| L 418
Q/ ex4
9y
321
(323) \
q WX
i
H(
(3.2.14) pgq X

(3.2.1.1) 2 (3.2.1.2)



-hP + Gg + RA=10
sp
> GIP = f
dq
m RTP =
dl
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-H G R P o
gt 0 0 <q = fq
RT 000 X Ly
(3212
np
(equilibrium equations)
rc
C=7-—-—~ 't
[ ng+n?J
np q
4
321 nx

Ic

Ic

rc

a7

y (32.1.1)

(32.12)

(constitutive equation)

P

(32.13)
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() (v)
0
() 9 =)
r 2
4 3=20 =3 rc=6.67
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s il rc
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nx=9 rc= 167
4
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C7yz 0 0 0 0 =)
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np = 46

rc=20
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(3.2.1.8)

Ow

Oyz®

(32.1.9)

(3.2.23)

O

(3.2.3)

£ pd (-SshkP,+ Bgsq+B;u” )dv=0

- HsPs +

L oplf

tg) M) d

-0

(3.2.25)

Ps

(32.1.8)

>-(3.2.1.9)

(3.2.1.10)

(32.1.11)
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R ] PPav
156

Hs« 0 (32.1.11)

| p (B"+BX¥X) dv=0 (32112

(3.2.1.12)
2 321

(32.5)  (329)

=( ¥A)+ £+ 3 + N -xg -X, Z2XE£- xgr\ 2- X' 3+

22+X0 2+XQ0 3

OX=( 5+"4 + &1+ 7 + £ -XE - 2-Xg- xgr\- k£ 2- Xrf +

22+KCr\2+ 23

Oy=WA ) +WE+wWIlL +WE - -V 2-XE -XE 2 1+
k%" 2+ 7 2+ 1 3 (32.113)
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1 2 (32.1.13)
(3.2.1.12)

533[4(-5+ 2— A4)] +50B3H4[- (- 6—X- —X5)J
+ 06(315[-(-w7+ 4-— ~6)]+ 6p l6[— (-W8--A,3)]
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+spj- (-wtotW4-~78 )] + spA~ (-wl2“ = 0 (3.21.19)
(32.1.14)
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322
4 3215
9
X] — -
\Y
<N . ,
n=(-- )H ) ¢
02 C
rc (3213 np=20, =3 \= rc=2
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331 332 -
n%[ _AM TSKM-A-QTSyQ+MTK +QTy  dA - (3.3.1)
M={Mx My Mxy}T
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— -T
" 0x 30y O8 56.
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T
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=Nq -\
M=Pp@ > (3311)
Q=PaC
N Pp pa
q P a

)
(hybrid stress method)

(3311) (33.1)
(3312
HpP +pTGpg-~alHaa +aTGa q- QTq (3312
Hp = | mskmuda
Ha= FPisyhR da
Gp=1 B BkdA
Ga= R Byda
= B/\q
Y=Byq
Q (equivalent nodal force) =QTy
(3312) P a
P = HplGp q C= H~' Ga q (33.1.3
P a q
(3.3.1.3) (33.1.2)

.. o[~ - QI (3.3.1.4)
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(K= +Kj)
ko= P Hp' Gp K= i Ha Ga (3315
332

HMPL5 5

(displacement field)
WZ wiwi e.-tM.Orf.  o,- 2 vioy 332,

N,

N = (1-£)(1- )- (-£,2)( 2 K
N, =-(1+£)(1- )-- ( "2)( 2

N3=-(1 +£)(  )-- ( ~2( 2 & (3.3.2.2)

Na= (. ") )-~C "2 2)

n5= (1-22)(  2)

(stress field)

P m

P a (33.11) 14 (Sdesh
ad Crarg)
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- o© 9 <

o
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"p TGq
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g

a (3325)

—PTGa

- £ (pp)Td ) v =
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f m> -1
- £ pV(INg) vV (3323)
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(3324)
J
R

(3325)
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(completeness)

(natural coordinates)
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MISP4 <)

MSP4

2
(C T contiruity)
)

| (hybridimixed modd)

(Mathematical Model)

Xy
AP <. <12

X, Y0 =
(x ayYQX0

dNW 5m, 0o .
ax 5 (=0
Qx, %
ok dy
Mx My My
(34.)

= =

I 1

N N
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x

o o

~N N

M 7(J  dz
2 xy
Y 2
Qf= 3y X @2
2
Qy: fp . dz

Qx

v
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(34.11)

(3412)
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M} = -[DK {KI (34.13)

M={Ml My Mo)T

:
0
[DK] = 1 0
12(1- ) 1—0
0O O
{K} ={Kl Ky KwyjT (curvatures)

Q@ = D {} (34.14)



{Q ={Qx QyJT
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va !
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Y IG‘_QW_
) ay
n = 1+ 5
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m}- {k}) dA
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(34.15)
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) 3 MxMWy M 2 X Q
2) 2 Yy Yy
J) 3 Pv
(Finite element mode)
(3421)
W= *INiwi;  Px =M NiPXO  py = .fINiPyi (34.2.1)
N,
N, =-(1-£)( 1 ) N
No= ey
N = (1R (Ir ) > (3422
N. = (1-£n(1+ )
X O On, On, On, On,
=" " % ° 5 5 5 5 3423
W Ok O On. On, On, On,
0 0 0 0 0 0

] ] “J = det) = j,j2- J2xd (3424)
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2 M <2 > (3428)
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7 T~ 1T 2 -2 (-2g2

(Mixed

shear projected model) (edge tangential shear strain)

+ Ow
[ (yél-g-eéj a€ =0 12 34

y (3429)
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