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APPENDIX

This appendix shows prooffor > ' ;where "is the updated matrix
after a redundant measurement has been eliminated and wijiv and w i are
diagonal elements of matrices , . The expression il > Wiiii is equivalent to
the expression + > ; where *is the updated matrix  after a redundant
measurement has been added. \We aim at showing that + >
The matrix is given by:
=Ar(ASAT-A
The matrix i given by:
+=[l44]r (AS+[a+])-*A+
where A + "“tare the updated matrices A (constraint matrix) and  (covariance matrix
of measurements) after a redundant measurement has been added.
We obtain the new constraint matrix A + corresponding to the system to which a
redundant measurement is added by simply adding one constraint relating this new
measurement with some other redundant measurements in the system:
We write A +at form;
fa 0
- XM X1
v[5,.,Ixw] 1
where vector [BJ, 67 = [ x (m+1)] is the last row corresponding to the new constraint
relating the new redundant measurement with some other redundant measurements in
the systems; vector [0; §] = [(n+1) x 1] is the last column corresponding to the new
redundant measurement (O can take value of 1 or -1).
The new covariance matrix of measurements is:

frl O
= mXm  mXx1 (weassume & +arediagonal matrices)

[0, 1X m\

where m, are the (old) number of redundant measurements and the (old) number of
constraints, respectively.



Then:
asatl \ash T~ _—
p
(.A 7 - nxn nxil v .
[BISAT, 1X ] B'SBf + 12
X -PQY
yrpl

where:
Y=( -RPIQ)1
X=p-‘+P ,QYRPI

(formula taken from Noble, B. and Daniel, J.w. 1988 Applied linear algebra
3rdedition, p.41, Prentice Hall).
In this case and Y are scalars.

Then:
M+ a+J| 2
[«] J [F{mﬂ Y [ 51] 5J
ju* st [[Vyren]+YG 1) nA [
5x[-FIU°-'] sY
(latx ] +[6ILYRP DI # {[at-P-iQ¥N +y[o TN[X]] A[[IA-P-"0F]] +v[dh ]
[6[-FPP™ ][] +<5yP.J N
We concentrate only on diagonal elements of matrix

fV+  yae] f14540 +3 y1A T and matrix  =ATASAT IA

Consider:
([ATX] +[BILYRP-I[AT+([Ar[-P-,QY}+ Y [B]])[Bi]
Z[arXA]+[ol [-YRP'JA]+[AT[-P 1QYIBi] +Y[b[ Bt]

Now we have:
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Y=( -RP1Q'1 (a scalar) > 0 because matrix (ASATyl or (2145 +A"™] y 1 is

positive definite (Bagajewicz, M, and Rollins, D. (2004). On the Consistency of

the Measurement and GLR test for Gross Error Detection. Submitted to Computers
& Chemical Engineering.)

-YRP-1=~y[b 1ATASATY

-P*¥QY =-[asat) 1[asbiy =-y[asatJ 1[ASB]]

X =P1+P'IQYRP1=[aSAty +[as*7]-1[aSB"y[b,SAt] aSAtJ1
= [aSALJ 1+ YASATY[A S B f][.847] [ S17] 1

Therefore:
] [=  -YABSATAASATY [A]
= ] \BiSATIMASATJ { [a]=-YB?BjS\*AT~"ASA

bt [PIgy]E]= 4r] -YAASAT  asbd [5.]

=-y[at"ASAt]"[as. ][ ,]=-YAATPASAry [a]SBJB]
Then:
\aTXA + Bj [-YRP'IJAN+AAT[-P'1QYIBj +Y bJbl

K aseT 4N AT Ak gisar ahfi ] ]

YbJBjS  ASAT \a]-Y AT ASAT \|alSbJBj+Y"BfB]

y ASAT \altY at ASAT XASb] BSAT ASATA \a
-YBjBjS  asat I[A]-r'/I7JS/tr] {[a]sbJBj+Y bIBj

ASA' \a]ty at asatP\a’sbJBjS at asat [a]

YoIBjS T ASAT \a]-Y AT~[aSATA\ alSbJBi+Y bJIB]

Now

asat “1[a]\sbJ BjS ASAL iy

(:B) = BS

where B =bJbj
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(since  =AT(ASAT 1)

Diagonal elements Bji of matrix B (mx m) are N where b, are elements of the vector
Bj (1x m). Matrix B is also a symmetric matrix whose element BJj =Bji = haj (bi, bj
are elements of the vector Biand can be 0, +1 or -1).

Then:

ATPASATY [A\+y\At2ASATA1[AASbJBts JT[a]

YbJ BtSAAT~"ASATI 7[a]-y IAT~"ASAT] 7[a]SB[BL+y[b] Bi]
=[[17At»SMry T[a]+ Y{WSBSW - BSW -WSB+b)= +Y( B  -BSW-WSB+ )

We have Y >0. Therefore if diagonal elements of the matrix WSBSW - BSW -WSB +B
are positive then we have: #mi > Wan because +HU = Wjiii + YxDiagonal

elements ii of matrix WSBSW -BSW - WSB +B .
Ifwe assume that & * are diagonal matrices, then diagonal element 11 of matrix

WSBSW is given by:
(WSBSW)L=2 () ( )J1=( nSnBn+WuSZB2 +...+WnSmBn)

+(W Moo o 12000002 +-04 ., Bm2) 22 2

+w  Bmt+ 12 2BM+m+ !mnmBm) mm h
Because matrix B is a symmetric matrix whose elements BJ =Bji = b,bj, we have:

WSB. Ju=( LU+ boao+-+ 1  mblll n
Sbl 229+ K)R2 2

_<TM*+ :X

It can be easily verified that matrix  is symmetric (since ASAT is symmetric,
therefore (ASAt)a is also symmetric, thus  =AT(ASAT IA is a symmetric matrix),

in other words: \Mj = \Mi

Therefore:
(WSBSW)n = ( nul+ 2u L+ +WImSmmbm)( 1 11 1L+ 2 2 21+...+ mSnmiwm))

(1A + hoaos-+ b k2
Diagonal element 77 of matrix WSB s given by:



(WsB)I1=X { )¥BjX= xl DBX+ 12 22B21+..WXn mmBnX
-( bibit 2 20" +14 \mSmmbmb))

= DI HsSE+ 12 2282+ 11 !

Diagonal element 11 of matrix BSW is given by:
( )L= (Mij Hjr=fn u+er 200+ £1A A |
= 66177~ 14 222 2721 + mfm'mm’m\

NI I+ k2 22 kb0 )
= (U ub+We 20241 I Ty

Diagonal elements Bi: of matrix BXShi2

Therefore, the diagonal element 11 of matrix WSBs IV-BSW -WSB +B is given by:

( Dtwe 22+, msmom2-b{( u ubit © 2+, nsnmom
- £ sugrs 2 202+ .. Tbmbm+ b2
=( Wi+ 2 202+, XSmbmY - 26]( ugubi+ 12 2w+ Smbmy + 6

=[( 0N+ 12 202+, Xbmbm) - 676> 0
In general, the diagonal element ii of matrix WSBSW - BSW - WSB +B is:
[MDSUbHWIZS2E2+. + 1 Thl+..+ tnmmbm) - 6,150
And the updated s
= +Y[{WaSwbx+WR 2 +..+  b,+... +WnSmnbm) - bjf > u
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