CHAPTER |
BASIC DEFINITIONS AND THEOREMS

Let R be a commutative ring and M an R-module. Amepping D of R into M is
saidl to be a deerivation of R into M if it satisfies the following conditions:

(1) Dixty) = D) +Dfy) ~ and

() Diy) =xD(y) +yD(x) forall XandyinR
Immediate consecjuence is that for every x in R and for every positive integer  we
have D(xn) = rxn"D(x). In particular, ifR hasan icentity 1, then D(I) =0. If Ais a

subset of R such that D(x) =0 for every x In A then we say that D istrivial on Aor D
Isan A-derivation of R info M Aderivation of R is sinply a derivation of R into R

Lemma 1.1 ([20]). Let Rbe an integral domain and K the quotient field of R Let D
be a derivation of Rinto K Then D can be extended, ina unique way,to a derivation
D'ofK. Furthermore, forx, yinRand y?0we hawe

(L) Dxy) - =(yDiX)-xD(y)y2.
Proof. e first show that (1.1) is well-defined. Let x X, y, Y e R and hoth
yandy 0 besuch that Xly=xly. Soxy =Xy and hence
yD)-xDy) - =yD(x) - }DLy).
Diviciing the above equality by yy' and then substitute iy = X/, we get

(YOOX) - XDz = (YD(X) - XDy
Toshow that D' extends D, note that

Dx) = D(xy)y) = (/D) - (D = DIx).
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That the mapping D" is a derivation is straightforward. - Finally the uniqueness of D'
follows from

D(x) = DIylxy)) = yD(xy) + (<y)Dy)
which shows that relation (1.1) holds for every derivation D' of Kwhich extends D. #

Example L1 Let Rbe a commutative ring with icentity L For eachj =1....n,
defire O :R[Xi,...Xn]-» R[Xi,...Xn] & follows:

it f - ZakLkeXkl-X K" in RXL,xr, then
Di(0 - ek, knkjXfi-X At %"

It Is easily checked that Dy is an R-derivation of R[Xi.....Xn] and also trivial on
R[XI,....XJ_1,X]#,....Xn]. Note that these Dj,...,Dnare familiar partial cerivations.

Example 12 Let R be a commutative ring with icentity 1 and D a derivation of R
Define DO R[XIv...Xn] -> R[X],....Xn] & follows :

if f = lakj.u N Rrx....xn], then

Do(f)= XD(axs...kn)Xkl-xJ;“.
Then Do isa derivation of R[X,....X|

Lemma 12 ([10]). Let F be a field, K = F(x],....xn) a finitely generated extension
field of F, D a derivation of F into K and {ui,...,un}a set of  elements of K For
each f GF[X].,...,Xn], we cefire

HICXI,..Xn) = Doff) + 1 uIDi(f),
where the Dj and Do are derivations of F[X],..., xn] defined by



Di(ax]frmw  sexEn)=axfi e1lgX~ - 1ox|jn  and

DoCaxf: - X | n) = D(a)x|@ eeeX"n, respectively.

Then there is a unique derivation D'of K extending Dand such that  DI(x]) =,
fori=1..nifand only if FifixL..xn) =0 for dl f G F[Xi,...Xn] with
f(Xls..xn) =o.

Proof.(==>) Assume that there is aunique cerivation D'of K extending D and stich
that D'(xj) =Y fori=1...., . Then, by induction, we have that for every polynomial
g GF{XD...Xn],

12) Dglx..xm) = Holx:,..x),

since (L.2) is true i ¢ is a monomial. - By linearity, (L.2) is true for any polynomial g,
For f GF[XI,,,Xn] suchthat f(x),...,xn) =0, we then have

Hf(x.,...xn) = D(f(xi,..xn)) = D'(o) = 0

(<—) Assume that Fiffxs,..xn) = 0 for al f G F[X:;..Xn] such that
f(x),...xR= 0 Define D"F[x],...xn]"K by

D(f(x,...xn) = Hi(x.,...xn)  fordl finF[xi,...xn]
We will show that D is well -defined. If g(xc,....xn) = h(x,....xn) , then
(O)(X:, ) = 0. S0 Hy (X, X0) = o
Now 0 = Hy h(Xe,...xn) = Hg(xs,...xn)-Hh(xs,....xn).
Therefore H(Xs,...xn) = Hjj(Xt,....X0). Hence Dris well- cefined.

Also D(x1) = 1 for i=l,...,n.

D isa derivation since the meppings Doand f—=UD() (1=1...., ) are derivations of
FlX.,...xn)into K By Lemma 11, the cerivation D' canbeextended to K-~ #
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Theorem 1.3 ([10]). Let Fbe afield and let K= F(X) be a simple extension of F. Let

D be a derivation of F into K.

(1) Ifx Is transcendental over F and if  is any element of K then there exists one and
only one derivation D' of K extending D, suchthat D(X) = .

(2) Ifx Is separable and algebraic over F, thenthere exists one and only one derivation
D' of K extending D.

Proof. Referring to Lemma 1.2, (1) is dbvious because O is the only polynomial f in
FIX] stch that f(x) = 0. For (2), observe that every polynomial g ¢ F{X] stch that
o) = 0 is a multiple of the minimal polynomial f of x over F, that is
o(X) = h(Xf(X) for some hinHX], Since x is separable over F, D]f(x) 0. Let
6 Khe such that Dof(X) +UDJf(x) =0

Hence Hy(x) = (Dog)(x) +u(Djg)(x) = 0.

By Lemma 12, there is a unique derivation D'of K extending D and such that
D(X)= . e

Corollary 14 ([10]). Ifa field K is a separable, algebraic extension of a field F then
every derivation D of F into K can be extended, in one and only one way, to a
Oerivation of K

Proof. Let Dbe adervation of F into K Tc showthe existence of a derivation of K
we shall use Zom's lemma. Let
|={(GE) IGisafieldwithF ¢ G ¢ K and E isa cerivation of G into K
such that E(x) =D(x) fordl x ¢ Fy.
The set 1 is non-empty since (F, D) belongs to |, Define a partial orclering on | &
follows : Let (G].E]), (Gz, E2) 6 |,
(G,Ej) <(G2E2) ifandonlyif Gj e G. and E2(a) =E}(a) forallainG],



Let {(Ga sEa ) | aeA }beachaininl. Let N = a”fa'
Clearly  (jGa isa subfield of K containing F. Defie E ;N —» K as follows :

aeA

Let XGN. Thereexists ae A such that Xe Ga. Define E(X) = Ea (x).

We shall show that E is well-cefined. Suppose that there exists PG A stch that
XeGp; hut (Ga, Ea) < (Gp, Ep) or (Gp, Ep) < (Ga, Ea). Without loss of
oenerality, we assume that (Ga, EQ) <(Gp, Ep). Hence Ep(x) =Ea(x)

Next, we showthat E is a cerivation, let Xy e N There exist al, 02 Such that

xeGal andyeGaz2. Wemayassumethat (Go"Edj) < (G« ,Ea2)

Thus Xy e Ga2. Hence
E(x+y) = Ea2(xty) = Ea2(x) + Ea2(y) = E(x) +E(y)
Elvy) = Ea2(xy) = xEa2(y) +yEa2(x) = XE() +yEK).
It is clear that (N, E) is an upper bound for {(Ga ,Ea ) laGA}

By Zom's lemme, there exists a mexinal element (F, D) in.

IfF * K then there exists an element y in K such that y GF. Therefore F(y) is a
simple extension field of AV Note that v is separable and algebraic over F

By Theorem 13, there exists a cerivation D' of F(y) which extends D', This
contradicts the meximelity of (F, D) inl. Hence F=K

To prove the uniqueness, let D], Uz be derivations of K that extend D. Leth GK
There exists the minimal polynomial g(X) = xm+am iXm "4---xao over F such
that g(b) = 0. It is easy to verify that, forj = 12

Dj(g(b)) = [mbm‘1t am 1(m-Dom2+—+a:]0j(b) + x Dj(ai)bi.

Since Dj and D- extend D, [mbm' "+ +ai](Di~ D2)(0) = (Dj- D2)(g()) =0
Since b is separable, mom| +« +3) * 0. Thenwe get Dj(h) = D2(0). #
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Lemma 15. Let F be a field of characteristic zero with derivation D. Let K be an
algebraic extension field of F. Let a be an F-automorphism of K- Then for every
derivation D' of K which extends D, D'(o(b) ) =a(D'(n)) forall binK

Proof. Leth GK Letf(X)= xn+ %%le e the minimal polynomial of b over .

For derivation D' of Kwhich extends D, we have
0= D' (f()) = nbn"\D(b) + ] D@ + ] jaib-1

(13) 0= &) = (no(b)n-u % igal)i-) aD) + "x Deijap)i

Similarly,
(14) 0= D((f(0)) = [nab)n + X iap™-1] D'c(b)) + 1 Daia(b)i

S0 (L3ML4) vields, [na(o)n-1 + I)(O 1a"bji-1 [a(D'(b)) - D'(ah))] =0
It na(o)n-l + i-Yo laia(o)i-| =0,then a(nbn'l + il{o ijoi*l) = 0

Sice Qisirjecive,  mb'l+ V' iajbill <o which isimpossible

I-0

Hence  no(o)n'l + Y iaia(oy~ A 0. Therefore  a(D'(h)) = D@(b)). #

=0
Theorem 16 ([s], [11]). Let R be a commutative ring and & subring of R Then
there exists an R-module . ... and a S-cerivation d of Rinto ., . .. such that for any
SCervation Dof R into an  R-mooule M there exists @  Unique

R-homomorphism ;... ->Msuchthat D=f d Moreover, the pair (o .. . ) is
Unique up to isomorphism
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The R-moaule Qrs is called the moaule of differentials of R over .
The map d : R — Qrfs is called the canonical derivation and is denoted by dRYs if

NECESSAlY.
Proof. See [s], [11].

Theorem L7 ([6]). Let F be a field of charactenistic zero and K an extension field of

elements of F that are linearly independent over Q. Then the element
q dll'4--rcndl”+dv

of Qrlp iszero ifand only ifeach 1., , Visalggoraic over F

For the proof of this theorem we need the followng facts from [ |

(1) If F¢ K<z L are fielos of characteristic zero, the natural K- homomorphism
h: Qrlp QU Isinjective, where h(cRipa) =dopa fordlae K

(9 LetFc K befields of characteristic zero. If {x]....xn} s a transcencence basis
of KoverF, then {dxi.....dxn}is a besis for Q Rip over K

Proof. (<=) Wefirst showthat if € Kis alggbraic over Fthen dw=0in Qurp
Since IS algebraic over F, there exists the minimal polynomial
f(X) =xm+am IXm_1 +e+a0 over F such that f(w) =0
Taking the F - cerivation d : K—Qr/p to the eguation f(w) = 0, we get
(mwm [+ (m-D)am i2+... +a]) dw -0
Snce  mwmil+ (m-am wm2+-+a 0, dw=0

(=>) Asamethat g+ +—fen -+ =0 fiRl.

Claimthat each ..., IS algebraic over F. Suppose that there exIsts g which is not
algebraic over Ffor some i<, sayUp Let F=Fu],....un,v)
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Letxp.... Xmbe atranscenence basis for F over F, withxj = 1.

Thus F is algebraic over F(X.,..., xm) and [ F  F(xi,..., xm)] <o

Let G=F(x2..., xm). Hence F is algebraic over (< 2). Let E be an extension field of
F sch that E is Galois over GUy) and [E : G{u)] < GQ By the fact (1) above, the
natural F- homomorphism Qoyp —»Qk/Fis Injective, and 0

C]—l '“'bCﬂUAr/]\"l'dV =0 in (pyp

Since F ¢F ' E, by the fact above, the natural F- homomorphism Q pyp —QEp
IS Injective. Thus
(19) q-lAH—+(j—+dv =0 in Qo

By Theorem 1.3, let D be a denvation of G{Uk) such that D(U) = Land D(a) =0 for
Al aGG
By Corollary 14, D can be extended, in one and only one way, to a derivation of E
(using the same notation D for the derivation of E). By Theorem 16, there exists a
unique E-homomorphism g : Qoyp—E suchthat D=g°d. Applying g to equation
(L5) ,weget
(16) qD( I/ 1+-+cnD( ny u+D(V) =0 InE.
We apply each O G Aut (E/G(u)) to equation (16) and then sum over all a in
Aut (E/GuD) to et
(L7)  reD( I/ 1 + GD(N2)/(Nu2) +—+ crD(Nun)/(Nun) + D(Tv) = 0,
where N and T denote the norm and the trace respectively, and r is a positive integer.
Foreachi=23,..., , We can write

NuUi = §jUMp~ where § e G, the j are monic iegucible
elements dlistinct from 1 of Gfui], the «JGZ\{0} and the «. Gz.



= A0 * e}

where o ]) GGU;], the by( ]) GGlu], the hy( ]) are monic irreducible elements in
Glu;] with deg by <deg hj. From (L7)

1 )V RRIE )4 taiPiow
7- +i§:(2Cla’Kl{)1%#all P|I)+ Fair PIPII)

+D(qui)) + X f=| DSPU')I ) D(h) 0

Hence ;
w9 g+ Ndai e Laial %0, i Dgi’l'op')
Dy D

-DlW) -i £ (0y) o (h)

We may assume thathy™ ;ford! i<X(forif hj= : thenby GG and hence
D(by) =0). From (1.8), comparing the coefficient of (1/ ;),

e + iXciai = o-
=2

Thus ;,...,cn are linearly dependent over Q, a contradliction. So we have the claim
Since u;,...,un are algetraic over F =0 fori=1..,n. Hence av=0

Claim that Vs alggbraic over F. Suppose not. By the fact (2), the element dv of
Qo(v/p s a basis for Qp(v)/F overF(v). Hence v 0in Qoiv/p. By the fact (1),
the natural F{v)- homomorphism ~ Qp(Wp -»  Qkaf s injective, hence dv » 0 in
1 IP, whichis impossible. #
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By a differential field we mean a field F together with an indexed family
{Oy li el} of derivations of F. For brevity, the term “cifferential field F* is used
exclusively, without further notice, for the cifferential field (F, (Oy 1i e 1}), and the
term "the given derivations of F* refersto the set (Dj li e I}

A differential extension field of F is an extension field K of F together with a
family of cerivations {d| 1i ¢ B of K indexed by the same set suich that the restriction

ofeach D toFis D). Withno loss of generality, we use the same symnol D) for the
derivation d| .
Anelement cinFissaid to bea constant if Dj(c) - Ofor all i GI. The set of

all constants of a dirfferential field F is igl ker Dj, which is a subfield of F, and also

called the subfield of constants.

Theorem 18 ([o]). Let F be a cifferential field of characteristic zero, K a differential
extension field of F with the same subfield of constants ¢. For each i = |,...,n and
J = |...mlet gj o ¢ and let vj be an element of K u a nonzero element of K
Supnose that for eachi=1,..., andeach given cerivation D of K|

D) + X, diDi)I e F

Then it hertrdeg F(u],....um, \4, MF > o the  elements of AK/F given
by aj+ ’Qj— i=I,...,n, are linearly cependent over c.

Before proving the theorem, we quote two facts from [12] and [11],

1) ([12]). Let f:F->Khe ahomomorphism of commutative rings with identity, D a
erivation of K sich that there exists a mep Dp ; F —F satisfying foDp=Dof
Then there exists a unique mep LD nayp —qk/p Suchthat forall v 6 qpyp
anddl acK wehae



Ld(w+v) =Ld(w)+Ld(v),
Lj)aw) = (Dajw+alLjw)  and
Lj)(da)  =d(Da)
2) ([11]). Let F be afield of characteristic zero and L a finitely generated extension
of F. Thendim QP = tr.deg. LIF

Proof. If 1,.., 2L ¥.,...\nare algebraic over F, then, by Theorem 1.7, duj = O for all
j=1..manddj=0 foralli=1..n Hence

dvjt+ 2 —i =o fordlli=1..n
Ul

and the result is trivally true. . | |
Assume that there exists one uj or v which are not algebraic over F for somej <m

ad i<
Supposethat v + ?lbjdu’ 1=1,...n, are linearly inclepenceent over c.
f

For each given erivation D.of K and each i=l.....n we obtain

Sa = diesd DU
M+ Zcij") d(DVJ)+J§f\7.J~UJ

dCDVi+lcyri) =
J=1

White wj = deHz“CU " fori=1,.n.
Clamthat 1,.., zare IlnearlyindependentoverK Suppose not. There are al,...an
in K not all zero, such that a. + + —+ amk = 0. Choose a:;....an S0 that the

numoer of nonzero &J's is miniml, and that one of them say al is 1 For each
derivation D of Kwe get

019524
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0 = Lptfa®! 4eee+amn) = (Dai)w: +se+ (Danjan= (Daz)w + 4 +Danjwn.
Since the number of nonzero gj's was minimel, we get Daz =...=Dan=0,
Hence each g Gc. Therefore 1,...\wn are linearly dependent over c, a contradiction.
S0 e hiave the claim
Let F=F(1,., mVl..,w). Henee F¢ F'¢ K

Clamthatthe  elements dj + ]lq% of Hoyp are linearly indepencent over F.
J:
Leta".-"n GF be suchthat

19 i3i di+Xq dulj -0 (in Qup

Now consicer n"/p as F- mocule. By Theorem L6, there exists F- homomorphism

g: Qpyp— filf/p suchthet gdpyp —4f)p
Applying g to equation (1.9), we get

f
|

n . M ..du~\
Ya Vit X0 =0 (= K
i=1 H

uj y
By the linear indepencence of W =av; + Eﬁend—& (1=1,..,n), we must have
J:

g =0 for i=1...,n. Sowe havethe daim
By the fact 2) tr.deg. F7F=dim Qoyp> . #

Theorem 19 (s ). Let Fbe adifferential field of characteristic zero, K a differential
extension field of F with the same subfield of constants, with K alggbraic over F(t) for
some given t G K Suppose that cp--Cn are constants of F that are linearly
Independent ever Q, that 1., 1 Vare elements of K, with 1,..., « nonzero, and
that for each given derivation D of K we have
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Y g D{ujj+Dv) € F

If for each given derivation D of K we have D(t) GF, then ]..., nare algebraic over
F and there exists a constant ¢ of F such that v + ct is algebraic over . If for each

given derivation D of K we have D({)t GF, then v is algebraic over F and there are
Integers 1o, Nif, .., with o™ o, Sich that each ~ hwotmi (1 = 1,...,0) Is

aloebraic over F

Proof. Ift s algebraic over F, then K'is - gebraic over F. So the result s trivially
true. Assumethat t is transcendental over F. By Theorem L7, ct * 0 in Qi+

Case 1 Foreachgiven derivation D of K, D(t) G .

By Theorem 18, - f j1 A+ ov and dt are linearly cepencent over c. There exists

U
¢ Ge sueh that (X|CI —+ ) +odt = 0. Ths iw Atgv+ct) = 0 By

Theorem L7, |, Zv+ct are alggoraic over F
Case 2. For each given derivation D of K, D(t)t GF.

By Theorem 1.8 _\[lci i +av and Tare linearly clependent over c. There exist

¢ gC suchthat (Y|CI +dV)+CI = 0. Wehaethat c, CJ....cn are linearly

dependent over Q (for if ¢, cl.. 01 are linearly independent over Q, then by
Theorem L7, ..., Zv,t are algbraic over F)
Sowe canwrite ¢ = (Y, mlg)mo f°r some integer m0, m],...mn with mG* o.

=
Then

+dm3) = o.
Cl "t H  hen wotr (Md) = o

By Theorem 17, each 1wiotmi is algebraic over F and v is algebraic over . #
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