CHAPTERm
STRUCTURE THEOREMS

3.1 A Structure Theorem for Elementary Functions

In 1979 RH. Risch [8] gave a so-called structure theorem for elementary
functions which shows all possible algebraic relationships among a set of elementary
functions, which will be described in this section.

Let F be a differential field. Here the expression "Kj = F(ti, tz,..,tn) is an
elementary extension of F* means that the tower offields F =F0@z F1c —¢ Fn=K]
with for each I, 1 <1< , H = FiLi(t}) and tj satisfies one of the conditions for
elementary extension of F.

Let E = {iltj= exp(a)),g e A, 1 <i< } and
L = {iltj= log(a)), are F_i, 1<i< }

Theorem 3.L1([8]) Let F be a differential field of characteristic zero, K an
elementary extension of F with the same subfield of constants ¢. Let K1=F(tj,...,tn)
be an elementary extension of F and K = Ki(t) for some tinK

(1) If t=log(v) is algebraic over KI wheie Vis in Kjthen there are ((] Ccil 6L},
(dj eclieE}and finthe algebraic closure of F inK such that

t+z2 <+ 7z da = f

where tj = exp(aj) foriekE
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(2) If t=exp(v) is algebraic over Kj where Vis in K then there are { ¢ Z 1 e L }
{meZlieE}, e2\{0)and g inthealgebraic closure of FinK such that
( \/ X

fin =«
vieL "~ 7VieE 7
where ] = log(a)) for icL

Proof. The proofis analogous to the proofof Lemma 5.14 in Chapter V.

3.2 A Structure Theorem for Exponential and Primitive Functions

This section describes M. Rothstein and B.D. Caviness's generalization of a
structure theorem of Risch [8] in the case that the ground field is the field of

constants.

Let F be a differential field and K a differential extension field of F.  An
element x in K is called a primitive over F if D(x) ¢ F for each given derivation D of

K

Let t GK be primitive over F, t is a simple logaritlim over F if there exist
]...., min F such that for some constant ¢ in K, t + ¢ & F(log(ui)....log(umm). We
say that t is nonsimple If it is not a simple logarithm over F

We call K a generalized log-explicit extension of F ifthere exists a finite tower
of fields F=FOQ F}¢c —cFn = K suchthat foreachi, 1<i< , F = Fj.1t])
and one of the following holds:

(1) t] is algebraic over Fj.],

(i) t]r=exp(u) for some inFj_1

(iil) §j = log(u) for some nonzero inFj.
(Iv) tj is primitive and nonsimple over Fj. L
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Remark. The differential extension field K of F equipped with cases (i) - (i) is an
elementary extension of F.

Here the expression "K = C(Yj,...,tn) is a generalized log - explicit extension
field of ¢, where ¢ is the field of constants of K" means that K is a differential field
and the tower of fields ¢ =Koc Kjc —or Kn=K with foreachi, 1<i< |
Ki = Kji(t]) and tj satisfying one of the conditions of generalized log-explicit
extension field.

Let L={il tj=log(3)), g G K[h1<i< }
E={i I ti=exp(), § G Kj ], 1<i< }.

Rothstein and Caviness's structure theorem for exponential and primitive functions is
as follows:

Theorem 32.1 ([9]). Let K=C({j,...,tn) be a generalized log-explicit extension field
of ¢, where ¢ is the subfield of constants of K having characteristic zero. If * 0 and
Vare members of K such that D(u)/u = D(v) for each given derivation D of K, then
there exist rational numbers rj, J for all i GL, j GE and a constant ¢ G¢ slich that
Vi=c + i£e|_rjtj + i(eE Sap

where 1] = exp(d)) for | GE

Proof. The proofis by induction on m, the number of primitive and nonsimple among
ti,..,tn. Form=0 thent]...nGc adhence K=¢. So VGec. Let
m> L Assume that the theorem is true for all smaller values of m Among the mj's
that are primitive and nonsimple with respect to C(ti,...,tj_i) and let tMoe the one with
the largest subscript. For notational simplicity, let F = C(tj,....tMi) if M> LorF=¢
if M=1landt=tM Thereare 1., v1..VpG K with .., nonzero such
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that
() D(U;)uj = D{v;) for 1=1,...,p andlall cerivations D of K

(i precisely one member of ach pair ( ;, V[ isalggtraic over F(t, 1,.., 5.1V, M.
if 1> Lor algebraic over F(t) if i—,

(itl) - one member of each pair ( J, M) will be tj for some M+ <j <,
(iv) KiSalgebraic over F{t, ui....Up, vi....Vp).

Notethat D(t) G F,
D(uiu; - (v)) - 0 GF, fori=1....p,
D() -Dv) =0 GF

and that tr.deg. F(tus,.,.Uo ,V*-Mp, VF <P+2 Then by Theorem 18, the
elements dt, oud ovs,...,dup/up-vp, and dul-av of - are linearly clependent
OVer C.

In fact du/u-gv depends linearly on dt and the dujfu; - dv,. W can therefore fing
constants .., ¥fy Yslich that

(3 du/u-dv +|Z_ YGL - 0) + Yot = o.
Let (=1, ¢"-jCq e abesis for the vector space over Q  spanned by
{o=bYW Y- Yp} andwrite ¥ = j; nijg with each nje Q

Replacing each G by Cj/least common denominator of (njj 11=0,l,...,p,j =0,1,..,q}, if
Necessary, we can assumenjj Gz. This means, inparticular,

1=Y0= L N0j°j = nooo> HES noi ~ <02 —4-—0g  ®



3
We can write (3.1) as

0 "H-Upp

0p 0. 0 UOVe v s #yet = 0

icj.

Forj=0,..0 let z = wojujij wuppr 1

W = nojv+nljvl +- +npjvp5
and we have that D(zj)/z) = D(yj) for all derivations D of K and

X Qg -d(X Ciypyg) = 0
=0 J=0

Since 0, ci.....cq are linearly independent over Q, we have, by Theorem 17, that

eachzand = jgoq'yj "yt are algebraic over F.

First of all y must be zero. To see this, note that J&) cjO@)lz) - D(yj))) = 0 and

hence yD(t) - _)0(0 d D(z)lz) - D(w) for all derivations D of K. z0,...zq and are
J:
algebraic over F, so taking a an element ofthe Galois group of F =F(z0,Z],...Zqw)

over F and summing over all a and dividing by [FLF] gives

yD(t) - | O[&.F] DRI\I((Zij» + Df ﬁ-'(l#]
where T and N denote trace and norm respectively.

If 'y * 0, then t would be simple logarithm over F, contrary to the hypotheses.
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In' particular, we can concluce that _\90 Gyi= isalggbraic over F
J:

Now, let K' = F(z0,..Zq, ,Vi,...y0) e K F(z0...Zq, ) isanalgeraic extension
of FandK' is an extersion of F(z0....Zq, ).

Furthermore yQ= - fo gy e K ad D(zo)/zo =D(y0) for all dervations D

of K. K" has one less primitive and nonsimple than K 5o by the induction hypothesis,
We have

(3.2) o= C+ Y Qi+ z 9@ + Ynf

where E = {i It = exp(d)),& GHiand GF}
L' = {il =log(ai),aic Hiad cF}

and 1, S, are rational nurmhers,
Now recall

Yo = ncov + nlovl e+ V' VP = v+nlovl +-—-+npovp since noo=1>

Aoyl o= onolv + nllvl +" +nplvp = nllvl +*"+nplvp  hee nol=°>
Yq = noqv + nlgvl +'"+npqvp =nlqvl +""+npqvp since nogq=°"-

Substitute the expressions 3.3) In3.2) and note that each M either equals some
with 16 L or equals some g where  =exp(al), i ¢ E, to obtain
VEehptt e

where  and § are rational numbers.

This completes the proof. #
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