
CHAPTER m
STRUCTURE THEOREMS

3.1 A Structure Theorem for Elementary Functions

In 1979 R.H. Risch [ 8 ] gave a so-called structure theorem for elementary 
functions which shows all possible algebraic relationships among a set of elementary 
functions, which will be described in this section.

Let F be a differential field. Here the expression "Kj = F(ti, t2,...,tn) is an 
elementary extension of F" means that the tower of fields F = F0 cz F1 c  — c  Fn = Kj 
with for each i, 1 < i < ท, Fj = Fi_i(tj) and tj satisfies one of the conditions for 
elementary extension of F.

Let E = {i I tj = exp(aj), aj e Fj_i, 1 < i < ท} and

L = {i I tj = log(aj), ai e Fj_i, 1 < i < ท}.

Theorem 3.1.1([ 8 ]) Let F be a differential field of characteristic zero, K an 
elementary extension of F with the same subfield of constants c. Let K1 = F(tj,...,tn) 
be an elementary extension of F and K = Kj(t) for some t in K.
(l) If t = log(v) is algebraic over Kl wheie V is in Kj,then there are (cj e c  i i 6 L}, 

(dj e c  I i e E} and f in the algebraic closure of F in K such that

t + z  <*i + z  djai = f,

where tj = exp(aj) for i e E.
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(2) If t = exp(v) is algebraic over Kj where V is in Kj,then there are {nj G Z I ie L  }, 
{mj G Z I i eE}, ท e z\{0) and g in the algebraic closure of F in K such that

(  \ /  X
tn ท * ?vieL 7VieE 7

where tj = log(aj) for i G L.

Proof. The proof is analogous to the proof of Lemma 5.1.4 in Chapter V.

3.2 A Structure Theorem for Exponential and Primitive Functions

This section describes M. Rothstein and B.D. Caviness's generalization of a 
structure theorem of Risch [ 8 ] in the case that the ground field is the field of 
constants.

Let F be a differential field and K a differential extension field of F. An 
element X in K is called a primitive over F if D(x) G F for each given derivation D of
K.

Let t G K be primitive over F, t is a simple logaritlim over F if there exist 
น],...,นm in F such that for some constant c in K, t + c G F(log(ui),...,log(uIT1)). We 
say that t is nonsimple if it is not a simple logarithm over F.

We call K a generalized log-explicit extension of F if there exists a finite tower 
of fields F = F0 CI F} c  — c F n = K such that for each i, 1 < i < ท, F] = Fj. 1 (t]) 
and one of the following holds :

(i) t] is algebraic over Fj.j,
(ii) t] ■ = exp(u) for some น in Fj_1,
(iii) tj = log(u) for some nonzero น in Fj. 1,
(iv) tj is primitive and nonsimple over Fj. 1.
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Here the expression "K = C(tj,...,tn) is a generalized log - explicit extension 
field of c, where c  is the field of constants of K" means that K is a differential field 
and the tower of fields c  = Ko c  Kj c  — cr Kn = K with for each i, 1 < i < ท, 
Kj = Kj_i(tj) and tj satisfying one of the conditions of generalized log-explicit 
extension field.

Let L = { i I tj = log(aj), aj G K [ .h  1 < i < ท},

E = { i I ti = exp(aj), aj G Kj_], 1 < i < ท}.

Rothstein and Caviness's structure theorem for exponential and primitive functions is 
as follows:

Theorem 3.2.1 ([ 9 ]). Let K = C(tj,...,tn) be a generalized log-explicit extension field 
of c, where c  is the subfield of constants of K having characteristic zero. If น * 0 and 
V are members of K such that D(u)/u = D(v) for each given derivation D of K, then 
there exist rational numbers rj, Sj for all i G L, j G E and a constant c G c  such that

V ■ = c +  £  rjtj +  X  Sjaj>ieL jeE
where tj = exp(aj) for j G E.

Proof. The proof is by induction on m, the number of primitive and nonsimple among 
ti,...,tn. For m = 0, then t],...,tn G c  and hence K = c. So V G c. Let 
m > 1. Assume that the theorem is true for all smaller values of m. Among the m tj's 
that are primitive and nonsimple with respect to C(ti,...,tj_i) and let tM be the one with 
the largest subscript. For notational simplicity, let F = C(t j,...,tM_i) if M > 1 or F = c  
if M = 1 and t = tM. There are น1,...,นp ,  v1,...,Vp G K, with น1 , . . . , นp  nonzero such

Remark. The differential extension field K of F equipped with cases (i) - (iii) is an
elementary extension of F.
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that
(i) D(u;)/uj = D(v;) for i=l,...,p and all derivations D of K,
(ii) precisely one member of each pair (น;, Vj) is algebraic over F(t, น1,...,น,;. 1,v1,...,Vj.1) 

if i > 1 or algebraic over F(t) if i — 1 ,
(iii) one member of each pair (นj, Vj) will be tj for some M+l < j < ท,
(iv ) K is algebraic over F(t, ui,...,U p, vi,...,V p).

Note that D(t) G F,

D(u;)/u; - ว(v;) -  0 G F, for i = l,...,p,

D(น)/น - D(v) = 0 G F,

and that tr.deg. F(t,u1,...,Up, น, v̂ .-.jVp, v)/F < P + 2. Then by Theorem 1.8, the 
elements dt, du 1/น 1-dv 1,...,dup/up-dvp, and du/u-dv of are linearly dependent
over c.

In fact du/u-dv depends linearly on dt and the duj/u; - dv;. We can therefore find 
constants y 1,...,'Yp, Y such that

(3.1) du/u-dv + Z  YiCduj/u; - dvj) + ydt = 0.i=l
Let Cq = 1, ĉ .-.jCq be a basis for the vector space over Q spanned by
{Yo = !> Yb Y2.-,Yp} and write Yi = Z  nijcj with each nij e Qj=0

Replacing each Cj by Cj/least common denominator of (njj I i = 0,l,...,p, j = 0,1,...,q}, if 
necessary, we can assume njj G z. This means, in particular, 1

1 = Yo = z  noj°j = nooco> i-hâ 1S noi ~ °02 — •■ - — noq ®•J=0
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We can write (3.1) as

i c j .
น "0j น" I j -U p pj

n0j nij npjน •’น, •’ •••น n  1 P
'-d(n0jV+ ท1jV1+ -  + npjvp)- + ydt = 0.

Forj = 0, ...,q let Zj = น 110j U j l j  • • • U p PJ 1

yj = nojv + nljvl +- + npjvp 5
and we have that D(zj)/zj = D(yj) for all derivations D of K and

X Cjdzj/Zj - d ( X Cjyj-yt) = 0. 
j= 0  J=0

Since c0, c i , . . . , C q  are linearly independent over Q, we have, by Theorem 1.7, that
qeach Zj and พ = X cjyj '  yt are algebraic over F.J=0

qFirst of all y must be zero. To see this, note that X cj(D(zj)/zj - D(yj)) = 0 andj=0
qhence yD(t) - X  cj D(zj)/zj - D(w) for all derivations D of K. z 0 , . . . , Z q  and พ are 

j=0
algebraic over F, so taking a an element of the Galois group of F' = F(z0,Z],...,Zq,w) 

over F and summing over all a and dividing by [F1. F] gives 

yD (t) -  i - 3 - D (N (Z i »  +  D f T( - )  ไ^ 0 [F':F] N(zj) [F1 :F]

where T and N denote trace and norm respectively.

If y * 0, then t would be simple logarithm over F, contrary to the hypotheses.
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qIn particular, we can conclude that Y  Cjyj = พ is algebraic over F.
j=0

Now, let K' = F(z0,...,Zq, พ, yi,...,yq) e  K. F(z0,...,Zq, พ) is an algebraic extension 
of F and K' is an extension of F(z0,...,Zq,พ).

qFurthermore yQ = พ- Y  cjYj e K' and D(z0)/z0 = D(y0) for all derivations D
J=0

of K. K' has one less primitive and nonsimple than K so by the induction hypothesis, 
we have
(3 .2 ) y0 = c + Y  qti + z  siai + Y n  fi

where E' = {i I tj = exp(aj), a; G Fj_i and ทุ G F},
L' = {i I ทุ = log(ai), a i G Fj_i and ทุ G F}, 

and rj, SJ, ทุ are rational numbers.
Now recall

Yo =  ncov + n lov l + •••+ V v P = v + n lov l + --- + n povp since n o o =1> 

 ̂ y i  =  no lv + n l l v l + ' " + n p lvp = n l l vl +“ ' + n p l v p ร1nee n o l= °>

Yq =  n oqv + n lq v l + ' " + n pqvp = n lqv l + " '  + n pqv p since no q = ° -

Substitute the expressions (3.3) in (3 .2) and note that each Vi either equals some ทุ 
with i G L or equals some aj where ทุ = exp(ai), i G E, to obtain

V = c + Y  hti + Y  Siai>ieL ieE
where ทุ and Sj are rational numbers.
This com pletes the  proof. #
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