CHAPTER TV
EXTENSIONS OF LIOUVILLE’S THEOREM

4.1 Statements of the Main Theorems

Definition 4.1.1. Let F be a differential field with derivation D and subfield of
constants ¢. Let Aand B be finite indexing sets and let
£ = {Ga(expRa(Y))l ae A),
= {HpQog Sp(Y)) IM B},
be sets of expressions where.
(1) Ga,Ra,Hp, SpareinC(Y) forall a ¢ APGB,
(2) forall PGB, ifHp(Y) = Pp(Y)[Qp(Y) with Pp, Qp in C[Y] and Qp ~ 0, then
deg Pp < deg Qp.
We say that a differential extension K of F is an Ei-extension of F ifthere exists
a finite tower of fields F=Fgc F] c =c Fn=K such that foreach i=1,...n,
F =Fj_i(t)) and one ofthe following holos:
(I) 1t isalgebraic over |
(i) tj=exp(u) forsome inFii,
(i) j=log(u) for some nonzero inF_i,
(iv) forsome a ¢ A thereare andnonzero v in Fj_i such that
D(tj) = D(u)Ga (v) where v = exp Ra( ),
(for brevity, ti =jGa (expRa( ))D( )
(v) forsome P G B, thereare ,v in Fj_i suchthat
D(ti) = D(u) Hp(v) where v = log Sp(u) and Sp(u) " 0,
(for brevity, ti = JH p(log Sp(u))D(u)),
(vi) forsome a G A there are nonzero ,v in Fj_i such that
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D(tj) = (D(u)/u)Ga (v) where V= expRa( )
(for brevity, tj =jGa (expRa ( ))D( ) ),
(vii) for some 3 GB, there arenonzero and Vin F_i such that
D(§) = (D(U)u)Hp(v) where V= log Sp(y )and Splu)* 0
(for brematy, tj =3 Hp(log Sp(u))D{u)/u).
Remark. The differential extersion K of F equipped with cases (I)-(v) is an
ZI- elementary extension of F

Example. Let ¢ be the field of complex numbers and let F = C(x) be the set of
rational functions with coefficients inc.  Then F is a differential field under the usual
derivation D = dlicx.
Let GY)=Y, RY)=Y HY)=ll(Y+2), (Y)=Y4l.
Let . = {GoR(Y)}={epY}ax

| = {H(log (Y) } = {I/(log(Y+l)+2)}.
Hence K= F{ exp(x), log(x+), JDX)/X) exax), JOX)X)(I/(log(xH)+2)) ) isan
Ei-extension of F, since

f=foce FI=Fo(tl) cr2=FI(tz) CF3=F2(t3 CFa=Fs(t) =K
where = exp(x), t2 = log(x+l),

ts = 3 (DIX)X exp( X) or D89 = (DxI/xexp(x),

ad o= J(DX)/X)(1(log(x+)}+2) or - (#4) = (D(X)/x)(1/(loglxH)+2)).

QOur first main theorem reack;

Theorem 4.1.2. Let F be a differential field of characteristic_zero with derivation D

and an aJEebraJcaIIy Closed subfield of constants . Lety GF Assurpe that there

eX|st an - extension K of Fwhose subfield of constans Isc and'y GK such that
y Then there exist

G CvGGFand | GA{} fordli GJ
dja e ¢, nonzero elements VIR, X8 algebraic over Ffor all i Gla,
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(3) ejp  fjp G c, nonzero elements Yip, Zjp algebraic over F for all i G Jp, P G B,

such that

Y= DO0)+ X hiDiN

+ % X, [CieDlvia )+ dia D(wia) Wie]Ga (xie)
o igjp teip D{yip) + fipDCyipyyipdHpOip) >

where A B, J 1a and Jp areall finite indexing sefs,
Xa =expRa(wja) fordl 1 cla,acA,ad
Zp = log Sp(yjp) and sp(yip) t O fordl i cJp,PcB

Definition 413, Let Fhea differential field with derivation D and the sutfield of
constants ¢. e say that a differential extension K of F is a Gamma extension of F
If there exists a finite tower of fielss  F=Fqc Flc - ¢ Fn=K suchthat for
eachi, I<i< , §=H_1(t}) and one of the following holcs:

() 1isalgebraic overA :

() 1 =exp(u)forsome inFj,j

(1)) 1) = log(u) for some nonzero  InfFy_i,

(v) thereare Ge C(Y), andnonzero vinFj.1, re Qwith -1 <r< Lslch

that D(t)) = D(ur)G (v) where v=exp(u).

Remarks.
(1) The differential extension K of F eguipped with cases (i)-{iil) is an elementary
extension of F



(2) Incase (v) , ifr = Lthen such Gamma extension isalso an Ei - extension.

The definition of Gamma extension contains the Gamma function which is
Oefined as follows: Let ¢ be the field of complex numbers. Then C(x) is a dirfferential
field wath the usual derivation D= d/ax.

The Gamma function is defined by

(X) = Jexp(-x)D(xr) wherer GQ, 0<r<1

Our second main theorem reack;

Theorem 4.1.4. Let F be a differential field of characteristic zero with derivation D
and an algebraically closed subfield of constants ¢. Lety o F. Assume that there exist
a Gammaextension K of F whose subfield of constants is ¢ and y GK such that

Diy) =Y. Then there exist

(1) by Ge, Vyalgebraic over Fand nonzero elements \{ algebraic over Ffordl i G|,

) G 6C q 6Q with-1<q <1, nonzero elements VY X alogbraic over F
ad G, ¢ C(Y) fordli ¢l

such that

Y- DMO) + X hiDOiAj + X cDwi)Gi(),

where I, J are finite indexing sets, D)X = Dwy) forall 1GJ

4.2 Preliminary Lemmas

W first state some results that are used in the proofs of the last two lemmes in
this section.

Lemma 42.1 ([13pp. 220-223]). LetFheafieldand aninteger>2 LetaG F
a™ (. Assume that for all prime numbers p suchthat P1 we have a GFp, and if 41
then ac- 4F4. Then X1L-a is irrecucible in FX],
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Lemma 4.2.2((14, Pp. 163-1647). Let D be a unique factorization domai with
quotient field F and  a primitive polynomial of positive degree in D[X], Then f is
Ireducible in D[X] ifand only if f is irecucible nH X,

Lemma 4.2.3 ([ 7J). Let F e afield containing the algebraic closure of the rationals
and let X and Y be indeterminates. Let A(Y) and B(Y) * 0 be relatively prime
elements of HY], Furthermore, assume AB is not an nth power in KY) for any
positive integer > 2. Then the polynomial B(Y)Xm - A(Y) is irreducible in F(X)[Y]
for any positive integer m

proof. Letm e z+ Bylemmad2l BXm-A=B(Xm-(AB)) isirreducible in
HY)[X], ByLemma 422, BXm- Aisirecicible in F[Y][X] and so iregucible in
AXIY], Again by Lemma 422, BXm - Alsirmeducible in F(X)[Y), #

Lemma 424 7 ]). Let Fhe afield, Xana Y indeterminates, and A(Y) and B(Y)
relatively prime elements of FY], If a and b are elementsof F with a* 0, then

AY) - (XH)B(Y) is inecuible inF(X[Y],

Proof. This again follows fromtwo applications of Lemma4.22 and the fact that
aX+0- A(Y)/B(Y) is irrecuicible in HY)[X], f

4.3 Ei - Extension

Before proving the main lemmg, it will be convenient to define the following

term
If f and g are polynomials over a field F, and g * 0, then there exist unique

polynomials (X) =ao +ajX +s=tanxn and 1(X) over F such that

fXI9() = gX) + r(X)igX), where r(X) = 0 or deg r(X) < de g(X). Call tre
Unique element aG the head of fig,
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Lemma 431 Let Fbe a differential field of characteristic zero with derivation D
and ¢ its algebraically closed subbfield of constants. Let Aand B be finite inoexing sets
and assure that Ga, Ra, Hp, Spare in C[Y) for dl a G\ p OB Let
t be transcendental over F suchthat D(t) =D(u)t forsome inF. Let E be a finite
algebraic differential extension of F{t) with extended derivation D.  Assume that the
subfield of constants of E s . Let YOF. Assume that there exit

()b Gesvo GE \ GA{} fordll i G)

(2) cia>dia & c, wia, xia GR{0} for 1iGla,a GA

(3) ¢p, fip Ce, vip, 4p GRV0} for 1'i Gip, PGB.,.
such that

Y= D)+ X hiDiM

t ag(A i e>I(a [ciaD(wia ) + dia D(wja )wia |Ga (xia )

+F}% X [eip D(yip) + fipD(yip)/yip]Hp(zip) 1
€D 1€]e

where J, [a and Jp are all finite incexing sets,
Xa = expRa(wja) fordl i Gla,a GA, and
Zip = logSp(yip) and sp(yip) - O forail i GJp , p eB.
Then there exist
(1) b Ge, vo GF, M GR{0} forall i GJ,
(2) Cia, dia e c, nonzero elements \Wia, Xia algebraic over F
fordl i Gia ,a GA _
(3) elp, fip Ge, nonzero elements y iy, Zp alggbraic over F
fordl i Gip, PGB,
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such that
Y = D0 + z biD(vj)]

[ciaD(wia ) +diaD(wia )/wia]Ga ( Xia)

: aéf-\ icZJa

u F;eB _Z_ [éipDCYip) + fipD (yip)/yip]Hp (zip >
1ejp
where A, B, J, la and Jp are ! finite indexing sets,
Xia = expRa(wia) foradlie [a, aeA and

Zip = log sp(Yip) and sp(yjp) * 0 forallie Jp, pgB

proof. Part |. Assume F is algebraically closed

Sep L We may assume that forall @ inA Ra e C for if Raoe ¢ for
some a0 6 A thenforeach i Glap, Gao(xja0) ¢ .

Thus ie?ao (ciaoD(wia0)+dB0D(Wia0)/wiao)Gao(xiao) isof form

D(v0) + X1 D(V)v. which can be incluoed into the first two terms of v.

Sep2. Foreach a e Aiel wehaeD(xa)=D(Ra(wia))xja, then by
Theorem 19 we have that Ra(wia) e F and there exist rational integers o@
ad ph inFsuchthat Xa = pjatria. Since R-a(wia) GFand F s algeoraically
dosed, Vi GF

Step 3. For each p GB, i GJp, we have D(zip) = D(Sp(yin))/Sp(yip).

We may assume that for dl p in B, Sp(Y) is not an mth power in C(Y) for any
positive integer m 1 some Sp(Y) =( p(Y))m then

Dp) = D(Sp(yip))/Sp(yin) = mD(SpCyipl)/Sp(yip). For this case we could
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replace Sp(Y) by p(Y). By Theorem 19, we have that zjp GF and there exist
rational integers Spand qjp InF suchthat Sp(yjp) = qjptSP.

Note that we can amange sothat 1}a and sjp are actually integers. To see this
let rQ =gja/mand sp = kjp/m where gja, kjp and m are integers.

Let  =tUm Hence D(F) =D(um)t ad F a F(F) a E(F). Ifwe replace E by
E(t) and thyt,we il have fields of the appropriate form and furthermore,
xia = Pia(t)éia >and Sp(yjp) = qip(t)kip , where gia and Kip are integers.
We shdl use the old notation but from now on assume that ga and p are integers.

Step 4. Let K'be an extension of E such that K is Galois over F(t) and let o be an
element of the Galois group of Kover Ft). Then

Y = gy) = D(nd) + izeJ bi DEev)(erv))

ae A IzI [cia”(wia ) + dia D(wia )/wia |G(xja)
* g (g, P00V TR0Vl
Suming over all G yields, for some Min z ,

() My=DMa + 2 bONGINY +Me: + 2,

where &

Iy [ciaD(wia )+ diaD( a)/wia]G(xia)

h = ge IeJp[elpD(Tylp)+flpD(Nyl|0) (Nyip)Hp(zip),

and T and N denote the trace and norm respectively. e now consicer the head of
the right hand sick of (4.1).
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Step 5. White Tvo = i\:(() hit' + ZE(ay/(t-ti))),
where hj, ay andtj are in . Henoe the head of D(Tv0) is D(h0).
Stepe. Foreach icJ write Ny :|anzft-w)n‘J
wherethe og ¢ z+ the § ¢ R{0}, the pj ¢ Fandthenyc Z
Therefore the head of Y DID(NV))(NV) IS Y oDk + Y

Step 7. We find the head of £l

Foreach icla , a oA recdl X2 = Fatra. If a =0 then M3 GFand
hence Ga(xia) ¢ F Asumethat a O Let dao bethe head of Ga(Y).
Hence dao Ge. Sothe head of Ga(xla) is dao
Therefore the head of &1 I

ojnyD(U).

|eJI

zrI g [CiaD(wia )+ diaD(\Wia)/wia]Ga (xia)

v MNo[clar (wid ) + Ma™(wiaVwia]

Steps. Wefind the head of £2. Foreachi e Jp, P e B, recall Sp(yjp) = fiipts®

Case 8.1 Ifsjp="0, then Splyip) e F. Since F is algebraically closed and yjp is
alebraic over F, yjp 6 F Thus Tyip=Myjp and Nyip=y%.

S0 D(Tyip) = MD{yjp) and D(Nyip)/Nyip = MD{yp)p.
Case 8.2. Assume that §p* 0. Calculate the trace and norm of the yjp. Wite

Sp(Y) = An(Y)/Bp(Y) where Ap, Bp s CTY], Bp * 0 and Ap and Bp are relatively
primeinC[Y], Each yjp satisfies  qjptSPBp(Y) - Ap(Y) =0

By Lemma 4.23 qipt"Bp(Y) - An(Y) is imreducible over Ft). So the trace and
norm can e read of from its coefficients. The coefficients of qjpt3*Bp(Y) - Ao(Y)
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are all of the form OipqiptSP + sip Where sip, sip 6 C.
Dividing by the leading coefficient, we get

JIpQptsis +S g
NMpgipts'p +«ip

Ny - QPCIPISp

MPgiptSip + yipj

where mjp Gz +, Sip, Hip, ©ip, Sip, Uip, Gp e ¢. Hence

D(Tiio) mip(é,puip-eipjiip)(D(qip)+qipSipD(U))tSP
fiipgipt ™ +upy)
and | - :
D(Nyip) = mip(mipup-C pttip)(D(qp) +qzps:pD(U))tsie
Ny‘P (®ipgiptIp +CipJtipqiptP +Uip)

T the e of (T s O nd e e o QN'\;VpB) s #ipD(zig) where

mpe Z

Hene  x z fipmipD{zip)H(zip) is of fm D(v0) + Zb,D{vj)ivi where
Sip
voG Fand Vi GF\{0},bi G C.

Therefore the head of > 3

MZ_Z0 [eipD(yip) + finD(yip)yjp[Ho(zip) + D(VO) + £biD(vi)lvj.
sip=
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Sep 9. We concluce that the head of the right hand side of (4.1) is
D(v0) + X bjD(vi)Ivi

+ MXX [ciaD(wja ) + dia”(wiaVwia]*a(wia)

+ MXX [8pDiyjp) + fipDXyip)/yip]Hp(zip),
where voeF, vjGF\{0},bi Ge.
Then comparing the head of (4.1) and dividing by M, we get the correct sumof y.

Part I1. Assume that F is not alggbraically closed
Let F be an algebraic closure of F.
Let = {0y lic P (Wia licla,a GAJ:{xa lic la,a eA
{yiplie Jp,p e B){zp I ¢ Jo,pG B},
Hence F(t, ) is algeraic over F(t)
Now F(t, ), F(t), F and F have the same subfield of constants ¢. (See Appendix A
for cetails). By Part I there exist
() bj 6 CvocF,\ c {0} fordl ic,
() Ca ,dia £c, Wia , Xia GR{0}, fordll i1 cla, @ c A
(3) Bjp ,f|p GC, jip, Zip G F\{O}, foral | GJpsPG B,
such that
4.2) y = DO + Y biD(vi)i

t ol e)i(a [ciaD(wia ) + diaD(wia )/wia]Ga ( xia)

thy p[éipD(yip)+fipD(yip)/yip]Hp(Zip)j

where A B, J, 1a and Jo are all finite indexing sets,
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Xia = exp Ra(wia) forallie la, a A and

Zip = log Sp(yip) and sp(yip) * 0 forallic Jp , 3 €B.
Let K be a finite Galois extension of F containing
{vOyu{vili ¢ }cj{wia, Xia lie 7a ,a ¢ A}rj{yjp, zipli ¢ Jp, 3 gB}
Applying a an element of the Galois group of K over F in (4.2) and then summing
over all . , we get, for some M in Z,

W = D(Tw) + i)e(j 0] D(Nvj)/(Nvj)

tZ 1o [cittD(awia )+ diaD(crwia )/(awia)]Ga (axia)
a aeA iela

+2 7 Z [EipD(ayip) + fipD(ayip)/(CTyip)]Hp(azip) s
a PB igjp

where T and N denote the trace and norm respectively.
Note that D(oxia ) = D(Ra (owia))/(axia ) fordl:cia, a c A and
D(azjp) = D(Sp(oyip))/(Sp(ayip)) and sp(ay;p) t 0 fordlicJp , 3 gB.

Since TvOand Nvj are in F, this yields the final conclusion of the lemma. #

Lemma 4.3.2. Let F be a differential field of characteristic zero with derivation D

and C being its algebraically closed subfield of constants. Let A and B be finite

indexing sets and assume that

(1) Ga,Ra,Hp,SpareinC(Y)forall a ¢ A 3¢eB,

(2) forall 3 GB, if Hp(Y) = Pp(Y)/Qp(Y) with Pp, Qpin C[Y]and Qp * 0, then
deg Pp <deg Qp.

Let t be transcendental over F - satisfying one of the following conditions:

() D(t) = D(u)/u for some nonzero inF,
(i) D(t) = D(u)Ga(v) forsome a inAand some ,vinF, v* osuch that

V= expRa( ),
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(iif) D(t) = D(u)Hp(v) for some p in B and some , vin F such that
v = log Sp(u) and Sp(u) * 0,
(Iv) D(t) = (D(u)lu)Ga (v) forsomea inAand some ,vinF\{0} such that
V= expRa( )
(V) D(t) = (D(u)/u) Hp(v) for some p in B and some ,vinF, * 0 such that
v = log Sp(u) and Sp(u) * 0.
Let E he a finite algebraic differential extension of F(t) with extended derivation D.
Assume that the subfield of constants of E isC. Letye F. Assume that there exist
() by e c,Vv0GE v GE{0} foral ic )
() cia,dia 6 C wia ,xia GE{0} foralicla,a G A
(3) eip>fip e c>yip>Zip 6 E{°} forali e Jp, peB,
such that
y = DvO)+ X Djn

+ X X [caD(wia )+ diaD(Wie)wiolGaxia)
+ p>e% iép [eip“(yip)  fipD(yipyyip]Hp(zip) >

where J, 1a and Jp are all finite indexing sets,
Xa = expRa(wja) foral iGcla,a GA,and
Zp = logSpCyip) and sp(yip) * 0 forall 1 6 Jp,p 6B
Then there exist
(1) by 6C v0OGF,vj cF{0) foral ic J,
() cia , dia €C, nonzero elements wia |, Xia algebraic over F

forall i Gla, et GA
(3) ejp, fip G C, nonzero elements yip, zjp algebraic over F

forall i 6Jp5P GB,
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such that

Y = D(v0) + X bjD(vi)/vj

+ X_ X [ciaD(wia ) +diaD(wia )/wia]Ga ( Xia)
aeA ieia

+ X X (400 +foDXinkyinlFo(zn)

where A, B, J ,la and Jp are all finite indexing sets,

Xia

exp Ra(wia) foralliGla 5aeA and

Zip logSp(yip) and Sp(Yip) * 0O for alii 6 Jp, p eB.

Proof. PartI. Assume F is algebraically closed.

Step 1. We may assume that Ra g ¢ for all aeA, by the same reasoning as in

Lemma 4.3.1.

Step 2. Foreach d € A, i € la , we have that D(Xia) = D(Ra(wia))xia, then by

Theorem 1.9, we get Xia € F and there exist ~Na € ¢ , Pia € F such that
R(x(wia ) — + Pia-
Step 3. Foreach P € B, i € Jp, we have that D(zjp) = D(Sp(yjp))/Sp(yip) , then by

Theorem 1.9, we get Sp(yip) G F and there exist Ajip € ¢ ,qjp e F such that

Zip = ~Nip t +qip. Since Sp(yjp) € F and F is algebraically dosed, yip € F.

Step 4. Let K be an extension field of E such that K is Galois over F(t) and let a be

an element of the Galois group of K over F(t). Then
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Y= g(y) = D(co0)+ X bj D(ovj)/(crvj)

t Z _Z [ciaD(™ ia )+ diaD(GWia)/("wia)]Ga (xia)
aeA iela

t L L 1ep DYip) + fioip)yieIHpGip).
peB iejp

Summing over all G yields, for some M in Z,

(4.3) My = D(Tva) + Z bID(NV)/(Nvi) + £1 + M 2.
1e]
where £1 = [ A [cian("wia ) +rijaD(Nwia)/(Nwja)]Ga (xja),

2 = 77 [eipD{yp) + fipDCyipVyipiHpOcp)

PeB iejp

and T and N denote the trace and norm respectively.

Step 5. Consider £ b;D(Nv;)/(Nvj).
iej

Write Nvj = kj P[(t- nj) nj where the njj e z , the kj e F\{0}, the | G F and the
=1
ofj eZ+8

So X bjD(Nvi)/(Nvi) = /A bj D(kj)/kj + an element in F(O)\F[t].
iej iej

Step 6.Next, consider £L
Recall Ra(wia)= 7Niat + Pia forall ie la,a GA.

Case 6.1. Assume that ~a = 0.

For these a, i, Ra(wia ) € F and thus Wja e F.
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SoTwiot= Mwja andNwia = ™,

Hence D(Twia)=MD(wia) and D(Nwia)/(Nwia)=MD(wia)/wia.

Case 6.2. Assume that Aidt * 0.

Write Ra(Y) = Aa(Y)/Ba(Y) where Aa and Ba are relatively prime in C[Y]
and Ba * 0. Each wia satisfies Aa(Y) - (Xiat + pia)Ba(Y) = O
By Lemma4.2.4, Aa(Y)- (Alat + pia)Ba(Y)isirreducible over F(t). So the trace
and norm can be read of its coefficients. Therefore

8o (Mt + Pioc) + it ]

Twiq = m;
- vla(“ia(xiat*'pia)““)ia

N = (Cg( +Pia)+Tia mia
<Pia(igt+Pia) +uiay

where 500 eia> Ga> Mgt pia> "ha ¢ and mia 2z

Therefore  D(TVNR) = Mja-4g"la-=21a2 i) (*iaP (0 ~ *(Pia)) ~anc
(wa("igttPig) + Uig)

D(Nwijq) _ Mig Aig D(0) Cjg

(Nwiq ) Cia(Migt + Pig)+ hia M-ig(“igt+ Pia) + uia
The head of D(Nwia )/(Nwja) is 0.
Now, consider D(Twia)

If ma *0, then the head of D(Twja) is0. Assume that Pja = 0.

Hence D(Twjq) = (miasia)(l)(xia)), and so

Vija Xia
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_ 2 X cia iaMaV dgxia -
aeA |eZ|a Cia D(Twig )Go (Xjg) = acA idy n yig W xia ) Ga(X|a)
"-ia =0 A" =0

= D(w0) + X CiD(wi)wi,
ie]
where cie C ,the W are inFand J is the finite indexing set.  This last equality
Gg (Xie)

Xia

follows from the fact that is a rational function of x;, with constant

coefiBcients.

Therefore £ — x  x [ciaD(Twia )+ dia D(Nwia )/(Nwja )]Ga (xja)

aeA iela

= D +dia D(v G
MaeAlea [cja D(wja ) + dia D(v/ia )/wia |Ga (xja)

Aja=0
+D(w0) + x ciD(wi)wi + anelement in FE\F[],
iej
Step 7. Finally, consider 2- F°reach i Jp, Pe B, recall Zip = Mipt+qjp

Case 7,1. Assume Xip = 0.
Hence Zip e Fand so Hp(zjp) 6 F

P .

Clearly, (geBiegp (€jpD(yip) *+ fipD(yip)lyip)Hp(zip) ¢ F
Ajp=0

Case 7,2. Assumethat  Xip 0.

Since deg(numerator of Hp ) < deg(denominator of Hp ),

ng  r
Hp(Y) = + qg,
pY) = 2 Z[(Y ai)J] B

=1 j=1



Where np, 1j ¢ z+ and g, og, gp GC.

Hence Pe & X (qpD(yip) + fipDXyip)/yip)Hp(zip)

Aip*o

S, p (eipD(yip) + fipD(yip)yip)gp + an element in FE\F],

/\_ip(\o

Step . From (4.3) we concluce that

(44) My = D(Twp) + |>e(j biD(ki)/ki

X [ciaD(wia ) + diaD(wia)/wia]Ga (xia)

a% Gla

+ D(wQ) + 4 cID(wi)/wi

+ M péEigﬁp (6ipDXy;p) + fiD{yip)/yip)Ho(zip)
Mp-o

M s (einD(yip) + fioD{yip)yin)ap
*Ip~o

+ an element in F{E\H]

Step 9. Now consider D(TvO).
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Wite Tvo = J,ijt) + anelement nFE)\F], where ¢ z+ andthe Mok So



(45) D(Tv0) = D(vn)tn +j)_(|(jij(t)+D(vj-i))tJ_1 + an element in F(E\F[E),

Clamthat <1 Supposethat > 1 hence Vh* 0. Replacing (4.5) in (44), we
have that the right hand sick of (4.4) would contain an expression of the form t* with

| > 1 Comparing terms of cegree  and nl in (44), D(vn) = o and
( vnD(t) + D(vn-1)) = 0, Since D(vn) =0, vneC.

Thus D(nvnt+vn-i) = vnD(t) + D{vn-1) = 0

S vt + v 6 c. Thustis algebraic over F, a contradiction. So we have the
clam

From (4.5), we get D(TV0) = D(v Ot + (viD(t) +D(v0)) + anelement inFH\H],
Clearly, vi 6 ¢. Hence D(TV0) = vD(t) + D(v0) + an element in F(E)\F{t],

Step 10. Replacing D(Tv0) in (4.4) and comparing the head), we get
My = v]D{) + D(votWO) + 2 ciD(wi)wi + z hiD(K)K

iej ieJ

tM oz 2 [ca’(wia )+djaD( a)wja]Ga(¥Q)
aeA iGla

+M Z_ 2 (epDlyjp) + fipDiyip)yip)Ho(Zp).

pGBielp
A-ip=0

M gia;, ERD0D) + fDGio)inkp

+ anelement in K\,

Dividing by M, we obtain the correct sumof
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Part 11, To remove the assumption that F is algebraically closed, we proceed as inthe
proofof Part Il of Lemma431. f

Proofof Theorem 4,12, Letm=trdeg. KIF. The proof ishy induction on m
If m=0, then Kis algebraic over F. Let E be an extension of K such that E is
Galois over Fand let o be an element of the Galois group of E over . Thus

oy b
Summing over all & yields, for some Min z,

My = D(Ty),

where T denote the trace.
Hence v = D(TyM) and Ty/M 6 F. Therefore the theorem is trug in this case.
Assume that m> 0. Suppose that the theorem is true for any  Ei- extension L of a
field F' such that tr.deg/F < m  Since troegKIF = m we can choose a
transcendence besis t],...,tm of K over F such that

F=Foc Ft')=F. c- ¢ F(]...tm=Fmc K
and each 1] satisfies one of the following six conditiors:
(1) ti = exp(u) forsome ¢ F;.] nK, (F|_i denote the algebraic closure of i),
2) 1 = loglu) forsomeroreo - Grj ) nk,
(3) forsome a ¢ A thereare andnonzero VinF i K

suchthat D(t]) = D(u)Ga (v) where V=expRa ( ),

(4) forsomePc B, thereare |, Vin Fj.. nK such that

D() = DB where V< log o) sp() * O

(5) forsome a ¢ A, therearenonzero ,VinF_i K
suchthat D(t]) = (D(u)/u)Ga (v )where v=expRa( ),

(6) forsomePc B therearenonzero ,VinHi K
such that D(t]) = (D(u)u)Hp(v) where V=log sp(u) and Sp(u) * 0

Note that K is also an Ei - extension of F] and tr.deg K/F] = m1<m
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By inaluction hypathesis, there exist

()b cc,voc Fl and\eFi{0} forali cJ,

(2) cia, dja G C, nonzero elements wia, Xa algebraic over Fj forallic 1a,a cA,
(3) &p, flp & ¢, nonzero elements yjp , Zjp algebraic over F] forall i ¢ Jp, P B

sUch that
Y = D(v0)+ z bjD(vj)lvj

*Eni ezI (ciaD(wja) + dialXwia)/wia)Ga(xia)
* g (80 D)+ DIyt

where A B, J, 2 and Jo are all finite inoexing sets
Xa = expRa(wja)foral icla,a cA, ad
Zip = log spyip) and sp(yip) O fordli  Jp, Pc B
By Lemma4.3.1 and 4.32, we get the correct sumof . #

Theorem 4.12 is false without the condition (2) in the definilion of
Ei- extension as seen in the following example.

example. Let ¢ be the field of complex numbers and let F = C( X log(x) ) with the
ustal cerivation D=dlcx. Let = 0 and £ = (logY(Y-1)}.

Inthis case the index set Bis asingleton, H(Y) =Y and  (Y) = Y(Y-I)

This is excluded by condition (2) since deg (numerator of H) >deg(denominator of H).

Cleartv Io% - Iog%ﬂ) . Iogw

Hence J""x lies inan Ei - extension of F.
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Claim that
(4.6) * D(v0)+ £ biD(vi)vi + X (ejD(yj) + fiDCyjdly))

for any v0 Gr | the \j'GF\{O}, the yj, Zalgebraic over F with Z: log M(M - ])and
}j()j-l)AO and constants bj,ej,ﬂ Ge.

Suppose equality holds in (4.6).

By Theorem 3.2.1, we have for each i = I,...,m hatZ fj log(x) + kj for some
160Qk Ge. We also have, for eachi= .. m, Vi(yJ-l) = q><n forsome@Gc
We can assume that each @ls not zero. (If Q- 0 for some 1, then yj(yj-l) =
contradiction.) Each yj is algebraic over K = C( X, log(x), xri,..,xrm) and satisfies
the irreducible equation Y(Y-I) - qxn = 0. Taking automorphisms over some
appropriate extension (containing yi,...,.ym) of K and then summing over all the
automorphisms, we obtain

tY7Y - D(Tv0) + £ DbiD(Nv,y(Nvi)

+ X (ep(Tyj) + fDNy}/(Ny)))(alog(x) + kj),

where t 6 2+, Tand N denote trace and norm respectively.
Now, consider X (gD(Tyj) + fjD(Nyj)/(Nyj))(alog(x) + kj).

Foreach i=1...,m, since Tyj gZ, D(Tyj) = (.
Since Nyj = (cjxT)L, D(Nyj)/Nyj = gt D(X)/x.

Hence i>§| (jD(Tyj) + fjD(Nyj)/(Nyj))(alog(x) + kj) is of the form
D(log"x) + rD(x)/x where ,rGC.

Therefore = D)+ X DA, where 06 K W} Gko),
X+1 e
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doc and lisafinite indexing set
Take a ¢ Aut (K/C( X log(x) ) to the last equation and then summing over al G we

et
gy D(Twat GiD(NW)I(Nwj), where & 6 .
|

This confradictsthe fact thet  y,, K Is not elementary (for proof see Appendix B). #

4.4 Gamma Extension

Lemma 4.4.1. Let Fbe a cifferential field of characteristic zero wath derivation o,
and ¢ being it gebraically closed! suifieldl of constants.  Let t be transcenclental over
F such that

(47) D(t) = D(u)t forsome inF.
Let E be a finite algebraic dirfferential extension of F(t) with extended derivation D.
Assume that the subfield of constants of Eisc. Lety ¢ F. Assume that there exist
(1) bj 6 C,Vo 6 E, v E{0} fordll icl,
(D GoC,1j ¢ Q with-1<rj <i,Wj, ¥ ¢ B{0} and G, ¢ C(Y) forallicJ
slch that
Y=D(\0) + Y bDVv + Z ciD(wt)Gi(xiX

where | and J are finite indexing sets, ¥ = exp(wj ) fordl icJ
Then there exist
(1) bjcc, Voalgeoraic over F. and nonzero elements \j algebraic over F
fordl ic |
() ¢jcC, rjcQ with -L<rj<1, nonzeroelements Wj, X algebraic
over F foral e,
such that
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Y=D(v0) + z_ biD(vj)lvi + x_ cjDCw”GiCxi),

where  and J areall finite inoexing sets, x] = exp(wj ) forallicJ.

proof. Part I. Assume that F is algebraically closed.

Foreachic J, we have D(xj) = D(wj )X, then by Theorem 19, we have that We F
andthereexist U e Q and P Fsuenthat ¥ = Pitui. Without loss of generality,
we may assume that U are actually integers.

Let K be an extension of E such that K is Galois over F(t) and let a be an element of
the Galois group of K over ). Then

v=ay) = (@0)+ x bDCovi)av) + x g bw[nGi )

Summing over dl ¢ yielos, for some Min z,
(48) My =D(MV0) + X biDNv)(Nvi) + MX q O( *)Gi(xj)

where T and N cenote the trace and norm respectively
We now consider the head of the right hand sice of (4.8). It is straightforward to
verity that

D(TV0) + I)é DID(NVIYNvi = D(v0) + |>é biD (vj)ivi +aD(U)

+ elements nF(E)\F,

wherea ¢ ¢, Vo o Fand voc P{0}fordli 6.

Foreach i 6J, recall X\ = pitui

White I>e<JqD(W[I)GI(XI) = lIJ)Jé:]OqD(W\}*)Gl (xi) + é o D(wn)Gi(x1)
Claly, X qD(WGi(4) F

[¢
Uj=0
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It is easy to see that

Y apwi)Gj () = Y ci0( [‘) + elementsinF(E\F,
e g

where the ¢ 1 GC.

From (4.8), we equate the head to get,

My = D(v0) + iZI biD(vj)vi + aD(u)

+MY  qD(Wh)Gi(x]
0j=0

+M Y ci ([
leJ

Dividing by M, we get the required result.

Part I1. Assume that F is not algebraically closed.
Let F be an algebraic closure of F.
Let = (vO}e{wviliGL}™{ 1lie J}Mxj1iGJ}.
Hence F(t, ) is algebraic over F(t).
Note that F(t, ), F(t), F and F have the same subfield of constants C.(See
Appendix A for details.) By Part I, there exist
(1) bjcC,v0GF, vjc F\{0} foral ic |,
(2) Ci 6C, ricQ with -1<ri<1,Wj, XicF{0} foral icJ,
such that

Y=pw0) + Y_bidj)vi + Y_ CiD(Wri)Gi(xi),

where |, J are finite indexing sets, D(xi)/xj = D(wi) forail i ¢ J #
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Lemma 4.4.2. Lemma4A4.1 holds ifequation (4.7) is replaced by one ofthe following
conditiors:

() D(t)=D(u)u for somenonzero inF,

(i) D(t) =DOMGCY) forsomer GQ with -L<r<1 GGC(Y) /& & =

and ,v GFsuchthat v* 0, D(v)iv =D(u). {\ g e

proof. Part I. Assume that F is algetraically closed.
For each i GJ, we have that D) = D{wj)] , then by Theorem 19, we get X GF
and there exist X1Gc , P GF suchthat W = Xjt+ B,

Let Kbe an extension of E containing { V14 }suchthat Kis Galois over F().
Let a be an element ofthe Galais group of K over ). Then

Y=g = DOV0) + ¢ biDloviY(ov)) + ¢ o D(aw[')Gi ()
Summing over all a yields, for some Minz.
(49 My =D(M0) + £ DDN)(Nv;) + £ g D(Twi)GI (xi),

where T and N denote the trace and norm respectively

Now consider I%J an(T f)a(4).

Foreach i eJ, recall W =Ag+H

Wite £ qD(T ®)G(4) = £ AD(T B)G () + £ g DTW[)GI (xi)

Consicer 1GJ forwhich =0, HenceW Fadalso £ GF
OT = Mw*

T anel,
70 SR IS N
/ ~ O /, N\
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This x qD(T E)G) = x qMD( +)G(X)
LR X0
Now consider i GJ forwhich xj* O Forthesei,- < <.
If rj = 1 then Twj = Mwj and D(Twj ) =MD(xj )/X].
If rj=-l,then Tw”"= Mwj. and DfTwj-1) = -MD{wg)/( Xjt+P))2
If.0 <1j <y, thenwrite 1j = /M whereJ and hy are relatively prime in z.
Hore 1 satisfy Yhi- (¢ t+P)3 = 0 By Lemmasg2d, Yhi- (jt+P)3 is

Ireducible over Ft).
Hence Twi* = 0. Thus D(Tw*) = 0

Therefore X D(T ™Gi(i) = X GMA X Gi(x)
Xeo XjisAl
+ elements in F(E\F[t],

= D{)+ X, dD(0) + e in )P

where ocF d ¢, GR{0} foralicJ and J isafinite indexing set. This
last equality follows from the fact that Gj(x)/x IS a rational function of ¥ wath
constant coefficients.  So

X qD(T *)G () = M >>q( GDMW{)Gi0g) + D(ud)+ X ajD(ujiy
+ elements in F{E)\F[t),
It is straightforward to see that

|>eﬁ DIDIN)I(N} ) = X biD(ki)kj + elements in F{E)\F],
where K ¢ R{0} fordlicl.
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From (4.9), we can conclude that
(4.10) My = D(TW) + X hiDki)ki + M X GDW]i)G, (x)

5-1=0

+ D(U0) +I>e(J AjO(u;)uj + elements in F(E\F(E],

Now consider D(Tv0).
White Tvo = ijjtJ t elements inFE\Ft] where £ z+and \j £F fordl

=0, 1.0, We have
D(Tv0) = D(vn)in + J,)_(I(jvJD(t)+D(vj_i))tJ. !

+ elements In \H],

Clamthat <1 Supposethat >2 hence \h 0. Replacing D(TVO) in (4.10), we
have that the right hand sice of (4.10) would contain an expression of the form ti with
1> 1 Comparing terms of cegree  and el in (4.10), we get D(vn) =0 and
nvnD(t) + D(vn-1) = 0. Since D(vn)=0, Vh £ c.

Hence D(nvnt+VR-1) = nvnD(t) + D(vn-1) - 0. So nvnt+Vh: £c.

Thus t is algebraic over F, a contradiction.  Sowe have the cliam

Therefore D(Tv0) = D(vj)t + vjD(t) + D(v0) + elements in FE\F],

Clearly, Vj £ ¢. Hence D(Tv0) = vjD(t) + D(v0) + elements in F(NFE,
Againreplacing D(Tv0) in (4.1 )andcorrparlng the head , we gt

My = VD(t) + D(v0+ ><] DKk + x diD(uiVui
+ M }\Zﬁ q D(wri)Gi(xi)
il

Dividing by M, we obtain the correct sumof .
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Part I1. To remove the assumption that F is algebraically closed,we proceed as in the
proofofPart Il of Lemma 4.4.1, #

Proof of Theorem 4.4, Let m=tr.deg.KIF. The proof is by induction onm  If
m =0, then K is algebraic over F, and the theorem is trivially true. - Assume that
m> (. Suppose that the theorem is true for any Gamma extension L of a field F' such
that tr.deg. LIF <m Since tr.0eg. KIF = m we can choose a transcencence basis
11,..,Imof Kover Fsuchthat  F=Fo ¢ F(t)=FjC — F{t,...tm=Fmc K
and each 1] satisfies one of the following three conditiors:
(1) D(t) = D(u)lu forsomenonzero in H: K
() D(tj) = D(u)tj forsome in Fin K
(3) D(tj) = DunGW) forsome 1 GQ, 1< r< 1GGCY)and ,vinFi K
suchthat v * 0, D(v)v = D(u).
(F_I denote the algebraic closure of A ).
Note that K is also a Gamma extension of | and ti.deg. K/IFi=ml<m Soly
Induction hypothesis, there exist
()b G, voalogoraic over F. and nonzero elements j alogoraic over Fi foral iGl,
(2 q & qGQwith -L<q <1 nonzero elements wi, x alggbraicoverF: and
G GoY) forallic
such that

y=D(0) + X bDVAj + X ciD(w!)Gi (xi p

Where 1,J e finteiroedng s, D) = Dw) fordl 1G)
By Lemma4.4.1 and 4.4.2, we get the result ofthe theorem, z
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