CHAPTERYV
A GENERALIZATION OF A

STRUCTURE THEOREM OF RISCH

5.1 Preliminary Lemmas

In this chapter we generalize a structure theorem of Risch to another class of
fields. First we give some preliminary lemmes that are used in the proof of the main
result.

Lemma 511 Let F e a differential field of characteristic zero and K a dirfferential
extension field of F. Let t E K be transcendental over F. - Assume that there are

ey PV VR INK, With 1., p nONZENO, Such that precisely one member in each
par ( }M) is algebraic over Ht, 1,.., F4 vis..vj_i) ifi> Lor algebraic over F(t) if
1= 1 Then the elements duj/uj - avL....duplup - cvp, ot of Qk/ are linearly
Independent over K

proof. Let &0, d,....ap ¢ K be suchthat
(.) a0ct + a™du”us - avt) + 4 ap(cup/up - dvp) = 0

SlnceKt/)y Theorem 1.6 , there exists @ K- homomorphism
F-> nKIH{, 1. Up_ivi,..vp_1) suchthat god = dp , where dp isthe

At 1 P4V ,Vp}) derivation of K into UKIF(t, 1, jUb + Vis 3 1),

Compose (5.1) by g to get

~ ap(dpuplup” M) —o. S
Since precisely one member of each pair (Up, Vf) is algebraic over
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Ft, Uy, U0 IV, VO 1), by Theorem 17, we obtain  dpUpcpvh * 0
Hence ap = (0 Proceeding inthe same manner, we conclude that & = 0 for all
i=0, Ly #

Lemma .1.2. LetFbe a differential field of characteristic zero and K a differential

nonzero, such that precisely one: mermber in each pair (U, ) is aloghraic over
F(U),..., Uz, VA,...\J) If 1> Loralggraicover F if i=1  Thenthe elements
duj/uj - dva;...dup/up - dvp of Qpyp are linearly indepencent over K

Proof. The proofis analogous to the proof of Lemma 5,11

pefinition 513, Let F e a differential field andl K a differential extension field of F
An element t of K is called an elementary integral over F if there exist elements 0,

D(t) = D(0) + 1\[1 ODj) for each given erivation D of K

We say that K is a general elementary extension of F if there exists a finite
tower of fiels F=Foe Fic- ¢ Fn =K such that foreachi, 1<i<
H=H_i(t) and one ofthe following holcs:

() 1 isalgebraic over .1

() 1 =exp(u) forsome InH 2

(i) 1t =log(u) for some nonzero inFy. 1,

(Iv) 4 is primitive and nonelementary integral over H. L

Let F be a differential field. The statement "K = Fffp.-.Tn) is an elementary
extension ofF (or general elementary extension of F)" refers to thetower  of fields
F=Fo ¢ F1 ¢ - CFn=Ksuchthat §=F_.(t]) whereeachtj  satisfiesoneofthe
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conditions in the definition of the elementary extension (or general elementary

extension, respectively). -

Let E= {ilj = exp(a)) a}c A 1, 1<i< } and N
L= {iltj = log(a)), 4 GA.1, 1<i< }. §( AL\

example. Let ¢ be the field of complex numbers and Iet NS
K= C( X log(x), exp(x), Vix ) withthe ustial derivation D = dlx

Notethst ¢ FqGF! =Fo(tl)c R =Fs()c Fs =F(ts)CF4 =Fs(td) =K
where 1=X t=log(x), ts - exp(x), ta=vx.Hence E ={andL= {2},

Lemma D.14. Let F e a cifferential field of characteristic zero, K = F(t,...,tn) an
elementary extension of F with the same sudfield of constants ¢. Suppose that
o1 a0 Vare elements of K with 1., mnonzero, and off = 1, a2,...,.am G
suchthat ~ | coD(upj + D(v) & F for each given derivation D of K. Then

=
(1) thereare{q Gc I1GL},{d GelieE) and f inthe algebraic closure of
FinK such that

V + 2ot + 2 da = f,

where tj = exp(@) for icE,
() thereare {lqGZ Ik:*0,1=1..m}{n Gz 11 GL}, {m Gz 11GE}
and g in the algebraic closure of F in K such that
fm f \( \

rk 1K* nC1
U=l yuelL yVieE

where t) =exp(g)) for s L

Proof. Thereare Z|,...,zr, yi,...yre KwithZ* 0 fori=1,...,r suchthat
() Dz)zi = D{yj) for each given derivation D of K
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(1) one member ineach pair ( , Yi) must be § for some . <j <,
(i) precisely one member ineach pair ( , i) is alggbraic over
F(b ..., .1yi,...yi-i) ifi> Lor algebraic over Fif i= 1
(Iv) Kis algebraic over F(z.,....Zr, Yi;..\).
Wehave D( )/zi-Diyj)=0e Ffori=1,..r, and o D{ui)/uj +D(v) GF
Since 1., v GK and by (W), 1., L are alggbraic over

F(zi,...2r, Yi,.y0). Hencetr.oeg. F(zi,....zr, Yo d1, Loy 1, V)IFTAL
By Theorem 1.8, we can conclude that the elements dza/zt - dys,...,dzrfzr - dyr,

i}iiqduj/uj +dv of Q)P are linearly depencent over ¢

Thus there exist y0, Yiv.,Yr e ¢, not all zero, such that

(52) Yo( Z aiduii+dv) + Z Wi(czi'zi - oM) = *-
Claimthat Yo " 0. Suppose not. Then

(63) 2 idzilzi- %) = o

By Lemma 5.1.2, dzt/z: - Oyn,...,dzrfzr - cyr are linearly independent over K

Hence, from (5.3), M =0 fori=1 .1,

Ths Yo=Y =.“ Y¥*“ 0,a contradiction. Sowe have the claim

Without loss of generality, we assume Yo~ 1 Let =1, Cz,....c5 be a loasis for the

vector space over Q spanned by {ct| = 1 az,...am> Yb ¥} and
fori=1,.,mwite aj= j\q njg with eacd nij & Qand

fori=1,..r, write ¥ = ; I mijg with each njj GQ
J:

Replacing each G by Gflesst common denominator of ( 1., 1, Mts,...,mrs}, if
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Necessary, We can assume each njj, mij ¢ Z . In particular,
1= <= 7z nljg = nnci; thatis nn = >Ni2=ni3= -=nls=0
Fl

m A > .
et = e - forp=1..8
W (Hl y\/H|ZI y J

Wecanrewrite(5.2) & = gaww + dv-YYi—-¥¥) = 0

=l

By Theorem L7, V- ¥i¥i ... ¥ and . are algebraic over .
Hence

V-Y 1Yl ------ VO | =\F and
(04) L
- Zmil 1 =
=1 I g>

where f, g are inthe alggraic closure of F in K. Note that each Y] ither equals some
fj with I & L or equals some 4 where § = exp(a), j GE. Each 2 either equels some
withj GE or equels some g where f = log(aj), | GL Substitute the ) and the 4 in
(5.4), to ontain the desired! result. i

5.2 Main Theorem

Theorem. Let F be a differential fieldl of characteristic zero, K = F(tl,...,tn) a general
elementary  extension of F with the same subfield of constants ¢.  Suppose that
1,..Umand v are elements of K and og =1, @ Ge are suohthat
i":|otjD(uj)/uj + Dv) = 0 foreach given derivation D of K
Then
(1) thereare {q Ge 11 6L, (df Go i GE} and f inthe algebraic closure of
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F in K such that
v+ z ci*i+ z da = f,

where tj =exp(aj) fori GE,

there are { kj GZ I kj *0,i= 1 {n GZ IiGL 1, {mj GZ IiGE},

and g in the algebraic closure of F in K such that
fin 1V ( \
1y nafl nc 1
vi=| )ugL yvieE

where tj = exp(aj) fori GL.

Proof. The proofis by induction on r, the number of primitive and nonelementary

integral among 11,..,tn For r =0, the theorem is true by Lemma 5.1.4.

Let r > 1 Assume that the theorem is true for all smaller values of r. Among the r tj's

that are primitive and nonelementary integral over Fj_1, let tR be the one with the

largest subscript.

For notation simplicity, let F' =F(t}....,tR.1)if R >1orF =F if P-—1 and t =tR.

There are Zj,...,Zp, Viseees yp G K with Z* 0 fori=l,...,p such that
(i) fori=I,...,p, D(zj)/zj =D(yj) for each given derivation D ofK,
(i) one member in each pair (zj, yj) must be tj for some R+| <j < ,

(iii)

(v)

precisely one member in each pair (zj, yj) is algebraic over
F(t, ylv..yi i) ifi > 1 or algebraic over F'(t) ifi=1
K is algebraic over F'(t, ZlV..,Zp, yi-...,yp).

Note that D(t) G F,

DGiy/zi D) =0 G F fori=l,...p,

XajD(uj)/uj -o(v) = 0 G F,
i=|
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and that tr.deg. F(, m“yp, :L'].\l <p+2 meorem 18 we
7|

can concluce that the elements c, dzj/z: - dyls...dzo/zp - oy, i Ujluj - dv of
o e are linearly dependent overc, and so
there exist Y0, vi, ...vp, Y Gc , not all zero, such that

bs)  W(Zaiditi-d) + o, YiEH-0) + Wi = o

Claimthat Yo Suppose not. Then
(5.6) : Yidglg-dy) + Mt =o.

By Lemma 5,11, dzjzj - dy"-,jdzp/zp- cyp, ct are lineary independent over K
Hence, from (5.6), Yi=¥===Yh=y=0

Thus Yo=Yi =¥ ~m=Yh=Y=0, acontradiction. Sowe have the claim
Without loss of generality, we assume Yo= 1e

(04 = | 8z,...amY,,... Yo} and foreach 1= 1,..,m, write g; = jzil niiej With each
y GQ foreach i= 1.p, wite ¥ = J2:1 mjg with each mj G Q
Replacing each G by Gfleast common denominator of { .. wo.w o UK,

If necessary, we can assume eachny, my GZ .. In particular,
| = 0f :JZ:! njg = M thatisnu=1, 12=..= nig= 0

et Q= |Z:i”yi VY,

i e | \ ,
[Tud fr forj =1,..p.
=1 pr:|ZI y



68

We can rewrite (5.5) &
(5.7) Y Cjdwjiwj + dwo = 0
j=I
By Theorem L7, wo. wi,.., Wq are algebraic over F.
We now show 7=0

Note that yD(t) = Jil CiD(wj)j + D(wa) for each given derivation D of K

WQ 1., Wy are algebraic over F, sotaking a, an element of the Galois group of
F(Wb 3> W) over F, and summing over all &, gives
syt = _YI G D(NwNw + D(Twa)
]:
forsome  G2\{0} and for each given derivation D of K (N and T denote the norm
and trace respectively).
If 7*0, thent would be an elementary integral over F, a contradiction. Hence - =0

Consequently, ¥ CiD(wi)wj + D{wa) = O for each gjven derivation D of
j=!

Kad W= V- Xyl

The number of primitive and nonelementary integral among t1....tR iw0,..,\Wg, the

generators of F(t1....tR 1 0....Wg) over F, is less than.

S0 by the incluction hypothesis we have,

5.8 0+ 2 Vi o+ X diai = D>
©9 R A

g k; n; m;
[nwi‘][ﬂai‘)[l—lti'J = 8,
1=1 1€l ieE'

where E = {i | 1<i<R-l, § = exp(d) ada GFj_},
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L' = {il I<i<R-I}tj = log(d) andajeF}.i},
C- 0 cc nmbk ez wth 0andf gareintheagebraic closure of Fin K
Now recall

510 0= v XY

nlg n2q nmgq f-T miq
o= Uu2 s um Uz (nia =*)-

Subsitute the expressions (5.10) and (5.11) In (5.8) and (5.9) respectively and note
that each \] either equals some tj with | L or equals some g where 1 = exp(a)),
] o E and each z either equals some §j wath j ¢ E or equals some g where
] = log(a)), ] oL e get the desired resut

#
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