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5.1  P r e lim in a r y  L em m a s

In this chapter we generalize a structure theorem of Risch to another class of 
fields. First we give some preliminary lemmas that are used in the proof of the main 
result.

L em m a  5.1.1. Let F be a differential field of characteristic zero and K a differential 
extension field of F. Let t E K be transcendental over F. Assume that there are 
น 1,...,นp, v],...,Vp in K , with น 1,...,นp nonzero, such that precisely one member in each 
pair (น},Vi) is algebraic over F(t, น1,...,น}-1, vls...,vj_i) if i > 1 or algebraic over F(t) if 
i = 1. Then the elements duj/uj - dv!,...,dup/up - dvp, dt of Qk/f are linearly 
independent over K

P ro o f. Let a0, aj,...,ap G K be such that
(5.1) a0dt + a^du^u1 - dvt) + •■ •+ ap(dup/up - dvp) = 0.
Since, by Theorem 1.6 , there exists a K - homomorphism
g : n K/F-> n K/F(t,น1,...,U p_i,vi,...,vp_1) such that god = dp , where dp is the
F(t, น 1 ,...,นp. 1, V],...,Vp.})- derivation of K into ÜK/F(t,น1, jUp 1 V15 5Vp 1). 
Compose (5.1) by g to get

ap(dpup/up '  vpVp) — 0.
Since precisely one member of each pair (Up, Vp) is algebraic over
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F(t, ui,...,Up_i,vi,...,Vp_i), by Theorem 1.7, we obtain dpUp/up-dpVp ะ* 0. 
Hence ap = 0. Proceeding in the same manner, we conclude that aj = 0 for all
i = 0, 1 , ...,p. #

L e m m a  ร. 1.2 . Let F be a differential field of characteristic zero and K a differential 
extension field of F. Assume that there are น1,...,นp, Vj,...,Vp in K, with น 1,...,นP 
nonzero, such that precisely one member in each pair (uj, Vj) is algebraic over 
F(uj,..., U}_1, Vi,...,vj_j) if i > 1 or algebraic over F if i = 1. Then the elements 
duj/uj - dv1;...,dup/up - dvp of Qpyp are linearly independent over K.

P ro o f. The proof is analogous to the proof of Lemma 5.1.1.

D e fin it io n  5.1.3. Let F be a differential field and K a differential extension field of F. 
An element t of K is called an elementary integral over F if there exist elements v0, 
V!,...,vn in F, with Vp..,vn nonzero, and Cp.-.jCn constants of F such that

ทD(t) = D(v0) + Y  CjD(vj)/vj for each given derivation D of K.
1=1

We say that K is a general elementary extension of F if there exists a finite 
tower of fields F = F0 e  F1 c  -  c  Fn = K such that for each i, 1 < i < ท, 
Fj = Fj_i(tj) and one of the following holds:

(i) tj is algebraic over Fj. 1,
(ii) tj = exp(u) for some น in Fj_2,
(iii) tj = log(u) for some nonzero น in Fj. 1,
(iv) tj is primitive and nonelementary integral over Fj. 1.

Let F be a differential field. The statement "K = Fffp.-.Tn) is an elementary 
extension of F (or general elementary extension of F)" refers to the tower of fields
F = F0 c  F1 c  -  c F n = K such that Fj = Fj_1(tj) where each tj satisfies one of the
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conditions in the definition of the elementary extension (or general elementary 
extension, respectively).
Let E = { i I tj = exp(aj), a} G Fj_ 1 , 1 < i < ท} and

L = {i I tj = log(aj), aj G Fi_1 , 1 < i < ท}.

E x a m p le . Let c  be the field of complex numbers and let 
K = C( X, log(x), exp(x), Vx ) with the usual derivation D = d/dx.
Note that c  ̂ F q Ci F! = F0(t!)c F2 =F 1 (t2) c  F3 =F2(t3) c F 4 = F3(t4) = K,
where 11 = X, t2 = log(x), t3 -  exp(x), t4 = V x . Hence E = {3} and L = {2}.

L em m a  5.1.4. Let F be a differential field of characteristic zero, K = F(t1,...,tn) an
elementary extension of F with the same subfield of constants c. Suppose that
U l , . . . , u m  and V are elements of K, with น1,..., นm nonzero, and otj = 1, a 2,...,am G c 

msuch that ^  cqD(uj)/uj + D(v) G F for each given derivation D of K. Then i=l
(1) there are { q G c I i G L } , { di G c I i e E )  and f in the algebraic closure of 

F in K such that
v + z  qti + z  diai = f ,

where tj = exp(aj) for i G E ,
(2) there are { Iq G Z I k1 * 0 , i = l,...,m },{nj G Z  I i G L } , { mj G z  I i G E } 

and g in the algebraic closure of F in K such that
fm น f \ ( \

r K r K * n C 1
U =1 y ù e L y V ieE )

where tj = exp(aj) for i G L.

Proof. There are Z|,...,zr, yi,...,yr e K with Zj * 0 for i = l,...,r such that
(i) D(zj)/zi = D(yj) for each given derivation D of K,
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(ii) one member in each pair (ชุ, Yi) must be tj for some 1 < j < ท,
(iii) precisely one member in each pair (ชุ, Yi) is algebraic over 

F(zb ...,ช ุ.1, yi,...,yi-i) if i > 1 or algebraic over F if i = 1,
(iv) K is algebraic over F(z1,...,zr, y1;...,yr).

We have D(ชุ)/zi - D(yj) = 0e F for i = l,...,r, and D(ui)/uj + D(v) G F.
i=l

Since น 1,...,น 111, V G K and by (iv), น 1,...,น111, V are algebraic over
F(z1,...,zr, y1,...,yr). Hence tr.deg. F(z1,...,zr, y 1,...,yr, น 1,...,น 1ท, v)/F<r+l.
By Theorem 1.8, we can conclude that the elements dz 1/zt - dy1,...,dzr/zr - dyr, 
m^cqduj/uj + dv of Qj /̂P are linearly dependent over c 
i=l
Thus there exist y0, Ylv..,Yr e c, not all zero, such that

(5.2) Yo( Z a idui/ui + dv) + z  Yi(dzi/zi - dYi) = °-i=l i=l
Claim that Y0 ^ 0. Suppose not. Then

(5.3) z  Yi(dzi/zi - d>'i) = 0

By Lemma 5.1.2, dzt/z1 - dy 1,...,dzr/zr - dyr are linearly independent over K.
Hence, from (5.3), Yi = 0 for i = 1, ...,r.
Thus Yo = Yl == ... “ Yr “ 0 , a contradiction. So we have the claim.
Without loss of generality, we assume Yo ~ 1. Let = 1, c2,...,cs be a basis for the 
vector space over Q spanned by { ct| = 1, a 2,...,am> Yb -,Yr} and

รfor i = 1 ,...,m, write aj = Yj nijcj with eacd nij e Q> and
j=l

รfor i = l,...,r, write Yi = z  mijcj with each mjj G Q.
j=l

Replacing each Cj by Cj/least common denominator of (ท 11,...,ท1ทร, mt 1,...,mrs}, if
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necessary, we can assume each njj, m jj G z . In particular,

1 =  <X| =  z  n l jcj =  nn ci ; that is n n  =  1> ni2 = ni 3= - =  n ls  =  0
J=1

Let Wj =
น =1

A

y l l ziVi=I
>

y
for j = l,...,s.

We can rewrite (5.2) as z  cj dwj/wj + d(v - YiYi — - YrYr ) = 0.
j=l

By Theorem 1.7, V - YiYi ......YrYr and พ1 are algebraic over F.
Hence

V - Y 1Y1 -------YrYr = f  and

(5.4)
ท--11V z.mil

น =1

\

7
พ 1 = g>

where f, g are in the algebraic closure of F in K. Note that each yj either equals some 
tj with i e L or equals some aj where tj = exp(aj), j G E. Each Zj either equals some tj 
with j G E or equals some aj where tj = log(aj), j G L. Substitute the yj and the Zj in
(5.4), to obtain the desired result. #

5 .2  M a in  T h eo rem

T h eo rem . Let F be a differential field of characteristic zero, K = F(ti,...,tn) a general 
elementary extension of F with the same subfield of constants c. Suppose that 
น1,...,um and V are elements of K, and oq = 1, Œ2 G c are such that

^ 0tjD(uj)/uj + D(v) = 0 for each given derivation D of K. i=l
Then
(1) there are { Cj G c I i G L} , ( dj G c I i G E } and f in the algebraic closure of
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F in K  such that

v+ z  ci*i + z  djaj = f,

where tj = exp(aj) for i G E,

(2) there are { kj G Z  I kj * 0, i = }, { nj G Z  I i G L  } , {mj G Z  I i G E},

and g in the algebraic closure of F in K  such that

f i n  1 V  ไ ( \
ท น โ 1 n a f 1 n C 1

v i= l  )u g L y v ie E  )
where tj = exp(aj) for i G L.

P roo f. The proof is by induction on r, the number of primitive and nonelementary 

integral among 11,..,tn For r = 0, the theorem is true by Lemma 5.1.4.

Let r > 1. Assume that the theorem is true for all smaller values of r. Among the r tj's 

that are primitive and nonelementary integral over Fj_1, let tR be the one with the 

largest subscript.

For notation simplicity, let F' = F(t}....,tR.1) if R > 1 or F' = F if P- — 1 and t = tR. 

There are zj,...,Zp, yj,..., yp G K  with Zj * 0 fori=l,...,p such that

(i) for i = l,...,p, D(zj)/zj = D(yj) for each given derivation D of K,

(ii) one member in each pair (zj, yj) must be tj for some R+l < j < ท,

(iii) precisely one member in each pair (zj, yj) is algebraic over

F'(t, y lv ..,yi_i) if  i > 1 or algebraic over F'(t) if  i = 1,

(iv) K  is algebraic over F'(t, zlv..,Zp, yi-...,yp).

Note that D(t) G F',

D(zj)/zj - D(yj) = 0 G F  for i = l,...,p,

XajD(uj)/uj -D(v) = 0 G F ', 
i=l
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and that tr.deg. F(t, zi,...,Zp, y^.^yp,น1,...,น!11, V )/F' < p + 2. By Theorem 1.8, wemcan conclude that the elements dt, dzj/z1 - dyl5...,dzp/zp - dyp, duj/uj - dv of
i=l

Q K / P '  are linearly dependent over c, and so 
there exist Y0, Y i, ...,Yp, Y G c  , not all zero, such that

(5 .5) Y0( Z a idui/ui - dv) + z  Yi(dzj/zi - dyi) + Ydt = 0.i=l i=l
Claim that Yo Suppose not. Then

(5.6) z  Yi(dzj/zj - dyj) + Ydt = 0.

By Lemma 5.1.1, dzj/zj - dy .̂-.jdzp/zp - dyp, dt are linearly independent over K. 
Hence, from (5.6), Yi = Y2 = ••- = Yp = y = 0.
Thus Yo = Yi = Y2 ~ ■■■ = Yp = Y = 0 , a contradiction. So we have the claim.
Without loss of generality, we assume Yo = 1 •
Let c 1 = 1, c2,...,Cq be a basis for the vector space over Q spanned by

q
{04  = l,a2,...,am,Y1,...,Yp} and for each 1=  l,...,m, write a,; = z  n ijcj with each

j=l
qnÿ G Q, for each i= l,...,p, write Yi = Z  mijcj with each mij G Q

J=1
Replacing each Cj by Cj/least common denominator of {ท1 1 , . . . , ทm q , m 1 1 , . . .,nipq}, 
if necessary, we can assume each nÿ , mÿ G Z . In particular,

1 = otj = Z! nljcj = ทแ^ ; that is nu = 1 , ท12=...= niq= 0.
J=1

Let พ0 = V - Z ïiyi + Yt, i=lWj =
น =1

\

y
f r  ๓
n . z ivi=l

\

y
for j = l,...,p.
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We can rewrite (5.5) as
(5.7) Y  Cjdwj/wj + dwo = 0.

j= l
By Theorem 1.7, W 0 , wi,...,Wq are algebraic over F'.
We now show 7 = 0.

qNote that yD(t) = Y  CjD(wj)/wj + D(wq) for each given derivation D of K. 
J=1

WQ, พ 1,..., Wq are algebraic over F', so taking a, an element of the Galois group of 
F'(W0>W1> -,Wq) over F', and summing over all a, gives

for some ร G z\{0} and for each given derivation D of K ( N and T denote the norm 
and trace respectively).
If 7*0 , then t would be an elementary integral over F', a contradiction. Hence 7 = 0.

qConsequently, Y  CjD(wj)/wj + D(wq) = 0 for each given derivation D of
j= l

K and WQ = V - Xyjyj.
1=1

The number of primitive and nonelementary integral among t1,...,tR_i,w0,...,Wq, the 
generators of F(t 1,...,tR.1,พ0,...,Wq) over F , is less than r.
So by the induction hypothesis we have,

syDt = Y  Cj D(Nwj)/Nwj + D(Twq),
j= l

(5.8) พ0 + z  V i  + X  d i ai = f >ieL’ ieE'

where E' = { i I 1 < i < R-l, tj = exp(aj) and ai G Fj_]} ,
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L' = { il l<i<R-l,tj = log(aj) andajeFj.i}, 
c-, d| G c, nj, mj, kj G z  with 0 and f, g are in the algebraic closure of F in K. 
Now recall

(5.10) พ0 = V -  XriYii=l

พ 1
' น : ,” 1 n  2 : ' แ ( ท 1 1  =  1 ) .

i = l

พ 2 =  น ; , 1 2 น ; 2 2 . ( ท 1 2  = 0 ) ,

i = l

พ , n l q  n 2 q  n m q  r - T  m i q

= U1 u2 — u m U zi ( n l q  = ° ) -

Subsitute the expressions (5.10) and (5.11) in (5.8) and (5.9) respectively and note 
that each Vj either equals some tj with j G L or equals some aj where tj = exp(aj), 
j G E, and each Zj either equals some tj with j G E or equals some aj where 
tj = log(aj), j gL ,we get the desired result.

#
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