APPENDIXA
CONSTANT FIELD

There are three major extensions in tower of fields analyzed in this thesis, the
first is the adjoining an algebraic element, the second is the adjunction of a primitive
element, and the last is the adjunction of an exponential element.  The following
lemmas give relations among the subfield of constants between an extension field and
the ground field

Lemma A-l. Let F be a differential field and K a differential extension field of F
Suppose that K is algebraic over . Then the subfield of constants of K is algebraic
over the subfield of constants of F.

Proof. Let ¢ * 0be a constant of K. There exist a0, ai,....an i in F such that
XN+ an i xn-Lieet-30 isthe minimal polynomial of ¢

Hence cn+an jen M-"+a0 = 0

Differentiation gives D(an_i)cn L+-+D(ao) = 0 for each given derivation D of K
By the minimelity of , we have fori=0, 1, ..., -1 D(a) =0 for each given derivation
D. Thusfori=0, 4, .., - g isaconstant of F. Therefore c is algebraic over the
Subfieldl of constants of F. f

Lemma A-2. Let Fbe a differential field of characteristic zero. Let t be an element in
a differential extension field of F such that D(t) e F for each given derivation D.
Assume that there isno b in F stich that DYt) = D{b) for each given cerivation D. Then
t Is transcendental over Fand H(t) has the same subfield of constants as F.
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Proof. Suppose that t i algebraic over F. There exist a0.),....an. 1 in F such that
xn+an_IXn_1+—+ a0 is the minimel polynomial of t

Hence tn+an itn “—+ a0 = . Foreach given cerivation D, we get
(nD(t) +D(an_D)1 -IH( -)an_.Dft) + D{@an.2)tn2+...+D(a0) = 0.
% D) = d(/—) for each given denvation D. Since — IS in F, this
contradlicts the hypothesis of the lemma, hence t is transcencental over F
Next, we will show that F(t) hes the same sutifieldl of constants as F
Suppose that there exists a constant ¢ in F(t) that is not inF.

Case L ¢ = bmtm + bm *m1+—+ bo with booi,....om inF, integer m> 0 and
m* 0

For each given derivation D,
0 = D(c) = D(om)tm + (mbD(f) + D{om )™ + ... + D(b0)
S0 D(bm) = momD(t) + D(om i) = 0 for each given derivation D.
Therefore D(f) =D -y | for each given cerivation D. Since L
this again contradicts the hypothesis of the lem.

Case 2 c="fly with f, g relatively prime elements of F[t], g not in F and g monic.

For each given cerivation D, we have D(ffg) =0. So gD(f) = fD(g). Clearly,
DXf) and D(g) are also in F{t] and have degrees respectively at most the degree of
and less than the degree of g Relative primeness implies gID(g), so that D(g) = 0 for

each given derivation D, and proceed as in case 1to get a contradiction.
#



12

Lemma A-3. Let F be a differential field of characteristic zero. Let t be a nonzero
element in a differential extension field of F such that D({)t = of) for some aj) InF.
Assume that there does not exist nonzero element y in F satisfying D(y)ly = kap) for

each given derivation D, and for all positive integer k. Then t is transcendental over F
and H(t) has the same sufield of constants as .

Proof. Suppose that t is algebraic over F. There exist bo,bi.....on I in F such that
XL+ bn-IXnL +* + 10 is the minirel polynomial of t

Hence tn + bn jtn1+—+ bo = 0. Foreachgiven derivation D,
naDin + X (D(ok) +kbka D)tk + D(ho) = 0

Note that  ajs * O for each given denvation D. Thus we get that t satisfy
Xn + (bk) +kbkaD>xk t Db[} Q

k=1 ~ D
By the uniqueness of the mininel polynomal of £ ve heve .,y = b0 for each

given derivation D. So D{bo)bo = nap) for each given cerivation D, which is a
contradliction. Therefore t s transcendental over F.

Next, we will show that F(t) hes the same subfield of constants & F. - Suppose that
there exists a constant ¢ in H{t) that is not inF. White ¢ =figwith f, ¢ relatively prime
elements of Ht], For each given derivation D, we have Dfig) = 0, so that
oD(f) =fD(g). Note that for each given derivation D, D(f) and D(g) are elements in
F{t] of degrees at most those of f, and  respectively. Relative primeness inplies
0D(g), and fiD(f) for each given derivation D.

Claimthat fis a monomial. Suppose not, Let antn and artm b two distinct terms in
fwhere an, amnonzero elements inFand , mare integers such that 0< <m- Since
for each given cerivation D, fID(f), we get



13

D(@n)/an+nD{)t = D(am/am+ mD{p)t
S (mn)D(t)t = D(ana”)/(ana~1) for each given derivation D, a contradiction.
S0 fisamonomial.  Similarly, g isa monomial.

Now, write ¢ = atn where a is a nonzero element in Fand  is a nonzero integer.
For each given derivation D,

0 = D(c) = [D(@) +naaf)]tn.
Hence D(a)/a = -naj) for each given derivation D, a contraciction,

Therefore F(t) has the same sUbfield of constants as F i
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APPENDIX B

In the following, e present a method to examine whether a certain function is
nonglementary. The meintool i besed on the following lemme, whose proofwe refer
to[l]

Lemma B-l ([L]). LetF beadifferential field of characteristic zero with a derivation
D. Let F{t) be a aifferential extension field of F with the same subfield of constants

be linearly incepencent over Q  and et 1., be nonzero elements
of F(t), v ¢ F{t). Suppose that I£_ aD(uj)/ui + D(v) ¢ F{t], Then

v eHf,
(2) fD{) c F then o F fori= L.., ,

IfD(t)t ¢ F then foreach | = 1., thereexists ny ¢ z such that
Utm' 6 F.

Theorem B-2. Let Fbe a differential field of characteristic zero, with a derivation D.
Let H{t) be a differential extension field of Fwith the same subfield of constants c,

witht - transcendental over Fand D(t) ¢ F Let fo . If1 ftiselementaryover F(t),
thenthereexistcc ¢ and be Fsuchthat f = D(ct+h)

Proof. Since Jft is elementary over F(t), by Theorem 2.1.1,there exist constants

ft=2z cD{uui + D)
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Without loss of generality, we may assume that the q are linearly independent over Q.
By LemmaB-I, v G Ft] anduj G F for i=14, ..., .
S |Y-1 aD(ujluj e F Hence

(*) ft = D{v) + (elements of )

Wi v = wherely ¢ F forj =0..,mand bm*0. Thus
j=0

D(v) = D{bm)tm + (momD(t) + D(bmH))tm L + (elements of F{t] of degree <m1).

Claimthat m<2.Suppose that m>2

Then D(om) = 0 and momD(t) + D{bm i) = 0 Hence bm is a constant, and
Dimomt +bmQ = 0 Implying mont +bm L is a constant, and hence t is
algebraic over F, a contradiiction. So we have the claim

Thus v =022 + b1l + b0 and
D(v) = D(02)t2 + (202D(t) + D(bi))t + bAD(t) + D(b0).

Clearly b2 15 a constant. - Subostituting D(v) in (*) and equate the term of t yield
f=D(b2 + b f

Example. Let ¢ be the field of complex numpers and let F = C(X) with the usual
derivation D=dllcx. Let t = log(x). Thenby Lemma A2, t is transcendental over F
and F(t) hes the same subfield of constants &s F

We will showthat J--*"- Is nonelementary over Ht)

Supposethat J —2 is elementary. Thenthereexist ¢ ¢ and b e F sich that
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( L ="+ D).
Assume first that x+1 occurs in the denominator of b, then it occurs at least twice in
the denominator of D(b) which is not halanced by et If x+1 does not occur in the

denominator of b, then it is clear that x+1 does not occur in the denominator of D(b).
Both cases are is impossible. Thus, in either case the equation (*) has no solutions.

Hence Ic))(ng(l) is nonelementary over F().
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APPENDIX ¢

1 Elementary Extension

A differential field K is an elementary extension of a differential field F if there
exists a finite tower offields F=F0 ¢ Fj d — Fn=K suchthat for iwith 1<i<

Fj =Fj_j(t)) and one of the following holds:

(I) 1 isalgebraic over Fj i,

() t] = exp(u) forsome inF} 1

(iii) tj = log(u) for some nonzero inFj.1
2 More Generalized Extensions

Let F be a differential field with derivation D and the subfield of constants C.
Let A and B be finite indexing sets. Let K be a differential extension of F.

21 71- Elementary Extension
Let = (Ga(expRa(Y)) la GA}
| = {Hp(log Sp(Y)) IPGB}
be sets of expressions where :
(1) Ga,Ra, Hp, SpareinC(Y)foral a GA PGB,

(2) for all P GB, if Hp(Y) = Pp(Y)/Qp(Y) with Pp, Qp in C[Y] and Qp * 0, then
deg Po<deg Qp +1
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We call K an z - elementary extension of F if there exists a finite tower of
fields F=F0Q Fic-c¢cF n=Ksuchthat for i, with 1<i< , Fj=F_Lt]) and one
of the following holds:

) 1 isalgebraic over H_1

(

() 4 = exp(u) for some inFj.L

(iit) tj = log(u) for some nonzero inFj.1
(

Iv) forsome a GA, thereare and nonzero Vin Fj. Lsuch that
D(tj) = D(u)Ga (v) where v = expRa ()
(for brevity, tj = jGa (expRa ( ))D( )),

(v) for some @ GB, there are , vinFj.1suchthat D(tj) = D(u)Hp(v)
where V= leg Sp( )and Sp( ) 0

(for brevity, tj = Hp (logSp( )D( )).

2.2 Ei - Extension
Let = (Ga(expRa(Y))la GA},
| = {Hp(logSp(Y))IpGB}

be sets of expressions where :
(1) Ga,Ra, Hp, SpareinC(Y)foral a GA PGB,

(2) for all P GB, if Hp(Y) = Pp(Y)/Qp(Y) with Pp, Qp in C[Y] and Qp * 0, then
deg Pp <deg Qp.
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We call K an Ei - extension of F if there exists a finite tower of fields
F=FO< Flc-cF n=K suchthat fori, with 1<i< , H=F_1ti) and one of the
following holds:

1) 1 isalgebraic over H i,
i) f = exp(u) forsome inA 1

lil) t§ = log(u) for some nonzero inA_1

(
(
(
(Iv) forsome a GAthereare andnonzero v inF_1such that
D(tj) = D(u)Ga (v) where v = expRa( )
(for brevity, tj = jGa (expRa ( ))D( ),
(v) for some 3 GB, there are , v inFj.1suchthat D(t]) = D(u)Hp(v)
where v = log Sp( ) and Sp( )* 0,
(for brevity, § =jHp (logSp( ))D( ))
(vi) for some a GA,there are nonzero , v inFj. 1such that
D(t)) = (D(u)/u)Ga (v) where v = expRa( ),
(for brevity, tj = JGa (expRa ( ))D( ) ),
(vii) for some P GB, there are nonzero , v inFj. 1such that
D(tj) = (D(u)/u)Hp(v) where v = logSp(u)and Sp( ) 0,
(for brevity, tj = JHp (logSp( ))D( )/ ).
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2.3 Gamma Extension

We say that K is a Gamma extension of F if there exists a finite tower of fields
F=F0c Flc-cF n=K suchthat fori with 1<i< ,Fj=F}."tj) and one ofthe
following holds:

(1) 1 isalgebraic over Fj_1

(i) 4 = exp(u) forsome inH_1

(iii) 4 = log(u) for some nonzero inH 1

(Iv) there are G GC(Y), and nonzero VinFjjand rGQ with-1<r<1
such that D(t]) = D(ur)G(v) where V= exp(u),
(for brevity, tj =JD( 1)G(exp(u)))

2.4 Generalized Log - Explicit Extension

An element Xin K is called a primitive over Fif D(x) € F. Lett GK be
primitive over F. We call t a simple logarithm over F if there exist 1..., minF such
that for some constant ¢ in K, t + ¢ G F( log(ud.,...log(um) ). We say that t is
nonsimple if it is not a simple logarithm over F.

We call K a generalized log - explicit extension of F if there exists a finite
tower offields F=FOc F[C -cFn=Ksuchthat for i, with 1<i< | Fj=Fi 1)

and one of the following holds:
(1) 1] isalgebraic over H 1
(i) tj = exp(u) forsome infFj_1,
(ili) tj = log(u) for some nonzero inH_1
(

Iv) tj IS primitive and nonsimple over Fj. L
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25 General Elementary Extension

Let t be an element in a differential extension field of F. - We call t an
elementary integral over F if there exist elements V()vi...vn in Fwith Vi...vn

We say that t is nonelementarv integral over F if it is not elementary integral
over F.

We call K a general elementary extension of F if there exists a finite tower of
fields F=F0c FJc- cFn=K suchthat fori with 1<i< ,F="F_Itj) and
one of the following holcs:

(1) ] s algebraic over Fj.],

(i) tj = exp(u) forsome inFyi,

(iii) tj = log(u) for some nonzero InH_1

(Iv) 1) is primitive and nonelementary integral over Fj.j
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