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Section 1: Introduction

When investors assign an asset manager to manage a portfolio for them, they
usually set Value-at-Risk (VaR) to control the portfolio risk since it is easy to
understand. However, investors also want to motivate asset managers to make more
profit by giving some incentive for asset managers who make more profit than the
benchmark. Nevertheless, this may make asset managers too aggressive so that they
choose to invest in the portfolio that is too different from the benchmark; consequently,
the portfolio return also has a big difference. So, investors need to impose a constraint
on the Tracking Error (TE) as well.

From the research paper conducted by (Riccetti, 2016), he considers a
manager who manages an active portfolio. His research question is, “How should a risk
manager set TE and VaR constraints in asset management?”’. To answer this question,
he suggests that the risk manager chooses TE limit (TE) from a range [TE"‘"”, TEma"]
and chooses a VaR limit () from a range (—oo, V™%*]. His objective is to find a good
set of constraints that can help asset managers achieve good performance. His definition
for a good set of constraints is to make a feasible region contain as many efficient
portfolios (in the mean-variance sense) and, at the same time, as few inefficient
portfolios as possible. In his method (as Figurel), from the data that was given such as
stock universe, benchmark, confidence level (8), and commission fee (com), he uses
them to derive the suggested TE™" and TE™®* first. After choosing TE limit (TE)
from a range [TE™, TE™3%], he uses this number to determine V™. Then, a risk

manager can choose to set a VaR limit (7). Now, an asset manager can choose to invest
in a portfolio from a feasible region which has tracking error of a portfolio (TE,) less

than TE limit (TE) and Value-at-risk of a portfolio (1},) less than VaR limit (V).

Figure 1: Riccetti research methodology

Data Determine Risk manager choose Determine Risk manager choose
- Stock universe
- Benchmark -~ [TE"""',TE’”‘""‘] — TE from ITE””",TE”“""] ol ymax N 174 from(iwlvmtu]
- Confidence level (@)
- Commission fee {com)
implement implement

Asset manager choose a portfolio from a feasible region

Which has TE, < TE and V,, < ¥




In contrast to Riccetti’s work, this paper considers a different situation: while
Riccetti’s objective is to find an appropriate range of TE and VaR for a single portfolio,
we, on the other hand, consider a portfolio that consists of an active portion and a
passive portion. The risk budget of the entire portfolio is usually given in terms of the
overall Value-at-Risk budget, while the active portion is typically managed under a TE
budget (and also possible for a VaR budget). In this paper, we assume that we have a
given constraint on the Value-at-Risk of the entire portfolio (V,;) and the proportion W,
allocated to the active part of the portfolio. And we are interested in determining the
TE limit of the active portion of the portfolio. Therefore, our research question is,
“What is the appropriate way to set TE limit of the active portfolio that is also consistent
with the VaR constraint on the entire portfolio?”. In our opinion, the appropriate TE
constraint should make the feasible region contain as many efficient portfolios as
possible while ruling out the portfolios that are inefficient or violate the overall VaR
limit. In so doing, we will derive the upper limit on VaR of an active portfolio (V;*%*),
which is limited by the given Value-at-Risk of the entire portfolio (V). The proposed
7 will provide us the largest feasible region of active portfolios that do not make
the entire portfolio VaR exceed the given limit. For the lower limit on VaR of an active
portfolio (V;™™), we will find the least VaR limit that can be set from an unconstrained
portfolio region. There will be no feasible region when setting a VaR limit less than
this proposed V™™, Therefore, we get a range [V, V;"**| and then we derive a range
[TE;™™, TE;**] in which the TE limit of an active portfolio (TE,) should be set. The
proposed TE}*** will provide us the largest feasible region that does not violate the
overall VaR in case the given overall VaR (V;) more than the VaR at benchmark
portfolio (V). And the proposed TEF*™ will provide us at least a portfolio’s expected
return that can compensate for the commission fees. The outline of our method is shown
in Figure 2 below. After a risk manager chooses TE limit of an active portfolio (TE,)
and VaR limit of an active portfolio (V) from the suggested range, the active manager
can follow these TE and VaR mandates while the combined portfolio is guaranteed to
satisfy the overall VaR limit (/).



Figure 2: Our research methodology

Data Determine Determine Risk manager choose
- Given VaR (V)
- Weight. of an active [Vﬂm:'n‘ VA'”M] [TFF“",TFX“”] ?A from[l-’;””', V;r:.u'l
portfolio (W) - - L and

- Stock universe

- Benchmark

- Confidence level (#)
- Commission fee {com)

TE, from|TEJ"™, TE™|

implement

Asset manager choose an active
portfolio from a feasible region

result

Vamix < Vg

Which has TE, < TE; and ¥, < 7,

In sum, we extend Riccetti’s framework, which identifies risk limits of a
stand-alone portfolio. Our framework covers the situation in which risk limits are
identified for a portion of a part-passive-part-active portfolio whose overall risk is itself
controlled by the introduction of an overarching VVaR constraint. In our method, we first
use the overall VaR constraint to imply the VaR range and the feasible region of the
active portion of the portfolio. Once the region of active portfolios is determined, we
then identify the range of active portfolio’s TE.

Beside from our main contribution, we extend some parts of Riccetti’s work
that he did not cover. In so doing, we propose new methods to determine a TE limit and
a VaR limit of a single portfolio in various cases:

- We propose the method to determine a lower limit on TE (TE™") when
VaR is given (V;). The TE™" proposed by Riccetti can be contradicted
with the given VaR which causes empty feasible region.

- We propose the method to determine the lower limit on VaR (V™) which
Riccetti’s work did not mention. It is the minimum value that can be
achieved from an unconstrained portfolio region.

- We propose the method to determine the upper limit on TE (TE™%¥) in
the case of the expected return of the benchmark is less than an expected
return of the minimum variance portfolio (called inefficient benchmark).
We will provide clearer instructions on how to calculate TE™%* base on

Riccetti’s work.

Based on these modifications of Riccetti’s work, we will extend the analysis
further to determine a TE limit and a VVaR limit of the active portion of a part-passive-
part-active portfolio (main objective of this paper)



To implement the suggested risk limits in practice, we need to estimate the
risk-return characteristics of the portfolio constituents in order to compute the TE limit.
However, while in-sample data is used for estimation, the measurement of realized TEs
and VaRs is done “out-of-sample.” More specifically, our limits are computed based on
“ex-ante” measures (ex-ante VaRs, ex-ante TEs, etc.), but the measurement in practice
is usually performed in ex-post (ex-post VaRs, ex-post TEs, etc.) Furthermore, stocks
in an investment universe is the same as stocks in a benchmark in theory, while it can
be different in real life. Moreover, short-selling is hard to implement in practice.
Therefore, it is interesting to test whether the realized risk measures truly stay within
the given constraints, provided that re-estimation and re-balancing are carried out at
reasonable frequency. This experiment is the objective of our second part, which
implements the suggested risk limits using real market data and investigates the ex-post
risk measures in the following issues:

- an effect on having stocks in an investment universe different from stocks
in a benchmark,

- an effect on short-selling restriction, and

- an effect on yearly re-estimate parameters and re-balance portfolio.

This paper will proceed as follows. Section 2 reviews portfolio frontier and
reviews how Riccetti (2016) determined a TE limit (TE) and a VaR limit (V). If we
consider only one active portfolio, section 3 will explain how to determine the TE limit
when the VaR is given. This section also describes how can we determine the lower
limit on TE (TE™™), the lower limit on VaR(V™™), and the upper limit on TE (TE™*)
in the case of inefficient benchmark specifically value of a which Riccetti (2016) did
not cover. We will develop the methods of determining TE limit and a VVaR limit of a
single portfolio from section 3 into combined portfolio in section 4. We will determine
TE of an active portfolio (TE,) in Section 4 in the case that we are given with two
portfolios, which the one is a passive portfolio, and the other is an active portfolio.
Section 5 is an empirical experiment to observe the practical issues in implementing the
proposed limits. Finally, the conclusion is in section 6.



Section 2: Literature review

2.1 Review portfolio frontier

This section reviews some portfolio frontiers and constraints that have been
proposed in the literature, which will be useful in this paper. Mean-variance frontier
(MVF), Constrained-TE frontier (CTF) and Value-at-Risk (VaR) are shown in Figure3.
The analysis is conducted in a variance-expected return space (o2, w), but some figures
are presented in the usual standard deviation-expected return space (o, ).

Figure 3: Mean-variance frontier (MVF), Constrained-TE frontier (CTF), Value-at-
Risk (VaR) and Benchmark (B) in (o, ) space

= b MVF

/

CTF

2.1.1 Mean-variance frontier (MVF)

From the given stock universe, we can have an infinite number of portfolios
on the right side of the Mean-variance frontier (MVF) (Markowitz, 1952) as show in
Figure3. As the derivation by (Merton, 1972), MVF can be constructed from the
portfolios which has minimum variance with the given expected return. When there is
no risk-free asset, the optimization can be set as:

Min oy = Iw'ow
2
s.t. bp = WE
i'w = 1,

where each notation is defined as:

1)



= variance of a portfolio return,

= expected return of a portfolio,

= variance-covariance matrix of asset returns,
= vector of portfolio weights,

= vector of expected returns,

= vector of ones.

- = b".c:"dqm
|

The Mean-variance frontier is given by:

=i 1
with a =i'Q7Y, b=i'"Q7'E, c=E'Q7'E' and d = ¢ —%. In the (c%, ) space,
equation (2) represents a parabola which minimum variance portfolio (C) mean and
variance are y. = Z and o2 = % respectively. Therefore, it is a hyperbola in the (o, p)

space.

2.1.2 Constrained TE frontier (CTF)

When we impose a limit on tracking error (TE), the feasible portfolios for the
asset manager are inside an elliptical area (for relatively low TE values) that contains
the benchmark (B). (Palomba & Riccetti, 2012) called this ellipse the constrained TE
frontier (CTF). The shape of constant TE frontier (CTF) in the original mean-variance
space is explained by (Jorion, 2003) which was derived from a maximization (or
equivalently a minimization) over x:

Max x'E
s.t. x'i =0
i x'Ox = T?
(@+x)'0q+x) = o,

where

= vector of benchmark weights,
x = vector of weights that deviate from the benchmark,
q +x = vector of portfolio weights,
T? = variance of excess returns.

_
|

(2)

(3)



By setting up the Lagrangian and solving the equation, we get the
relationship between y and z as:

dy? + 4A,z% — 4A yz — AT?(dA, — AF) = 0, 4)
where
y = of—ad5—T?
z = lp = HUp
gz = variance of the benchmark return,
Ug = expected return on the benchmark,
Ay = up — U,
AZ = O—B? SN O-CZ

This equation is a quadratic equation of the type Ay? + Bz? + cyz+ F = 0
which represents an ellipse when the term:

AB - G) C? = d(4b;) — G) (—44,)?

= 4(dA, — A?) (5)

is strictly positive. Therefore, the center of the ellipse is at (62 + T?, ug) in the (62, )

space and the shape of ellipse will somewhat distort in (o, 1) space.

From the ellipse equation (equation (4)), we provide derivation more in detail
in the Appendix. We can find the weight of a portfolio on the CTF (i.e., “an optimal

weight”) from:

_ 1
X T s

O~ YE + i + 1509), (6)

where each notation is defined as:

_ b+2;
M= T
Ay A2 dy2-4T2A2
As = =t G i
AZ AZ Azy —4T AZ
A2 —dA
Ay +43 = +(-2 N
2 3 _( ) y2—4T2A2

The portfolio constructed from an optimal weight will be considered as “an
optimal portfolio.”



2.1.3 Value-at-Risk (VaR)

A portfolio’s VaR (1},) is the maximum potential loss over a time period at a
given confidence level. In (o, 1) space, the VaR constraint is represent by a line with
intercept —V,,. Assuming that security returns have a multivariate normal distribution,
the portfolio’s VaR at the 1000% confidence level is:

Vo = 290y — lp,

where zg is the critical value obtained from the inverse cumulative distribution of a
standardized normal with the confidence level 0.5 < 8 < 1. In (o, i) space, when we
imposed the limit on Value-at-Risk (VaR), the feasible portfolios will be on the left side
of a straight line which is the VaR limit and has a slope zo (See, e.g., (Alexander &
Baptista, 2008)).

2.2 Review the limit on TE and VaR proposed by Riccetti
(2016)

Considering the MVVF and CTF, Riccetti (2016) defined portfolios which have
specific characteristic (in Figure 4) as follows: (1) B: benchmark (2) J,: ellipse portfolio
with minimum variance (3) /;: ellipse portfolio with maximum expected return and (4)
C: minimum variance portfolio. Noted that Riccetti (2016) only considers “optimal
portfolios” on the CTF.

Figure 4: Portfolios defined by Riccetti(2016)

vl

4

MVF

CTF

(7)



The closed-form solutions of mean and variance in each portfolio are
explained in Jorion (2003). The mean, variance, and VaR of each portfolio are
described in Table 1.

Table 1: Calculation of relevant portfolio.

Portfolio | Mean Variance VaR
B Up o3 Vg = Zgop — Up
1
1 Hp — 0, =05 +T — V), = zg(0f + T —2,/TA,)* —
2 M AMNT
Va: 2VTA, e + =
1
o, =05 +T+ z
] up + 1t =2 Vh=zg<a§+T+2A1\/§>—
! VT 28, |-
pp —VdT
_b Z /)1 -
C he =7 oc =7

*Note that: starting from a small number of TE, portfolio J, will be move to the left side as
CTF expanding when TE increases. It will coincide with portfolio C when TE reaches to A, (it
will be derived in section 3.3). However, when TE increases more than A,, portfolio J, will be
move to the right side of portfolio C. It does not make sense when portfolio J, which is the
minimum variance portfolio given TE still have variance more than portfolio C in this case.
Therefore, we conclude that if T > A,, portfolio J, will be the same as portfolio C.

2.2.1 Lower limit on TE ( TE™™")

As explained in Riccetti (2016), his objective is to determine the limit on TE
(TE) for an amount large enough to give asset managers a non-empty and not too
narrow set of feasible portfolios. For the lower limit on TE (TE™™), it should be
increasing function of the commission fee so at least investors can get the return after
fees equal to investing in benchmark from a portfolio (as Figure 5). The lower limit on

TE should be TE™™ = cod_mz which was analytically explained in (Luca, 2012), where

com is commission fee that includes all management fees. If the limit on TE (TE) is set

co

2
at ==, portfolio J; which is the maximum expected return portfolio on ellipse will

have expected return equal to ug + com. If the limit on TE (TE) is less than TE™", an
asset manager cannot invest in a portfolio that have an expected return after fee more
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than investing on a benchmark. Therefore, the limit on TE (TE) should be set more than

com?
T

or equal to

com?

Figure 5: A feasible portfolio region when TE =

MVF

>
>

com?

CTF where TE =

v
Q
o

2.2.2 Upper limiton TE (TE™*)

2.2.2.1 Upper limit on TE (TE™2%) in case A;> 0

Riccetti (2016) considers a general case where the expected return of a
benchmark is greater than of a minimum variance portfolio (A, > 0). For the upper limit
on TE (TE™%X), it should provide a feasible region that contains as many efficient
portfolios and, at the same time, as few inefficient portfolios as possible. The ellipse
area of constrained TE Frontier is expanded from point B (where is a benchmark
portfolio) as TE increases. Suppose we set the limit on TE (TE) for a small number
(e.g. TE which is less than A,= 02 — ¢}), a feasible portfolio region will be on the gray
area, which its shape is an ellipse (as Figure 6).



11

Figure 6: A feasible portfolio region when TE < A, incase A;> 0

MVF

CTF where TE < A,

If TE increases to A,, the ellipse area will be expanded so that the minimum
variance portfolio on ellipse (J,) coincides with the minimum variance portfolio (C).
This value is derived by Jorion (2003). Since some parts of an ellipse are not investable,
the feasible portfolio region will be on the gray area in Figure 7.

Figure 7: A feasible portfolio region when TE = A, incase A;> 0

" MVF

/- CTF where TE = A,
CJ,

> Op

If TE increases more than A,, the ellipse area will be expanded from the
benchmark. As Figure 8, even though the ellipse area is expanded to cover some part
of efficient portfolios on the MVF, it also covers portfolios with high absolute risk (o)
and cover more portfolio that cannot be invests. As a result, the feasible portfolio region
will look like the gray area in Figure 8. Therefore, Riccetti (2016) proposes that TE
should not more than A, in the case A;> 0.
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Figure 8: A feasible portfolio region when TE > A, incase A;> 0

MVF

CTF where TE > A,

2.2.2.2 Upper limit on TE (TE™*) in case A;< 0

In the case where expected return of a benchmark is less than or equal to a
minimum variance portfolio (A;< 0). When TE increases to A,, the ellipse area is
expanded so that the minimum variance portfolio on ellipse (J,) coincides with
minimum variance portfolio (C). However, most parts of the ellipse area are on the
lower side of MVF which contains a lot of inefficient portfolios (as Figure 9). So,
Riccetti (2016) proposed to increase TE limit (TE) more than A, to expand the ellipse
covering more part on the upper side on MVF (as Figure 10).

Figure 9: A feasible portfolio region when TE = A, in case A;< 0

H
MVF

G J, CTFwhere TE = A,
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Figure 10: A feasible portfolio region when TE > A, in case A< 0

MVF

CTF where TE > A,

> O,

The situation when A; < 0 means expected return of the benchmark is less
than expected return of the minimum variance portfolio (Riccetti (2016) called it as an
inefficient benchmark). This benchmark is far from the efficient part of the Markowitz
frontier. So, asset managers can improve the portfolio performance with a very active
strategy to move portfolio allocation away from the benchmark, which requires a high
TE. So, in this case, the TE limit (TE) should be more than A,. Therefore, Riccetti
concluded that the upper limit on TE (TE™%*) should be aA, where & = 1 when A;>
0 and @ > 1 when A;< 0. Since he did not derive the calculation in this value and
suggested investors change the benchmark to a new one that has a higher expected
return than the minimum variance portfolio (C), we will propose the calculation of a in
section 3.3.

2.2.3 Upper limit on VaR (v™)

For the upper limit on VaR (V™%*), as same as the objective of finding the TE
limit, Riccetti suggests that it should provide a feasible region that contains as many
efficient portfolios and, at the same time, as few inefficient portfolios as possible. As
shown in Figure 11, J, represents the portfolio with minimum variance, while K
represents the portfolio with the minimum VaR. There will be a trade-off between VaR
and variance reduction. If VaR is set at Vi, we can only invest at point K. However, if
we set VaR at 7, we will have many choices to invest. Therefore, Palomba and Riccetti

(2012) proposed that the minimum range of upper limit on VaR should be at V,.
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Figure 11: Minimum VaR portfolio (K) and minimum variance portfolio (J5)

VK
Y

2

CTF

Figure 12: VaR constraints at portfolio level ¥, and Vg incase V;, <Vp

b MVF

> Op

Considering the maximum range of the upper limit on VaR (V™) in Figure
12, we compare a VaR of the maximum expected return portfolio on the CTF (V},) and

a VaR of the benchmark portfolio. It is obvious that if we choose VaR more than at /,,
it will only increase an inefficient set of portfolios. Therefore, Riccetti (2016) proposes
that the upper limit on VaR should not more than V; . However, V; may be too risky

compare to at benchmark (/z), so he divided the proposed maximum range of the upper
limit on VaR (V"™%¥) into three scenarios:

1. Incase V), <V, <Vp, if V,, <V, then V; is still a reasonable choice to be
upper limit on VaR.

2. IncaseV,, < Vg <V, ,if Vg <V then Vg should be upper limit on VaR so that
some feasible region is not too risky (as seen in Figure 13 below).
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3. Incase V;, <V, Setting the upper limit on VaR at V; (as shown in Figure 14

below), the feasible set will be relatively small. Increasing the VaR limit more
than that would increase the feasible set, but also increase the inefficient set as well.

Figure 13: VaR constraints at portfolio level V;, and Vp incase V;, > Vg

, Vg MVF

CTF

Op
Figure 14: VaR constraints at portfolio level V;, and Vj, in case of Vj, <V,

MVF

CTF

Op

If we define the efficient constraint TE portfolios, they are portfolios on the
CTF only the upper part of the minimum variance portfolio (J,) until the maximum
expected return portfolio (J;). As Figurel5, the efficient constraint TE portfolios are
sets J,J;0n an ellipse. Comparing constraint on VaR at Vz with constraint on standard
deviation at B (o3) (or variance limit), if we choose to constraint on VaR at Vg, it will
cut efficient sets J, K, but increase efficient sets B, J, and also increase inefficient set in
area BB, K;. Choosing constraint on standard deviation at B (a5) will cut efficient sets
B1], but increase efficient sets J,K and increase inefficient set in area BK,/,B,. Itis a



16

free choice for the risk manager to choose VaR limit or variance limit (standard
deviation limit). However, the limit on VaR implies a riskier set of a feasible portfolio
than the limit in variance term (standard deviation term), so Riccetti (2016) suggests
using constraint on variance (standard deviation) at a5 rather than constraint on VaR at
Vs.

Figure 15: Feasible region when we set VaR or standard deviation at B in case of

V]1 < V]z

"
N MVF

CTF

In sum, the limits proposed by Riccetti (2016) are suggested base on the limits
that provide a feasible region that contains as many efficient portfolios and, at the same
time, as few inefficient portfolios as possible. As summarized in Table 2 below, the TE

2
limit should not be less than % because there will be no portfolio’s expected return

that high enough to compensate for the commission fees. The TE limit should not be
more than aA, because it would only increase a few efficient portfolio regions while
increasing a lot of inefficient portfolio regions. For the VVaR limit, in general, if it were
less than V;,, we would unnecessarily forgo some portfolios on the efficient CTF. On
the other hand, if the VaR limit is more than V; , it will only increase inefficient feasible
regions, which will contradict Riccetti’s objective of setting the limits. The suggested
VaR limit is also changed depends on the value among V,,, V;,, and V5.
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Table 2: Proposed limits by Riccetti(2016)

Limit Case Value
Lower com?
min = 7
TE _ d
Upper(range) com
P < Thax < al,
Range in general Vi, <Vax <V}
< =
VaR Upper V]z = Vh < VB Vmax V]1
I/]2 S VB < V]l Vmax = VB
v, <V, Prefer limit on variance to VaR at op

Section 3: Extension from Riccetti (2016)

This section will modify and complete some of Riccetti’s works that
determine the TE limit and the VaR limit of a single portfolio. Then we will extend the
modified work to determine the TE limit and the VaR limit of the active portion of the
entire portfolio in the next section. If we were given the VaR limit, the TE limit that we
should set should not make any parts of portfolio region exceed the given VaR limit. In
general, if the VaR limit (V/;) is more than the VaR at portfolio B (V3), the TE should
be set at the level that the ellipse of the CTF tangent with V;; at portfolio G (as shown
in Figurel6). We define that level of TE as TE;.

Given TE limit (TE) = TEg, the portfolio that has highest VaR is at portfolio
G and the portfolio that has the lowest VaR is at portfolio K.

Figure 16: The ellipse tangent with the given VaR (V¢ ) and the resulting portfolio K
on the ellipse with the lowest VaR

H p VK Vg V G

Op



18

To find a portfolio on the CTF with a specific slope, we take the partial
derivative with respect to y on equation (4), we get the slope:

1 _ ZAlz—dy

z 4A22—2A1y ' (8)

When we set z' = 0, we can find the point of an ellipse that has maximum /
minimum expected return as:

Table 3 : Calculation on maximum/minimum expected return point

Points Calculations
Maximum expected return point \/ﬁ
. VT2d,0% + T? + 2A, |[—
(portfolio J;) Hs + o T 1T+ 2017
Minimum expected return point <y3 —VT2d,0% + T? - 2A1\/§>

And by taking the partial derivative with respect to z on equation (4) we get
the slope:

7 = ZAly—4'A2Z
T dy-2M7 9)

Then we set y' = 0, we can find the point of an ellipse that has maximum /
minimum variance as:

Table 4 : Calculation on maximum/minimum expected variance point

Points Calculations

Maximum variance point (llB + Alﬁ,ag +T%2+2 T2A2>
2

Minimum variance point (portfolio J,) <u3 — Al\/?,ag +T2-2 T2A2>.
2

Considering a VaR of a portfolio, it can be computed from V, = Zg0, — wp,.
To find the slope of VaR in the mean-variance space in term of z, we get:

Hp = Zgop—Vp
Z = ZgJy+0f+T2 =V, — g (10)

zZ = 2

- 2 |y+o+T? . (11)
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From equation (8), we can find z in term of z’ as:

r_ 20 z—-dy
z 4A22—2A1y
40,zz' — 201yz" = 20,z —dy
dy — 20M,yz' = 2A,z — 40,27
dy—-2A,yzr

zZ = .
ZA]_ —4-A2Z’

Therefore, the tangent point of VaR and the ellipse is the point that:

A Zgy

dy——202_

4 y+o4+T
= 20,7

ZAl—A

y+a%+T

dy,y+a§+T—A129y
Z = .
20, /y+a§+T—2A229

The value of y can be found by substituting the value of z from equation
(13) to the ellipse equation (4), so we get:

dy,y+o§+T—A129y
dy? + 44, —4A,y
244 /y+a§+T—2Azze 244 /y+a§+T—2A229

Since we cannot find the closed-form solution by plugging-in the value of z to
the ellipse equation (4), we will use the numerical search to get the value of y, which
should have two values. To get the value of z, we plug-in those values of y back to
equation (12). Then we revert them to the value of p, and a7. The higher variance

2

portfolio will be the highest VaR portfolio given the TE limit and vice versa. as
Figurel6, if we set T = TE;, the higher variance portfolio will be portfolio G and the
lower variance portfolio will be portfolio K.

3.1 Determining the lower limit on TE (TE™™) when VaR is given (V¢ )

2
When a VaR limit was given before, if we set the TE limit to =" as Riccetti

suggest, there may be the case that there is no feasible region. So, we propose the lower
limit on TE (TE™") as to at least give us a portfolio to invest in. Considering the case
where V; < Vg, In this case, there are only portfolios on the left side of V; can have
VaR less than V. Since we cannot invest in a portfolio on the right side of V, the lower

dy |y+03+T—A1Zgy
T T ) AT(dA, - A2) = 0,

(12)

(13)

(14)
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limit on TE (TE™") should be set as tangential CTF is on the right side of V; (as
shown in Figure 17 below). To find such a value of TE that tangent with V, we start
by assigning a small number of TE. We then find a tangential portfolio on CTF by
searching for the pair of zand y that give the lowest VaR portfolio equal to V.
Considering z and y in equation (13) and (14), we want to find the value of TE that
satisfies an equation:

Zog\y+oi+T—z—ug—V; =0,

where Zg+/y + 02 + T — z — g is the VaR of the lowest VaR portfolio given a TE

limit. If Zgy/y + 02 + T —z — ug — Vi > 0, we will increase the value of TE until it
becomes zero (vice versa). The TE that satisfies equation (15) will be the lower limit
on TE (TE™™),

Figure 17: The lower limit on TE (TE™™ ) when VaR is given (V¢ ) in the case
Ve < Vg

Mp

(15)
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3.2 Determining the lower limit on VaR (V™) that can be set

From Riccetti’s work, there is no lower limit on VaR (V™™) in his suggestion,
so we will propose it in this section. We propose that the lower limit on VaR should
provide us at least a portfolio to invest in regardless of how large a feasible region.

Figure 18: Minimum VaR (V™™ ) that can be set

u Vmin
N MVF

> Op

Considering the minimum value of V/;; that can be set, it should be the VaR of
the lowest VaR portfolio in MVF (as shown in Figure 18). So, we propose the lower
limit on VaR (V™") to be the VaR of the portfolio at the tangential point of the MVF
and the VaR line. Given the stock universe that we can invest, the mean-variance
efficient frontier (MVF) from equation (2) can be rewritten as:

2 1 2
0 = ~(up—uc) +3é
1
o = —(uf — 2upc +uE) + 0t .
The slope of this MVF is:

1 ! !
20y = = (2pp1p" = 20p'1c)
dap = .up.up,_.up,.uc

' dop
Hp—Hc

From V,, = Zyo, — 1y, the slope of VaR line is:

0 = ZG_.up,
,uz', = Zg.

(16)

(17)

(18)
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Therefore, the point that has lowest value of VaR is at:

_ _dop
Zo = Hp—Hc
op = ZG(HZ—HC) . (19)

Substitute the value of o, from equation (19) to equation (16), we get:

(Z@(l‘p_ﬂc))z = %(’up — ‘uc)z + O'CZ,
d

Z3(up—nc)’ = d(uy—pe) + a0

b, _ ,dsz?:
l’lp l’lc ra i Zg_d

d
= e —=

+

Al

(20)

2
Z—

Since the efficient frontier is the line above minimum variance portfolio (C)
on MVF, then we will consider only:

doc
b = pct !
X > /zg—d (21)
doc

for \/7 which should have a positive value. So, substituting p,, into equation (19),
z¢-d

we get:

P z¢-d (22)

Therefore, the minimum Value at Risk is:

ng(; doc

= —Hc —
/zg—d z§—d

ymin = Gidoc_

2
z3-d

ymin = g, /zg —d — pe. (23)

Vmin
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3.3 Proposed value of & when benchmark is inefficient

In Riccetti (2016), the upper limit on TE (TE™%*) is proposed at A, where
A, is the value at which portfolio J, coincides with C. While « = 1 when A;< 0, and
a = 1 when A;> 0. When A; < 0, the CTF will be on the lower side of the MVF. So,
we suggest that the TE should be increased until we can at least invest in the minimum
VaR portfolio (as shown in Figure 19). Therefore, we will find TE that make CTF
coincide with MVF at point M where point M indicates the minimum VaR portfolio. In
this case, our proposed a will provide a value that is more than one (concordant with
Riccetti’s suggestion), which will increase the efficient portfolio region. Moreover, we
can invest in the lowest risk portfolio in terms of VaR.

Figure 19: The upper limit on TE (TE™?*) in case of inefficient benchmark

Mp
¥ Vmin MVF

CTF when increase TE > A,
until it coincides at M

CTF when set TE = Ay soit
will coincide at C

> Op

Considering o, in the mean-variance efficient frontier (MVF) from equation
(16) and put this value into y, we get:

1
y == (1} — 2uppc + u¢) + 0f — of — T?
1 2
J’:E(/v‘p_lic) — A, —T?
y==(z+A)?— Ay — T2,
To find the points which the mean-variance efficient frontier (MVF) contacts

with the constrained TE frontier (CTF). We substitute y from equation (24) into
equation (4), so we get:

(24)
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0 =dy?+ 40,22 — 40 yz — 4T?*(dA, — A?)

0=d[3(z+8)% -4, - TZ]2 + 40,27 — 4y [ (2 + Ay)? — 8, — T?| 2 -
4T%(dA, — AD)

0=d [% (z+A)* == (z+ A)2(B, + T2) + (A, + TZ)Z] + 40,22 —

47,z [% (2% + 220, + A?) — A, — TZ] — AT2dA, + 4T?A?

0 = d2 [% (z+A)* — 2(2 +A)2(A, + T2 + (A, + TZ)Z] + 4dA,z? —
4dA,z E (2% + 220, + A2) — A, — TZ] — AT2d%A, + 4T?dA?

0 = [(z* + 4237, + 62272 + 4zA3 + AT) — 2d (2% + 2zA, + A2)(A, + T?) +
d?(A3 + 2A,T? + TY)] + 4dA,z% — [40,23 + 82%2A% + 4A37 — 4dA A,z —
4dA,T?z] — 4T?d?A, + 4T?dA?

0 = [(z* + 423A, + 62%0% + 4zA3 + AY) — 2d (0,22 + 20,A,z + A, A% +
T2z% 4+ 2T?A,z + T?A2) + d?A3 + 2d?A,T? + d?T*) + 4dA,z? —
4023 — 82%A? — AN3z + AdA A,z + 4dAT?z — AT?d?A, + 4T?dA?

0 = z* + 4237, + 622A% + 4273 + A* — 2dA,z2% — 4dA,Az — 2dA,A% —
2dT?z% — 4dT?Ayz — 2dT?A% + d?A% + 2d?A,T? + d?T* + 4dA,z% —
4023 — 822N — AN3z + 4dA A,z + 4dA T?z — AT?d?A, + 4T?dA?

0 = z* — 222A% + A* 4+ 2dA,z? — 2dA,A? — 2dT?2z% + 2dT?A? + d?A% —
2d?A,T? + d*T*

0 =z*—2z2(A% —dA, + dT?) + (AT — 2dA,A% + 2dT?A% + d?A% —
2d%A,T? + d?T*)

0 = z* — 22%(A? — dA, + dT?) + (A? — dA, + dT?)?

0 = [2%2 — (A? — dA, + dT?)]?.

From the explanation is provided by (Palomba, 2008). there are three cases
for solutions in equation (25):

1) No solution: when A2 — dA, + dT? < 0 or T is very small, the CTF will have
no contact point with the MVF.

2
2) 1 solution: when A? — dA, + dT? = 0 or T? = A, — =, the CTF will have

contact point with the MVF when z = 0 or u, = ug Which means the first
contact occurs on the horizontal from the benchmark.

3) 2 solutions: when A2 — dA, + dT? > 0 or T? is large enough, the CTF will
have two contact points with the MVF when:

VA

+,/A% — dA, + dT?
tp —te = +/A? —dA, +dT?
tp = pp++/A%2 —dA, +dT?.

(25)

(26)
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The ellipse of the CTF will coincide with the MVF at the minimum
variance portfolio (C) as shown in Figure 7 when u,, = . or:

He = pg* /A2 —dA, +dT?

He—tp = +/A2 —dA, +dT?
dT = dAZ
TZ = Az.

To find the value of TE which makes the CTF coincide with the MVF at

dO’C

2
|23-a

consider only on the upper part on efficient frontier, we get:

portfolio M, we substitute u, = uc + from (20) into equation (26). Since we

pe + -2 =y + /D2 —dhb, +dT?
/zg—d
4% _ Ay = JA?—dA, +dT?

2
|22-a

dzg-g. _ 2dochAq + A% Al A% d dAZ + dTZ

zZ%-d [2
0 Z5—d

d2¢?2  2doch 1% 2
—C =ttt dp, = dT
ZG_d Zg—d
do? 20cA
T2 = L _——L13A,.

Z2—d / >
6 Z5—d

Therefore, in the case of the inefficient benchmark, @ from Riccetti (2016)
should have the value proportional to A,, so we get:
TZ

A
do? 20¢ch

B2(25-a) |z3-a

a =

+1.

By an assumption that

1. The benchmark portfolio (B) is inside an efficient frontier (MVF), so A, is
positive.

2. To get value of « to be a real number, ZZ — d must be positive.
Since we consider the case of the inefficient benchmark, A, is negative.
By assuming the CTF to be an ellipse, d must be positive (described in
Appendix). And o is standard deviation of the minimum variance portfolio,
which is positive.

(27)

(28)

(29)
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do2-20cA, /zg—d

Ay(z3-a)
will have a value of more than 1 when the benchmark is inefficient (ug — u- < 0 or
A;< 0), which is concordant with Riccetti (2016).

If we consider

, it will have a positive value. Therefore, a

Section 4: Determining the Tracking Error (7€,) and
VaR (v,) of an active portfolio when combined with a
passive portfolio

Considering portfolios in (o, u,) space, as shown in Figure 20, the
relationship between expected return and volatility of the mixed portfolios will be a
straight line when the correlation of two portfolios equal to 1. the shape of the mixed
portfolios will be like the dashed line when two portfolios have correlation less than 1.
If we compare those two lines with the same expected return, the dashed line will have
variance less than the straight line. This relationship also applies to VaR. So, we will
first consider the case correlation equal to 1, which causes a VaR of a mixed portfolio
to be highest. Let portfolio A is the active portfolio with the highest VVaR given a value
of Tracking error (TE,) and portfolio B is a passive portfolio which has expected return
and variance equal to the benchmark.

Figure 20: Mixed portfolio with correlation 1 and less than 1

Hp

r
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4.1 Case Vg <Vg

In the case Vy <V, the TE limit and VaR limit of an active portfolio will be
proposed as the highest value that will not make any part of the portfolio region breach
the given VaR of the entire portfolio. Setting the active portfolio’s TE limit and VaR
limit beyond the proposed values will introduce the chance that the entire portfolio’s
VaR breaches the VaR limit (V). Suppose we invest in portfolio A with weight W, and
portfolio B (Benchmark) with weight (1 — W,), the VaR of the mixed portfolio (Vi)
will be equal to V. This portfolio A is the portfolio with the highest VaR on the CTF
from setting TE limit equal to TE,. With this value of TE, we can choose any portfolio
in CTF which will not cause the VaR of the mixed portfolio greater than V, (as shown
in Figure 21). So, TE, is the upper limit on TE given V, (called TEJ***).

Figure 21: An active portfolio which has the highest value of VaR with the given TE
in case of p=1

Hp

A

Op

Assuming correlation between A and B (p) equal to 1, the VaR of the mixed
portfolio can be computed from weighted average VaR of the two portfolios. So, it can
be expressed by:

VpMix = WV + (1 — Wy)Vp.

With the given V; and W,, we want to find a mixed portfolio that V,,;, = V.
Since we know V5, we will solve equation (30) for V4. So, we get:

_ Ve—(1-W4)Vp)

vV
A Wa

(30)

(31)
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We can find TE that tangent with V, as the same approach as explained in
section 3.1. Start from assigning a small number of TE, we can find a pair of z and y
that gives the highest value of VVaR. We will increase the value of TE until it satisfies

Va—ZgJy+0i+T+z+puz=0.

2
The TE we get from equation (32) should be greater than == as Riccetti’s
suggestion for an active manager to get more return than the commission he pays.

2
Supposing we set the TE limit at %, the VaR limit should be more than the minimum

2 . .
VaR obtained from the TE limit at =— (V72 2/,). SO, VipT, 2 q will be
represented as the lower limit on VaR (V™). The calculation of V2" . /a Can be

adapted from the instructions in section 3.1. In sum, the set of limits of an active
portfolio in case Vz < V, are summarized in Table 5 below.

Table 5: Set of limits of an active portfolio in case Vg < V¢

Set of limits Lower limit Upper limit
VaR Vit = Vit e a Ve =V,
TE TEJ™ = —C°;”2 TE® = TE,

Figure 22: An active portfolio which has the highest value of VaR with the
given TE in case of p<I

Hp
Ve Va

Op

However, the correlation between A and B is not equal to one in reality. With
the same parameters such as Wy, V,, Vg, etc. except p < 1, this situation will make VaR
of an entire portfolio (Vp) less than V,; (as seen in Figure 22 above). Therefore, we are

(32)
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still able to increase V, until V,;, equal to V. If we relax a correlation assumption, a
VaR of an entire portfolio can be express by:

VoMix = ZeOpmix — Upmix
= Zex/quzaf + (1 = Wy)205 + 2pWyWgos05 — (Wapts + (33)
(1 — Wy)ug).
Given a VaR of an entire portfolio equal to V;;, we will get:
Ve = zgyW207 + (1 —Wy)202 + 2pW,(1 — Wy)o,05 —
(Wapa + (1 = Wy)ug)
Vo + Wapa + (L =Waup) = zo\W2a2 + (1 — W,)20Z + 2pW,(1 — W) 0,05
(Vo + Wapa + A= Wup)® = zg(Wiai + (1= W,)%a5 + 2pW,(1 — W) 0,05)
Ve + (A=W up)* +2(Vg+ = zZWia} +z5(1 — Wy)%02 + 2z5pW,(1 — Wy)oy05
(1 = Wup)Waps + Wini
Ve + (A =Woup)? = zgWia} + 2z5pW,(1 — Wy)ouop — 2(V; + (34)
(1 = Wupg)Waps — Winj + 25(1 —Wy)?aj .
Consider V, = zgo4 — ty, SO 04 = VAZ—;”A Therefore, we get:
(Vo + (A =Wpup)?* = Wi Va+ pa)® + 220pWu(1 — Wa) (Vo + p14) 05 —
2(Vg + (1 = Wug)Waps — Wins + 25(1 — Wy)?a}
(Vo + (1 =Woup)®* =WZWVZ+ 2Vapa) + 22gpWs(1 — W) (V4 + pia)op —
2V + (1 = W)ug)Wapa + z5(1 — Wy)?o
0 =WLWZ + 2Vaua) + 229pWy(1 — W) (V4 + pa)0p —
2(Vg + (1 = Wug)Wapa + 25 (1 — Wa)?a5 — (Vg + (35)

(1 — Wy)up)?.

Equation (35) will leave us two unknown parameters (i.e. V, and p,). From
the main objective is to find a TE limit in equation (32) with the given p, we can solve
equations (13), (14), (32), (35) by following this:

1. Assume a number of V, which should be more than V, in case of p = 1.
Find TE that tangent with V, as the same approach as explained in section 3.1
so that the TE limit we get is satisfied equation (32).

3. With the TE limit we find from step 2, we can also find z from equation (13)
which leads us to know p,.
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4. If the assumed V, in step 1 and u4 from step 3 does not satisfy equation (35),
we will change a number of V, and repeat step 1 — 4 again.

In this paper, with the capability of MATLAB on solving equations, we use
the function “vpasolve” to solve equations (13), (14), (32), (35) simultaneously. Then
we get parameters y, z, T2, and V, (an illustration will be shown in section 5). Therefore,
T2 and V, will be TE limit and VaR limit on an active portfolio, respectively.

42Case Vg =2V

In this case, since Vz > V;;, there are always some parts of CTF exceeding the
given entire portfolio’s VaR limit regardless of the TE limit we set. Unlike the V; < V;;
case, we cannot find a TE limit that makes all portfolio in the feasible region satisfy the
entire portfolio’s VaR limit. Therefore, we will propose the active portfolio’s TE limit
and VaR limit that makes the feasible region contain as many efficient portfolios as
possible while ruling out the portfolios that are inefficient or violate the overall VaR
limit.
Figure 23: An active portfolio which has the lowest value of VaR with the given TE in
case of p=1

> Op

To give a clear explanation in the case of Vg > V, the illustration is shown in
case of p = 1 as Figure 23 above. We can find a VaR limit and a TE limit of an active
portfolio as the same method described in section 4.1. Even though, the VaR limit in
this case is the upper limit on VaR (V;*%*) as same as the case of V; <V, the TE
whose CTF tangent with V, on the right side is the lower limit on TE (TEJ*™). The
V** should not be more than V, computed from the four equations (described in
section 4.1) because some portfolios can breach the overall VaR limit. The TEJ*"
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should not be less than TE, computed from the four equations because there will be no

. 2
feasible region. However, the TE;*" still should be more than % which will allow

investors to get expected return more than the commission they pay. For the upper limit
on TE (TE;***), we can set it as aA, as Riccetti proposed because it provides the most
efficient portfolios while ruling out the inefficient portfolios as much as possible.
Setting the TE limit more than aA, would only increase a few efficient portfolio regions
while increasing a lot of inefficient portfolio regions. For the lower limit on VaR
(VJM1), we can set it as V™™ as we proposed in section 3.2. Setting the VaR limit less
than V™" will cause no feasible region. Therefore, the set of limits of an active
portfolio in case Vz >V are summarized in Table 6. Although the VaR limit can be
set as Table 6, there may be the case where V, < V™" which is impossible to set the
VaR limit equal to V,. Therefore, in the case of Vz > V, since we rely on an active
portfolio to reduce VaR of an entire portfolio, we can increase the weight of an active
portion (or allow V; to be increase) to prevent V, < V™™ which give us empty feasible
region.

Table 6: Set of limits of an active portfolio in case Vg >V

Set of e -
. Lower limi rlimi
limits .- . Uppe t
VaR VAmin — Vmin VAmax — VA
2
TE |2 <rppin = TE, TEJ™ = aly

The proposed active portfolio’s limits given the entire portfolio VaR are
summarized in Table 7 below.

Table 7: Summary of the proposed active portfolio’s limits given the entire portfolio
VaR

o Case
Limit
Vg < Vg Vg =V
2 2

Lower rEpin = 28 O < TEpIn = TE,
TE d

Upper TE'™ =TE,4 TE*™ = al,

Lower Vit = ViRl o yrin = pmin
VaR

Upper v =v, Ve =V,
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Section 5: Empirical experiment: Practical issues in

Implementing the proposed limits

In this section, we will use real data to determine the TE limit of the active
portfolio using the method from the previous section. There will be many portfolios we
can choose from within this TE limit. To reflect a real-life situation, we will choose the
maximum expected return portfolio as an asset manager is likely to select this portfolio.
Using a numerical optimizer to find the manger’s decision, we obtain a portfolio on the
CTF and the portfolio’s parameters and ex-ante risk measures (such as weights,
expected return, variance, VaR, and TE). These parameters and ex-ante risk measures
will be the same as those calculated using the method from the previous section (i.e.,
“theoretical value”), provided that the following assumptions hold: (1) stocks that we
can invest are as same as stocks in a benchmark (2) no restriction on investment (such
as stocks can be short-sold).

During the data period that we use to compute the TE limit (i.e., the “in-
sample” period), investing in any active portfolio within this TE limit still makes the
entire portfolio's ex-ante VaR be within the given value (V;). However, in reality,
stocks in an investment universe can be different from a benchmark, and short-selling
is hard to implement, so the expected return, variance, VaR, and TE of the CTF
portfolios might not be the same as the theoretical values. The conditions on the
different stock universe and short-selling may cause CTF to change from what we
derived in the previous section. Choosing portfolios based on a wrong CTF may make
the entire portfolio's VaR exceed the given limit. Furthermore, as time pass, parameters
that are used to determine a TE limit can be changed. Moreover, VaR and TE used to
derive a TE limit from the analysis part are "ex-ante,” but calculation methods of VaR
and TE for monitoring are “ex-post." Therefore, even we invest in an active portfolio
whose ex-ante TE and VaR are within the limit at first, but later on, the ex-post TE or
VaR of the active portfolio and VaR of the mixed portfolio can be far from the given
value. So, we may need to re-estimate parameters and re-balance the portfolio to ensure
that the entire portfolio's VaR will not exceed the limit.

To observe the problems of determining an active portfolio’s TE limit, we will
try to imitate investment management in Thailand in this section. We will use SET as
a benchmark. Moreover, since ex-post TE and ex-post VaR are commonly used for
calculating TE and VaR, we will use them to compute TE and VaR for this section as
well. With the assumptions given in Table 8. This section will illustrate the issues on:
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1. What are the effects of having stocks in an investment universe different from
stocks in a benchmark?

2. What are the effects of prohibiting short-sale compare with allowing short-
sale?

3. Are yearly re-estimating parameters and re-balancing the portfolio enough to
help us control an entire portfolio’s VaR to be within a given limit?

Table 8: Assumptions

List Detail
Stock universe select 20 stocks from SET
Benchmark SET index
Calculation of return | weekly return
Training period 1 years from 1 January 2014 — 31 December 2014
Testing period 5 years from 1 January 2015 — 31 December 2019
Given VaR(Veg) Ve + 2% (calculated at 1 January 2015)

Correlation between 50%
an active and a passive

portfolio

Commission fee 1.5% yearly

(com)

Given active portfolio | 40%

weight (Wa)

VaR confidence level | 95%

Tracking error and - Ex-ante method when we determine a TE limit and a
VaR calculation VaR limit in the in-sample period

method - Ex-post method when we monitor them in the out-

sample period

5.1 The effects of having stocks in an investment universe
different from stocks in a benchmark

Regarding the assumption in Table 8 above, we will use the SET index as a
benchmark. However, to compare the effect of having a small number of stocks in an
investment universe, we add an equal weight benchmark as another benchmark. To find
an active portfolio’s stock weights, we need to determine the TE limit and the VaR limit
of an active portfolio. Then, we can find stocks’ weights of the active portfolio using
numerical search given the TE and VaR limit. In the empirical test, we will use
MATLAB as a calculator. As we choose to invest in the maximum expected return
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portfolio as an active portfolio, the portfolio’s risk measures such as expected return,
variance, VaR, and TE should be the same as theoretical values of portfolio J; (see the
statistic calculation on Portfolio J; in Table 2). If we use a benchmark that consists of
the same stocks as in the investment universe (in this case: equal weight benchmark),
the weight of an active portfolio also can be calculated from equation (6). However, in
the case of SET index as a benchmark, we do not have enough data on all stocks in SET
index, so we cannot find weight of each stock in the benchmark. Moreover, investing
in stocks in a benchmark is limited due to the small stock universe. Therefore, we
cannot calculate the weight of an active portfolio using equation (6). So, we can only
find stocks’ weights of an active portfolio through numerical search.

In sum, this part will be divided into two cases: (1) equal weight benchmark
and (2) SET index as a benchmark. We will compare statistics such as weight, expected
return, variance, VaR, and TE with their theoretical values in each case. The first case
will show the capability of MATLAB that can use numerical search to get the active
portfolio’s weight as the same value as calculated by using the method from section 2,
and its parameters and risk measures have the same value as the theoretical portfolio.
In contrast, the second case will show the effect of having a stock universe difference
than a benchmark. A methodology of finding the weight of an active portfolio is
proceeded as follows:

1. Determine an investment universe by selecting 20 stocks from SET and
calculate weekly return from in-sample period price data on both an
investment universe and a benchmark.

2. Compute expected returns and variance-covariance matrix of asset returns,
then we can compute expected returns and variance of minimum variance
portfolio and a benchmark portfolio. The calculation is described in equation
(1) and (2).

3. With parameters calculated from step (2), we will determine an active
portfolio’s TE limit and VaR limit by finding 4 parameters: y, z, a TE limit
(TE), and an active portfolio’s VaR limit (V). We will solve four equations
with “vpasolve” in MATLAB which are consists of equation (13), (14), (32),
and (35):

equation (13) is used to find a portfolio that have the maximum VaR
given TE limit or at the tangent point of a VaR line and an ellipse.
equation (14) is an ellipse equation which represented in the CTF in
(o2, 1) space.
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equation (32) is used to find TE that makes VaR of the maximum VaR
portfolio given TE limit equal to VaR of an active portfolio.

equation (35) is used to find an active portfolio’ VaR. It can be computed
without involving the other three equations (13,14,32), if we assume a
correlation of an active and a passive portfolio equal to one. So, the VaR
of an active portfolio can be computed from equation (31). However, as
we assume a correlation of an active and a passive portfolio to be less
than one, we need parameter u, from the other three equations.

4. We will find the weights of the active portfolio by using “fmincon™ in
MATLAB. Since we want to find weights of a maximum expected return, we
set an objective function by minimizing —w’'E subject to tracking error
calculated from step 3.

Table 9: portfolio weight and its statistics in case of equal weight benchmark

Stock Weights (1-20) Mean* | Volatility* | VaR* TE*
TE and VaR limit prescribed by Section 4 9.332% | 3.018%
Theoretical active portfolio that maximizes expected return

28.76% | 68.58% | 35.98% | 37.36% | 28.62% | 70.84% | 13.56% 7.18% | -53.23% | 17.62%
3.981% 3.873% 2.390% | 3.018%

-50.67% | 39.09% | 32.25% | 18.52% 7.91% | -28.29% | -26.09% | -96.56% | -23.27% | -28.14%

Value of numerical search from MATLAB

28.76% | 68.58% | 35.98% | 37.36% | 28.62% | 70.83% | 13.56% 7.18% | -53.23% | 17.62%
3.981% 3.873% 2.390% | 3.018%

-50.67% | 39.09% | 32.25% | 18.52% 7.92% | -28.30% | -26.09% | -96.56% | -23.26% | -28.15%

* Note that mean, volatility, VaR, and TE are computed from weekly return

As a result shown in Table 9 above, stock weights of the maximum expected
return portfolio found by MATLAB’s numerical search are equal to the theoretical
value (can be calculated from equation (6 Portfolio statistics, including mean, variance,
VaR, and TE, also have the same value as portfolio J; as characterized by Riccetti
(2016) (see Table 1). It shows that MATLAB’s numerical search is capable of finding
the true value of stock weights of the maximum expected return portfolio given TE
limit, which is the weights of a portfolio on the CTF (i.e., “the optimal weights”). So,
the portfolio’s parameters and the risk measures such as expected return, variance, VaR,
and TE are equal to the theoretical value of portfolio J,.

From the CTF's derivation, an optimal portfolio is a portfolio constructed from
an optimal weight that is derived from maximizing expected return with respect to the
portfolio’s TE, portfolio’s variance, and the sum of different weights from the

1 “fmincon” in MATLAB is commonly used to find parameters that minimize a value of a function
subject to non-linear constrain.
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benchmark equal to zero (see equation 3). So, optimal portfolios are on the CTF.
However, we cannot conclude that all portfolios on the CTF are the optimal portfolios.
There are many portfolios constructed from different sets of weights having the same
mean and variance as the optimal portfolio. However, their TEs are higher than the TE
of the optimal portfolio (or the TE limit). From the fact that the more TE limit, the more
area of the CTF expanded from the benchmark portfolio. We can conclude that a higher
TE portfolio than the TE limit must be on or outside of the CTF. Therefore, we can
imply that any portfolio that has TE less than the TE limit (regardless of being an
optimal or un-optimal portfolio) must be inside the CTF.

The result also proves that the risk measures of the portfolio found by
MATLAB, such as expected return, variance, VaR, and TE, follows the ellipse equation
(see equation 4). Therefore, as long as optimal portfolios’ statistic follows the points on
CTF, if we seta TE limit as proposed in section 4, it can be guaranteed that an active
portfolio which has TE less than or equal to the proposed limit will have VaR less than
or equal to the active portfolio’s VaR limit (V,) in the in-sample period. As a result, the
entire portfolio's VaR will also be less than or equal to the given value.

Table 10: active portfolio weight and its statistics in case of SET index as a
benchmark

Stock Weights (1-20)

Mean*

Volatility*

VaR*

TE*

TE and VaR limit prescribed by Section 4

9.105%

2.889%

Theoretical active portfolio that maximizes expected return **

N/A

N/A N/A N/A N/A N/A N/A N/A N/A N/A

N/A

N/A N/A N/A N/A N/A N/A N/A N/A N/A

3.649%

3.545%

2.181%

2.889%

Value of numerical search from MATLAB

47.32%

63.64% | 28.31% | 25.81% | 26.92% | 71.67% 7.78% 5.09% | -54.77% | 13.91%

-33.11%

37.51% | 32.83% | 13.25% 8.84% | -29.40% | -30.11% | -92.84% | -18.78% | -23.86%

3.493%

3.377%

2.062%

2.889%

* Note that mean, volatility, VaR, and TE are computed from weekly return

** the theoretical active portfolio weights cannot be computed by using equation (6) in the
case of SET index as a benchmark. Because equation (6) is derived from the maximization
problem (equation (3)) without the constraint on stock universe. Moreover, we do not have
enough data on all stocks in the benchmark.

In the case of using SET index as a benchmark, we cannot compute the
optimal weight because we do not have enough data on all stocks in SET index, and a
number of stocks in the investment universe is also less than that of the benchmark.
From the derivation in Appendix A, it requires all stocks in a benchmark to be
investable and we need to know weights in each stock that are used to calculate
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benchmark. Therefore, we cannot directly calculate optimal portfolio’s weights from
equation (6). we can still find portfolio’s risk measures that include mean, variance,
VaR, and TE from the calculation method provided in Table 1 (i.e., “theoretical value”).
So, we can compare the result from MATLAB’s numerical search with the theoretical
value. As shown in Table 10, the parameters such as mean, variance, and VaR of the
maximum expected return portfolio found by MATLAB is less than the theoretical
values. It can be implied that the maximum expected return portfolio given the TE limit
moves to the upper-right side of the theoretical portfolio on (o2, 1) space. In the case
of SET index as a benchmark, the result in Table 9 considers being better than the equal
weight benchmark case in terms of VaR The VaR of the active portfolio in the case of
SET index as a benchmark lower than that of the equal weight benchmark case.
However, it also proves that portfolios can be moved from theoretical portfolios if an
investment universe differs from a benchmark. There may be the case that portfolios on
the CTF move to the lower-right side of the theoretical portfolios. So, even we invest
in an active portfolio that TE is within the limit, the active portfolio’s VaR can be more
than the limit. Consequently, the entire portfolio’s VaR will be more than the given
limit.

However, the entire portfolio’s VaR is unlikely to be more than the given limit
when an investment universe is different from a benchmark. Because of the three
reasons:

(1) Thereisalarge gap to increase the VaR of an active portfolio when we choose
to invest in the maximum expected return portfolio (/,). Because V;_ is far less

than V), (VaR of the maximum VaR portfolio given TE limit)

(2) Suppose a new active portfolio is moved from a theoretical portfolio with any
directions with equal probability. There is only 25% chance that a new active
portfolio is moved to the lower-right side of from a theoretical portfolio.

(3) After choosing an active portfolio, if the correlation between the active
portfolio and the passive portfolio is less than the assumption, the entire
portfolio's VaR will be reduced more from a high diversification effect.

Therefore, it is still safe to use the proposed TE limit from section 4 on
determining an active portfolio’s TE limit, even if stocks in an investment universe are
different from a benchmark.
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5.2 Effects of prohibit short-sale vs. allowing short-sale

From the previous part, we conclude that we can use the proposed TE limit
from section 4 on determining an active portfolio’s TE limit when stocks in an
investment universe are different from stocks in a benchmark. However, putting more
restrictions on finding a portfolio to invest in may make the portfolio’s TE and VaR
deviate more from theoretical values. Since short-selling is hard to implement in
practice, we will impose a short-selling restriction into this part. The test will be divided
into two parts: (1) Allow short sell, and (2) Not allow short sell. Then we will observe
the chosen active portfolio’s statistics (expected return, variance, VaR, and TE) on the
first day of the testing period and the movement of the TE and the VaR of the active
portfolio and VaR of the entire portfolio for the whole testing period.

Table 11: active portfolio weight and its statistics in case of Allow/Not allow short
sell with SET index as a benchmark

Stock Weights (1-20) Mean* | Volatility*| VaR* TE*

TE and VaR limit prescribed by Section 4 9.105% | 0.083%

Theoretical active portfolio that maximizes expected return**

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
3.649% 3.545% | 2.181% | 2.889%

N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A

Value of the active portfolio from MATLAB’s numerical search (Case: Allow short selling)

47.32% 63.64% 28.31% 25.81% 26.92% 71.67% 7.78% 5.09% -54.77% 13.91%
3.493% 3.377% | 2.062% | 2.889%

-33.11% 37.51% 32.83% 13.25% 8.84% -29.40% -30.11% -92.84% -18.78% -23.86%

Value of the active portfolio from MATLAB’s numerical search (Case: Not allow short selling)

0.01% 31.60% 0.01% 4.14% 14.08% 0.02% 22.13% 0.00% 0.00% 5.43%
1.693% 3.418% | 3.930% | 2.889%

0.01% 1.29% 0.01% 21.22% 0.02% 0.00% 0.00% 0.00% 0.00% 0.00%

* Note that mean, volatility, VaR, and TE are computed from weekly return

** the theoretical active portfolio weights cannot be computed by using equation (6) in the
case of SET index as a benchmark. Because equation (6) is derived from the maximization
problem (equation (3)) without the constraint on the stock universe. Moreover, we do not
have enough data on all stocks in the benchmark.

As we find a maximum expected return portfolio’s weight given the TE limit
using MATLAB’s numerical search, the result is shown in Table 11 above. For the case
where short-selling is prohibited, the active portfolio’s expected return is less than the
case where short-selling is allowed as we impose a restriction on portfolio weights.
Since the active portfolio variance does not change much, a significant decrease in the
portfolio’s mean makes the portfolio’s VaR significantly increase. However, the
portfolio’s VaR is still very far from the active portfolio’s VaR limit. It is safe to invest
in this active portfolio in the case where short-selling is not allowed.
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We will invest in an active portfolio and a passive portfolio for five years for
testing portfolio statistics. The entire portfolio consists of 60% of a passive portfolio
and 40% of an active portfolio with the weight as Table 11 on 1 January 2015. Without
a re-estimating/re-balancing portfolio, the results of TE and VaR of the active portfolio
and VaR of the mix portfolio from 1 January 2015 to 31 December 2019 in the case
where short-selling is allowed is shown in Figure 24 and in the case where short-selling
is not allowed is shown in Figure 25.

As the result shown in Figures 24 below, if we allow short-selling on an active
portfolio, the ex-post TE and the ex-post VaR of the active portfolio are very high in
the middle of 2016 to the end of 2017. Consequently, it causes the ex-post VaR of the
mix portfolio to exceed the given limit. However, in the case where short-selling is
prohibited as shown in Figures 25, all of the ex-post TE, the ex-post VaR of the active
portfolio and the ex-post VaR of the mix portfolio are in the limit for all testing period.
The portfolio weights become lower leverage than the allowed short-selling case, so the
portfolio’s returns will be less volatile. Although the portfolio without short-selling
causes the risk measures to deviate from the theoretical portfolio (which should increase
the chance of the risk measures exceeding the limit), the portfolio’s risk measures do
not tend to exceed the limit in the out-of-sample period.



Figure 24: TE, VaR of active portfolio and VaR of mix portfolio in the case where
short-selling is allowed

Tracking Error of the active portfolio

12 T T
107
8t
2
w 87
=
4 F
2 |- -
01/01/15 01/01/16 01/01/117 01/01/18 01/01/19 01/01/20
Time
Ex-post TE of the active portfolio
TE boundary
18 VaR of the active portfolio
T T T T
16
14
12 F
g 10710
14
= L
g 8
681
4 L
2t
0 | | | | |
01/01/15 01/01/16 01/01/17 01/01/18 01/01/19 01/01/20
Time
Ex-post VaR of the active portfolio
Ex-post VaR of the passive portfolio
VaR boundary of the active portfolio
; VaR of the Mix portfolio
6 -
5 L
E4r
14
S3r
2 - -
-1 L m
| | | |

01/01/15 01/01/16 01/01/17 01/01/18 01/01/19 01/01/20
Time

Ex-post VaR of the Mix portfolio
VaR boundary of the Mix portfolio




Figure 25: TE, VaR of active portfolio and VaR of mix portfolio in case of not allow

short selling
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Due to the restriction on short-selling, the portfolio’s returns are less volatile.
It is safe to set the TE limit to the maximum as we proposed in section 4 while
maximizing the opportunity for return. However, if we allow short-selling, the portfolio
could be highly leveraged, and the entire portfolio's VaR might breach the given limit.
So, without re-estimating/re-balancing portfolios, we recommend setting the TE limit

at a lower level than the TE}*¢*.

From Table 5, we suggest the range of the TE limit on the active portfolio as

com?
d )

[TEM™ TE*] = [ TE,]. The active portfolio’s TE limit can be set as
(1 —y)TET™ + yTET* where y is the weight on TEF*** whose value is between 0
to 1. We will illustrate TE, VaR, NAV of the active portfolio, and VaR of the mix
portfolio in the cases of setting y at 100%, 75%, 50%, 25%, 0% with and without re-
estimating/re-balancing portfolio. Setting y at 100% means that we set TE limit at

TE“*. And Setting ¥ at 0% means that we set TE limit at TE".

Table 12: Value of the active portfolio from MATLAB s numerical search in different
TE limits

Stock Weights (1-20) Mean* [ Volatility*] VaR* TE*
Setting active portfolio’s TE limit at 100%of TE™**
47.32% 63.64% 28.31% 25.81% 26.92% 71.67% 7.78% 5.09% -54.77% 13.91%
3.493% | 3.377% 2.062% 2.889%
-33.11% 37.51% 32.83% 13.25% 8.84% -29.40% -30.11% -92.84% -18.78% -23.86%
Setting active portfolio’s TE limit at 75%of TE™**
44.21% 55.31% 24.26% 21.57% 23.83% 63.05% 6.65% 4.80% -47.14% 12.25%
3.035% | 3.043% 1.970% 2.502%
-25.82% 33.05% 29.25% 11.48% 8.45% -25.04% -26.04% -79.53% -15.08% -19.51%
Setting active portfolio’s TE limit at 50%of TE™%*
40.49% 45.34% 19.40% 16.49% 20.13% 52.73% 5.31% 4.46% -38.02% 10.27%
2.488% 2.665% | 1.895% 2.043%
-17.09% 27.70% 24.97% 9.36% 8.00% -19.81% -21.16% -63.61% -10.65% -14.32%
Setting active portfolio’s TE limit at 25%of TE™%*
35.51% 32.04% 12.91% 9.72% 15.18% 38.95% 3.52% 4.00% -25.83% 7.63%
1.758% | 2.217% 1.889% 1.445%
-5.44% 20.57% 19.28% 6.53% 7.39% -12.85% -14.65% -42.36% -4.74% -7.38%
Setting active portfolio’s TE limit at minimum value
25.00% 3.89% -0.81% -4.61% 4.73% 9.80% -0.27% 3.04% -0.05% 2.04%
0.212% 1.710% | 2.601% 0.549%
19.21% 5.48% 7.22% 0.54% 6.10% 1.90% -0.89% 2.60% 7.78% 7.29%

* Note that mean, volatility, VaR, and TE are computed from weekly return
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There will be a trade-off when we increase or decrease the TE limit. Setting
the TE limit at the maximum allows us to invest in the higher expected return portfolio,
but it also increases the chance of the entire portfolio VVaR exceeding the limit. On the
other hand, setting the TE limit at the minimum decreases the chance of the entire
portfolio VaR exceeding the limit, but it will lower the portfolio’s expected return. As
shown in Table 12 above, high leverage stock weights become lower when we decrease

the TE limit, resulting in a lower portfolio’s expected return.

Figure 26: Comparing TEs of the active portfolios in each level of the TE limit setting
without re-estimating/re-balancing portfolio

Tracking Error of the active portfolio

01/01/15 01/01/16 01/01117 01/01/18 01/01/19
Time

Ex-post TE of the active portfolio when setting active TE Imit at 100% of TEmax

Ex-post TE of the active portfolio when setting active TE Imit at 75% of TEmax

— — — -Ex-post TE of the actlive portfolio when setting active TE Imit at 50% of TEmax
Ex-post TE of the active portfolio when setting active TE Imit at 25% of TEmax

— — = Ex-post TE of the active portfolio when setting active TE Imit at 0% of TEmax

TE Limit at 100% of TEmax

TE Limit at 75% of TEmax

TE Limit at 50% of TEmax

TE Limit at 25% of TEmax

TE Limit at 0% of TEmax

When we invest in the active portfolio with the weight in Table 7, we will
observe the ex-post TE, the ex-post VaR, NAV of the active portfolio, and the ex-post
VaR of the mix portfolio in the “out-sample” period. As shown in Figure 26 above,
without re-estimating/re-balancing the portfolio, the active portfolio’s TE becomes
lower as we set the TE limit at a lower percentage of y. However, all of the active
portfolio’s TE still be higher than the TE limit regardless of the TE limit level. So, it

01/01/20
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can imply that if stocks in an active portfolio can be short-sold, it will be hard to control
the ex-post active portfolio’s TE to be within the limit. (Without re-estimating/ re-

balancing a portfolio)

Figure 27: Comparing VaRs of the active portfolios in each level of the TE limit
setting without re-estimating/re-balancing portfolio

VaR of the active portfolio

01/01/15 01/01/16 01/01/17 01/01/18 01/01/19
Time

Ex-post VaR of the active portfolio when setting aclive TE Imit at 100% of TEmax
Ex-post VaR of the active portfolio when setting active TE Imit at 75% of TEmax
— — — - Ex-post VaR of the active portfolio when setting active TE Imit at 50% of TEmax
- Ex-post VaR of the active portfolio when setting active TE Imit at 25% of TEmax
e Ex-post VaR of the active portfolio when setting active TE Imit at 0% of TEmax
Ex-post VaR of the passive port

Active portfolio VaR Limit

As shown in Figure 27 above, when we compare the active portfolios’ VaR
in each level of the TE limit setting, they are also become lower as we set the TE limit
at a lower percentage of Wy . From our stocks’ set, the active portfolios” VaR starts
to be lower than the VaR limit when setting TE limit at 25% of the TE}***. If we set
TE limit at the very low level such as TE™", the active portfolio’s VaR will become

very close to the passive portfolio’s VaR.

01/01/20
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Figure 28: Comparing VaRs of the mix portfolios in each level of the TE limit setting
without re-estimating/re-balancing portfolio

VaR of the Mix portfolio

01/01/15 01/01/16 01/01/17 01/01/18 01/01/18
Time

Ex-post VaR of the Mix porifolio when setting active TE Imit at 100% of TEmax
Ex-post VaR of the Mix porifolio when setting active TE Imit at 75% of TEmax
— — — -Ex-post VaR of the Mix portfolio when setting active TE Imit at 50% of TEmax
- Ex-post VaR of the Mix portfolio when setting active TE Imit at 25% of TEmax
—— Ex-post VaR of the Mix portfolio when setting active TE Imit at 0% of TEmax
Mix port VaR Limit

For the entire portfolio’s VaR, since we invest in the passive portfolio for 60%
and the active portfolio for 40%, the entire portfolio’s VaR will be calculated from both
portions. Because the passive portfolio’s VaR always stays at a low level, the active
portfolio’s VaR will be the main factor that stimulates the entire portfolio’s VaR. As
shown in Figure 28 above, the entire portfolio’s VaR starts to be lower than the given
limit (V;) when setting the TE limit at 50% of the TE***. So, we conclude that we need
to set the TE limit below TEJ*** to allow some buffer for the entire portfolio’s VaR
within the given limit.

01/01/20
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Figure 29: Comparing NAVs of the active portfolios in each level of the TE limit
setting without re-estimating/re-balancing portfolio

NAV of the active portfolio
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Active portfolio NAV when setting active TE Imit at 75% of TEmax
— — — -Active portfolio NAV when setting active TE Imit at 50% of TEmax
w-e-oo- Active portfolio NAYV when setting active TE Imit at 25% of TEmax
== Active portfolio NAV when setting active TE Imit at 0% of TEmax

Even though an entire portfolio’s VaR can be lower if we set a TE limit at a
low level, the portfolio returns will also be lower. As shown in Table 12, the active
portfolio’s expected returns become lower when setting the TE limit at a low level. The
active portfolio’s actual returns presented in NAV, as Figure 29 above, are also lower
if we set a TE limit at a lower level. Although setting TE at TE***can make the

portfolio’s return more volatile, it still produces the highest return at the end of 2019.

However, since we prioritize the entire portfolio VVaR rather than its expected
return, we suggest setting the TE limit below TE}*** when we do not re-estimate/re-
balance the portfolio. From our example of the stocks’ set, setting the TE limit at 75%
of TE***will be safe for the entire portfolio’s VaR within the limit while having a high
return opportunity.

01/01/20
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5.3 effects on yearly re-estimating/re-balancing portfolio

As the result in part 5.2, to prevent VaR of the mix portfolio exceeds the given
limit, we will illustrate the effect of yearly re-estimating/re-balancing portfolio in this
part. According to best practices for portfolio re-balancing by (Zilbering, Jaconetti, &
Kinniry Jr, 2015), they suggest that “re-balancing strategy based on reasonable
monitoring frequencies (such as annual or semi-annual) and reasonable allocation
thresholds (variations of 5% or so) is likely to provide sufficient risk control relative to
the target asset allocation”. From their research paper, the risk-adjusted returns are not
meaningfully different whether a portfolio is re-balanced more frequently, but costs
will be increase more as we re-balance more. Moreover, since parameters change as
time pass, keeping only the same weight (re-balance), the active portfolio’s TE and
VaR may still exceed the limit. Therefore, we decide to illustrate both yearly re-estimate
parameters and re-balance portfolio in this part to keep the active portfolio’s TE and
VaR within the limit at the beginning of each year.

In the case where short-selling is allowed as shown in Figure 30 below, the
ex-post TE of the active portfolio still exceeds the limit even we re-estimating/re-
balancing the portfolio (right-hand side of Figure 30). However, ex-post VaR of the
active portfolio and VaR of the mix portfolio can still be within the limit when we re-
estimating/re-balancing portfolio for most of the period. However, in the middle of
2019, a sudden price change in the high leverage stocks causes the ex-post TE, ex-post
VaR of the active portfolio to significantly increases and very far from the limits. So,
we re-estimate parameters and re-balance portfolios again. After re-estimating/re-
balancing in the middle of 2019, the ex-post TE, the ex-post VaR of the active portfolio,
and the ex-post VaR of the mix portfolio stop increasing. However, they start increasing
at the end of 2019 again as the sudden price change in the high leverage stocks causing
the ex-post VaR of the mix portfolio to exceed the limit. So, we need to re-estimate
parameters and re-balance portfolios at the start of 2020, and it will be done as a yearly
schedule. Even though we closely monitor the risk measures, it is still hard to reduce
the risk measures to be within the limit. Because the risk measures are calculated in the
“ex-post” method, which is based on one-year data, so it needs time to change ex-post
risk measures.
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Figure 30: TE, VaR of active portfolio and VaR of mix portfolio in a case where
short-selling is allowed with yearly re-estimating/re-balancing portfolio
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In sum, the result still shows the better result on yearly re-estimating/re-

balancing portfolio than do nothing. Sometimes, re-estimating/re-balancing portfolio

also helps an asset manager to increase risk limit. However, there may be some
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occurrence that TE, VaR of the active portfolio, and VaR of the mix portfolio can
exceed the limit, such as the second half of 2019. So, apart from the yearly re-estimate
and re-balance portfolio, we still need to monitor the portfolio’s risk and re-estimate/
re-balance the portfolio when TE and VaR of the active portfolio go too far from the
limit.

In the case where short-selling is not allowed, as shown in Figure 27 below,
even we do not need to re-estimating/re-balancing portfolio (left side of Figure 27),
there are chances of ex-post TE, ex-post VaR of the active portfolio, and ex-post VaR
of the mix portfolio exceeding the limit. With yearly re-estimating/re-balancing
portfolio (right side of Figure 27), ex-post TE, ex-post VaR of the active portfolio is in
the limit until 2018. However, they start to exceed the limit when choosing to invest in
a newly re-balanced portfolio after 2018. This situation shows that there are cases that
a chosen active portfolio in the case where short-selling is prohibited can make ex-post
TE and ex-post VaR exceed the limit when time goes, even though they are less volatile
than the case where short-selling is allowed. Re-estimating/re-balancing does not make
ex-post TE and ex-post VaR drop suddenly because they are calculated from one-year
returns which already happen in the past. Ex-post TE and ex-post VVaR will only change
a bit when the time goes. As we see the result after re-estimating/re-balancing portfolio
and choosing a new active portfolio at the beginning of 2019, ex-post TE, ex-post VaR
of the active portfolio starts to reduce. Even the ex-post VaR of the mix portfolio is not
yet exceeding the limit. If we still insist on not re-estimate and re-balance the portfolio,
the ex-post VaR of the mix portfolio can go further and exceed the limit. Therefore, a

yearly re-estimating/re-balancing portfolio is still needed.
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Figure 31: TE, VaR of active portfolio and VaR of mix portfolio in the case where
short-selling is not allowed with yearly re-estimating/re-balancing portfolio
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For the suggestion on setting the active portfolio’s TE limit when we assume
re-estimating and re-balancing portfolios regularly, the test will be as same as without
re-estimating/ re-balancing portfolios in section 5.2. We will invest in the active
portfolio with the weight in Table 7. Then we observe the ex-post TE, the ex-post VaR,
NAYV of the active portfolio, and the ex-post VaR of the mix portfolio in the “out-
sample” period. As shown in Figure 32 below, the result can be concluded as the same
as without re-estimating/re-balancing portfolio case. The ex-post active portfolio’s TE
becomes lower as we set the TE limit at a lower percentage of y. And all of the active
portfolio’s TE still be higher than the TE limit regardless of the TE limit level.

Figure 32: Comparing TEs of the active portfolios in each level of the TE limit setting
with re-estimating/re-balancing portfolio
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Figure 33: Comparing VaRs of the active portfolios in each level of the TE limit
setting with re-estimating/re-balancing portfolio
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Active portfolio VaR Limit

As shown in Figure 33 above, when comparing the active portfolios’ VaR in
each level of the TE limit setting, they become lower as we set the TE limit at a lower
percentage of y. As the same as the case of no re-estimating/re-balancing, the active
portfolio’s VaR starts to be lower than the VaR limit when setting the TE limit at 25%
of the TEJ***. If we set the TE limit at the TE™™", the active portfolio’s VaR will
become very close to the passive portfolio’s VaR.

01/01/20
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Figure 34: Comparing VaRs of the active portfolios in each level of the TE limit
setting with re-estimating/re-balancing portfolio

VaR of the Mix portfolio
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—-——-Ex-post VaR of the Mix portfolio when setting active TE Imit at 0% of TEmax
Mix port VaR Limit

For the entire portfolio’s VaR, as shown in Figure 34 above, we do not require
much buffer like the case of no re-estimating/re-balancing. The entire portfolio’s VaR
starts to be lower than the given limit (V;) when setting the TE limit at 75% of
the TE;***. Since we re-estimate/re-balance portfolios regularly, the risk measures of
the active portfolio, including the entire portfolio’s VaR can be reduced to be within
the limit. Even though the ex-post risk measures cannot be reduced suddenly when we
re-estimate/re-balance the portfolio, the movement of the ex-post risk measures can be
adjusted in the long run.

01/01/20
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Figure 35: Comparing NAVs of the active portfolios in each level of the TE limit
setting with re-estimating/re-balancing portfolio
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As shown in Figure 35 above, there is still a trade-off between risk control
and return opportunity. Even though the active portfolio’s NAV of setting the TE limit
at maximum is lowest among the other level at the end of 2019, setting the TE limit at
maximum can still generate the most actual return in some period. The active portfolio’s
NAV in case of setting TE limit at maximum has a chance to reach 3 baht/unit.
Although the portfolio construction with the highest TE limit yields higher NAV most
of the time, it is accompanied by higher volatility and sometimes underperforms, as we
can see in Figure 35 around the end of our test period. In other words, while setting a
higher TE limit implies a higher expected return, the realized return also tends to be
more volatile.

In sum, as we prioritize an entire portfolio VaR more than a portfolio expected
return, we still recommend setting the TE limit below TE}*** in case re-estimating/re-
balancing portfolio regularly. From the example of stocks’ set, setting the TE limit at
75% of the TE}"** is the safe level for the entire portfolio’s VaR to be within the limit
while generating the high opportunity for return.
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Section 6: Conclusion

When an asset manager manages a portfolio, he usually imposes a TE or a
VaR limit on his portfolio to control portfolio risks. However, a portfolio may be
divided into different portions. In our research, we consider a portfolio that consists of
an active portion and a passive portion. Having a VaR budget of an entire portfolio, we
propose methods to determine TE and VaR limit on the active portfolio. We adapt the
methodology of determining TE and VaR limit on a portfolio proposed by Riccetti
(2016) into this research paper. Moreover, in contrast to Riccetti (2016), we propose a
new method to determine:

(1) the lower limit on TE (TE™™) when VaR is given (V),
(2) the lower limit on VaR (V™) that can be set,
(3) the upper limit on TE (TE™%) in the case of an inefficient benchmark.

These methods will provide us with clearer instructions on determining the
TE and the VaR limit on the active portfolio. We start from the idea of the portfolio on
a CTF (an ellipse) tangent with the VaR line. The area inside the CTF represents a
necessary (but not sufficient) condition for the TE to be within the limit. Therefore,
provided that the tangential CTF is to the left-hand side of the VaR line, we can
conclude that any portfolio whose tracking error is within the TE limit has value-at-risk
that satisfies the VaR limit as well.

From the idea of determining a portfolio’s TE limit, we apply this idea to
determine a TE limit of an active portfolio when we have an entire portfolio consist of
an active portion and a passive portion. We impose an assumption on a correlation of
portfolios’ return between an active and a passive portfolio. (The correlation equal to
one will be most conservative when determining the TE and the VaR limit of the active
portfolio.) We use the given VaR of the entire portfolio to determine the active
portfolio’s VaR. Then we determine the active portfolio’s TE which makes the CTF
tangent with the VaR line. Most parts of determining the TE and the VaR limit of an
active portfolio can be easily computed as proposed in Table 3 and Table 4. However,
the parts that we want to find active portfolio’s TE which make the CTF tangent with
the VaR line are involved with four equations (such as equation (13), (14), (32), and
(35)). We need to solve those four equations to get the active portfolio’s TE and the
active portfolio’s VaR, making the CTF tangent with the VaR line.

Based on actual market data, we try to determine an active portfolio’s TE limit
and an active portfolio’s VaR limit and perform back-testing. In this empirical part, we
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relax certain theoretical assumptions so that (1) stocks in an investment universe can be
different from stocks in a benchmark (2) there is a restriction on short-selling. To
determine the TE limit of the active portfolio, we use the method described in section
4. We then use MATLAB’s numerical search to find an active portfolio weight: the
maximum expected return portfolio with constraints on the TE limit and the VaR limit.
Due to the difference in stocks between the investment universe and the benchmark,
the expected return, variance, VaR, and TE of the active portfolio from MATLAB’s
numerical search deviate from the theoretical portfolio. In the case where the numerical
search is carried out under the constraint of no short-sell, the active portfolio’s VaR and
the entire portfolio’s VaR are even more likely to exceed the theoretical limit, at least
in our in-sample period. Luckily, during the out-of-sample period, the results of the
portfolio’s risk measure do not tend to exceed the limit, because the active portfolio and
the entire portfolio’s returns are less volatile due to a low leverage in the case no-short-
selling portfolio.

TEs and VaRs derived from the analysis part are “ex-ante” in the in-sample
period, but we monitor them in the out-of-sample period in “ex-post.” Ex-post TEs and
ex-post VaRs likely to be more than the limit, especially in the case of having short
positions in an active portfolio. The high entire portfolio’s VaR usually comes from the
active portfolio’s VaR since the passive portfolio’s VaR usually stays at the low level.
Because the active portfolio returns are more volatile due to high leverage, we
recommend re-estimating/re-balancing the portfolio regularly, such as annually or
semi-annually, to control the risk measures. However, it is still hard to reduce the risk
measures to be within the limit. Since the risk measures are calculated in “ex-post”
based on one-year data in the empirical test, so it needs time for ex-post risk measures
to change. Even though re-estimating/re-balancing the portfolio cannot reduce the ex-
post TE and the ex-post VaR suddenly, it can change their direction to go up further.

In sum, this work presents formulas to compute the TE limit and VaR limit.
We suggest setting the TE limit at a maximum to maximize the opportunity for return.
However, in practice, when we monitor the risk measures in ex-post, there are issues.
If short-selling is allowed, the portfolio could be highly leveraged, and the portfolio's
VaR might breach the given limit. In that case, we recommend setting the TE limit
below the TE}*** when we do not re-estimate/re-balance the portfolio to allow some
buffer. We do not require much buffer when assuming re-estimating/re-balancing
portfolio regularly. So, we can set the TE limit higher than the case of no re-estimating/
re-balancing. However, if short-selling is not allowed, it quite safes to set the TE limit
at TE*** as we proposed because the portfolio will be low leveraged enough to prevent
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the entire portfolio’s VaR from exceeding the limit. In this case, we can increase the
TE limit to the maximum to gain more return opportunities.
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APPENDIX

Constant TE frontier (CTF) can be derived from a maximization (or
equivalently a minimization) over x:

Max x'E
s.t. x'i =0
i x'Qx = T?
(+x)0q+x) = o,

where
q = Vector of benchmark weights,
x = vector of weights that deviate from the benchmark,
q +x = vector of portfolio weights,
T? = variance of excess returns.

We can set up Lagrangian function as:
L =xE+2(x"i —0) + 0.52,(x'Qx — T?) 4+ 0.53(x'Qx + 2q'Qx + q'Qq — 7).
Taking partial derivatives with respect to x, 1,, 4,, 45 and set them equal to
zero, we get:

aL = O = E + /111 + Azﬂx ar A3Qx + A3Qq,

ax

3_L =0 = x'i,

o,

AL =0 = 05(x'0x—T?),
oA,

OL =0 = 05(x'Qx+2q9'Qx+q'Qq —0}) .
FYR

From (A3), we get:

1
Ao+

X Q_I(E + All + A3.Q.Q) .

(Al)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)



59

Substitute x from (A7) to (A4), we get:

0 = I'"QYE + A0+ 1309)
= i,Q_lE + Ali,Q_li + 131:’9_1“61
O = b + Ala + ).3
b+
R (A8)
Substitute x from (A7) to (A5), we get
1 \? . , .
T2 = () (B + i+ 2,09)'Q71007 (E + 41 + 1509)
Ay +23
(A + 23)?T? = E'Q'E+ ME'Q7 i+ E'Q7'0q + L,i'Q7'E + 2207 +
MAsi'Q710g + 13¢'QQ7E + 1, 439'Q07 i + 139’007 10q
Ay + 23)2T%2 = ¢+ b+ Azug + A,b + A3a + 44 A5 + Agpp + A4 A3 + AS03
(A, + 23)2T? = ¢+ 24.b + 24305 + Aa + 24,15 + AS05 . (A9)
Define y = o; — a5 — T2, If we consider (A5), we get x'Qx = T?. Then
we substitute x from (A7) to (A6), we get:
2 ’ L) . !
0 = T? e .l QOHE + A4i + 2309) + q'Qq — o)
T?+0f—0f = —2_g'Q07Y(E + A4i + 1:0q)
Az+23
J— — 2 1 -1 .
Y= B q QQ (E + /111 + A3Qq)
_ Mty = ¢'QO07TE 4+ 2,4'Q07 4+ 139'Q0710q
2
_Get)y = o+ A+ X302 . (A10)

2

Substitute A, from (A8) to (A10), we get:

(A2+243)y bt+is

= Up— + 304

2 a

Ay +A b 1
~ Gt = (= 2) + A3(0F — D)

2

_M = A1+A3A2

2

bty = —> (b1 +50,). (A11)
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Substitute A, from (A8) and A, + A5 from (All) to (A9), we get:

— c—2 (b+/’l3) 20,y + (b+/13) _5 (b+,13) 1+

2
)1303

4
)7 (Al + A3A2)2T2

2 2 2 2
O+ 200+ 2303) = o~ 22 BBy gy 4 D Bh g B Bh T
/1303
2 2
% (A% + ZAlAzlg + A%A%) = C— ; + 2/13,“3 - Zbls - A_3 + A% Bg
4712 b 1
02+ 28,8505+ 2303) = d+225 (g —2) + 23 (03 - 2)
2 _ 2
(02 4 20,0505 + 230%) = A+ 2430, + 34,
4T2A? + 8TA Ay A3 + = dy? + 2230,y + 137, Y2
4T A3A%
0 = dyz + ZA3A1y2 + A%Azyz - 4‘T2A% - 8T2A1A2).3 -
4T2 )2 N2
0 (A,y? — 4T?A3)2% + (20,y% — 8T?AA) A5 + dy? —
4T2 N2
2A
(A,y% — 4T?A3)2% + A—:(Azyz — 4T2A) 25 + dy? —
4T2N\?
_ 2, 2%M dy?-4T?A3
0 = A5+ T Az + TR (Al2)
Solutions for the quadratic equation (A12) is:
_ |2 407 (dy?-4T2A]
Az = [ A, + \/ A2 < (A2y2—4T2A§)l /2
N A dy?-4T2A%
Ay = A, + A2 A,y2—4T2A2
1. = A A2y2—4T2A27, _ dA,y2—4T2A24,
307 8 TN (02-4T205)0E (y2-4T2A,)A3
1 A y2(A2-dAy)
3.7 Ay T A (32-4T2A,)A2
Ay = Ly y | Aidh (A13)

Az - Az y2—4T2A2 '
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Substitute A5 from (A13) to (All), we get:

Ay + As

Ay + g

Ay + g

Define z = u,

_2 Ay y | Af-da,
o (-2 )
2
= ——|+

o

= +(-2)

A2—dA,
y2 —4-T2A2

_Af-db, (A14)
Y2—4T2A, °

— ug. Substitute A, from (A8), 1, + 15 from (Al4), and A,

from (A13) to (A7) and compute x'E, we get:

x'E
x'E+qE—-qE

Hp — Up

VA

A2—dA
iZZ 21 22
y —4T Az
A2-dA,
12285 |52 aren,
y —4T Az
dh,—A?
4'T2A2—y2

+(2zA; — yA;)

+(2zA, — yA,)
40372 — 4N A, yz + A2y?
403z% — AN A, yz
40,7z% — 40 Yz
0
0

= 4dT?A3
= 4dT?A3
= 4dT?A, — dy? — 4T?A?

= 4A,z% — 40 yz — 4dT?A, + dy? + 4T2A?

= dy? + 40,22 — 40 yz — AT?(dA, — A?). (A15)

/‘12+7L (E + i +23Q9)' Q7 E

=z b+2.3 I} 1
)12+7L3 (E==2i+2,09)'07'E

———(FQE —Z2/07'F + 1;¢'007'E )
2 3

"/ /3 bl )
2,2 +A3 (C a b + A3 U’B

((a -2+ (s - )

(d + A, 15)

/1+A

A2-dA,

y2—4'T2A2

01 31 185

A2—dA,

dAz Ay A% i yAl y2—4T2A2

dAZ - A%

V(da,

— AD(4T24, — y?)
— dA,y? — 4AT?A2A, + A%y?
— dA,y? — 4T2A2A,
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For a quadratic equation of type Ay? + Bz + Cyz + F = 0, equation (A15)
represents and ellipse when the term:
1
AB—-C? = d(4hp) - (;) (—44,)?
AB — icz = 4(dA, - A7) (A16)

is strictly positive. This term must be positive when the benchmark is within the
efficient set which also imply d to be positive.

If we consider a minimization problem over x, it will also provide the same
ellipse equation (equation (A15)) as the maximization problem.

Consider a minimization over x:

Max —x'E
st. X'i =0 (AL7)
i x'Qx = T?
(@+x)'QUqg+x) = of.

We can set up Lagrangian function as:

L =—xE+2(x'i—0)+051,(x"Qx —T?) + 0.523(x'Qx + 2q'Qx + q'Qq — 0}) .  (Al8)

Taking partial derivatives with respect to x, 1,, 4,, 45 and set them equal to

zero, we get:
0L = 0 = —E+Mi+2,0x+ ;0x + 130q, (A19)
ox
I =0 = xi (A20)
Y
OL =0 = 05(x'Qx—T?), (A21)
oA,
AL = 0 = 0.5(x'Qx+2q'Qx +q'Qq — a?). (A22)
EFR

From (A19), we get:

1 _ .
L QO Y(—E+ Mi+13Qq) . (A23)

X
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Substitute x from (A23) to (A20), we get:

= i’Q_l(_E + All + A3Qq)
—i'Q7E + A,i'Q7 + 23i'Q710q
= _b + Ala + ).3

2, = = (A24)

a

Substitute x from (A23) to (A21), we get:

2
T2 = ( 1 ) (—E + 411 + 309)'Q71 Q07 (—E + 11 + 13009)
Ay+23

(A, + A3)?T? = E'Q'E— ME'Q7Y— E'Q710q — Li'Q7E + 22i'Q7 i +
LA’ 10 — 23¢'QQ7E + 1,139’00t + 239’007 10q

(A2 + 23)2T% = ¢ — b — Aapp — b + 22a + A3 — Aapp + A A5 + 2262

Ay + 13)2T2 = ¢ —2Mb — 2Asup + A2a + 2A, 15 + A20Z . (A25)

Definey = o; — a5 — T? From x'Qx = T2 in (A21), we substitute x from
(A23) to (A22), we get:

2

0 = T?-— o q' Q0N (—E + 11 + 1:Qq) + ¢'Qq — o
T?+0f -0} = 2 _q'QQ Y(—E + 4i + 1,0q)
Ax+23
-y = 12;3 q'QQ " (—=E + A4 + 1509)
_@ = —q'QQ7'E+21,¢'007ti + 239’007 10q
_ ety = —pp + 2y + 2305 (A26)

2

Substitute A, from (A24) to (A26), we get:

A2+23)y  _ _ b—25 2
— —2 = ‘LlB + 2 + A3GB

Az +2 b 1
~G Al = (i + ) + A3(0F — )
_Ratda)y = —A 4+ A3A,

2

Bty = 28— 50,). (A27)
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Substitute A, from (A24) and A, + A3 from (A27) to (A25), we get:

4
7 (Ay — A30;)%T?

4T% . 5 2
2 (A% — 20,855 + 1303)
4T? 2 22
— (A — 2A1A;73 + 23A3)

4T? . 5 2
—Z(A — 20,0515 + /1 A2 )

4T? . 5 2
—Z(A — 20,0515 + /1 A2 )

AT2A% — 8T2A,AyA5 +
4T2 )22

0

0

0

0

N2

c—2b (b /13) — 2A3up + (b a)ls) a+2 (b '13) A3 + A302

2
20? o zmg 2y + b_ B ZM3 + 3, 20k 2b/13 B 2;13 + 2202
2
c———214 B+2ba/13 +/13a§
b ) 1

d =21 (g = 7) + 23 (“B -2)

d — 2050, + A2A,

dy? — 22301y% + 230,y°
= dy? — 2230,y + 220,y2 — AT2A2 + 8T2A,AyA; — AT? 2303

(A,y% — 4T2A2)22 — (2A,y? — 8T2A,A,) A5 + dy? — 4T?A?

(A,y? — AT2A2)12 — “21 (A,y? — 4T2AD) A5 + dy? — 4T2A?
= B2y —Ad'yyzz‘_‘f:ff%. (A28)
Solutions for the quadratic equation (A28) is:
1, = IZAl_l_ 4—A1_ (%)1/2
=t i e
A ﬁ_l_\/A%yz—ALTZA%AZ_dA2y2—4T2A%A2
A, — A (¥2-4T2A,)A2 (y2-4T2A,)A3
Substitute A5 from (A29) to (A27), we get:
wra = Ao (22 )
oty = 3o )
A+, = +(—2) |Li—d (A30)

y2—4T2A2 ’
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Define z = p,, — pp. Substitute 4, from (A24), A, + A5 from (A30), and 45

from (A29) to (A23) and compute x'E, we get:

-xX'E
—x'E—q'E+q'E

—HUp + Up

+27 | Lizdla
- V2—4T2A,

A2—-dA,
V2—4T2A,

4274,
A2—dA,
y2-4T2A,

+(2z4; — yA)
+(2z4; — yA)
40372 — 4N A, yz + A2y?
40372 — 4N A, yz
40, z% — 40\ vz
0
0

+(2zA, — yA;)

—(—“A)( E + A+ 150q)Q7E

% (-

)’Q g

1 b/lsf 1 1
Az+as E'Q7E + =21071E +2,q'007'E )

b-13

b+@%)

.uB - —) /13>

(-
Azug( ¢+
(e

/12+/13

PN (—d + A23)

1 2_4T2A A A2 —dA
i(——) Y N N [
2 Al_dAZ Az Az y —4T Az

L/ d A_% = yA; | A3-dA,
AZ 31 AZ y2—4T2A2

A2-dA,
y2 —4'T2A2

—dA, + A2 +yA,

—dA, + A2

J(dA, — AD(4T2A, — y?)
V(A% —dAy)(y? — AT?A,)

= A2y? —4T2A2A, — dA,y? + 4dT?A2

= 4dT?AZ — dA,y? — 4T?A%A,

= 4dT?A, — dy? — 4T?A?

= 4A,z% — 40 yz — 4dT?A, + dy? + 4T?A?
= dy?+ 40,22 — 4Ayz — AT?(dA, — A?).

As equation (A15) derived from the maximization problem is the same as
equation (A31) which is derived from the minimization problem, we can find

portfolio’s weight in any portfolios on CTF from MATLAB’s numerical search by
setting minimize/maximize portfolio’s expected return given TE.

(A31)
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