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CHAPTER 1
INTRODUCTION

This chapter begins with the summary of fundamental aspects of the proposed
research including the research significance, research interest, relevant previous
studies and also the research objective. After the research problem is clearly stated,
the scope of work and the methodology are addressed. Finally, expected outcomes

and contributions are briefly presented in the last part of the chapter.
1.1. Motivation and Significance

Since the discovery of a new class of materials in the late 80’s, commonly known and
named as nano-materials, researches in nanotechnology have become popular,
continuously grown and extensively attracted investigators in various fields of
sciences and engineering. Due to unique properties of nano-scale/nano-structured
materials and current advances in the nanotechnology, various means have been
introduced to develop/design/fabricate smaller, stronger, more affordable, and even
more environmentally friendly devices and objects to serve many purposes with better
benefits to human daily life. At the same time, significant effort must be invested in
parallel to not only gain an adequate insight of underlying knowledge in the area but

also be capable of transferring such fundamental knowledge to support practical uses.

Nano-scale materials and technology have also been well recognized in
surface coating applications. Both single-layer and multi-layer surface coatings by
nano-scale materials have been commonly utilized to modify/enhance the surface
properties and overall performance of components. For instance, a reflective color
filter device made from photonic nano-structure can be used to replace the
conventional color filter on the LCD screen in order to harvest the wasted energy of
the absorbed light into electricity (Park et al., 2011). Likewise, a compact of
multilayer film structures can be applied to solar-thermal harvesting, thermoelectric
detection and imaging due to its possibility in ultra-broadband and perfect
omnidirectional absorption (Yang et al., 2016). The surface coating is also required

for quantum dots (QDs) in order to improve or strengthen their performance regarding



the fluorescence property and long-term stability. Other types of surface coatings for
abrasive resistance were extensively reviewed in the work of Wu et al. (2014). Due to
the vast applications of nano-scale surface coating, the fundamental understanding
and the capability to assess/predict the performance of the surface after coating is

essential and provide the basic information in the design procedure.

To investigate key responses and performance of nano-scale coated surfaces,
two fundamental approaches including experimental studies and mathematical
modeling can be applied. The former approach has been recognized to generally offer
a better set of results representing/describing the real response of interest (Wong et
al., 1997) ; however, the method itself may not be necessary a good candidate for all
researchers due to various factors such as high-precision measurement and testing
devices required, sophisticated testing environments and procedures, preparation of
specimens and test setups, and, more importantly, the prohibitive cost consumed.
Theoretical simulations based upon discrete mathematical models, such as atomistic
and molecular dynamics simulations, have also been found an alternative promising
tool to gain profound understanding of physical responses of nano-scale problems
(Shenoy, 2002). Besides the high accuracy gained, the technique requires extremely
large computational resources regarding the treatment of discrete feature of matter in
a small scale and the complexity of the governing physics and this, as a result, renders

its limited use.

In the past several decades, attempts have been made to propose alternative
continuum-based models, in which the object is still treated as a continuum, to
alleviate the requirement of existing discrete-based approaches but still providing
sufficiently accurate results. Unlike problems in a macro-scale, various effects have
been observed and found significant in small-scale problems such as the surface free
energy and the nonlocality induced by the long-range interatomic attraction. It has
been well recognized that classical size-independent theories in continuum mechanics
adopted specifically for simulating mechanical response of macro-scale problems
have failed to simulate those situations. As a result, such existing continuum-based
mathematical models must be properly modified or enhanced by integrating the
influences observed in a small-scale before used in the simulations to sufficiently



capture the inherent small-scale characteristics. A surface elasticity theory proposed
by Gurtin and Murdoch (1975) and Gurtin and Murdoch (1978) has become one of
the most popular models utilized successfully by researchers to integrate the effect of
surface free energy in the prediction of mechanical response for various nano-scale
problems (He et al., 2004, Huang, 2008, Ansari and Norouzzadeh, 2016, Norouzzadeh
and Ansari, 2018). The key motivation of integrating the influence of surface stresses
in the mathematical model relies upon the fact that materials at a nano-scale exhibit
very high surface to volume ratio resulting in excess surface free energy caused by the
exclusive surface’s atom arrangement and, as a direct consequence, rendering their
response strongly size-dependent especially when the internal length scale of
materials and the external characteristic length of the problems are comparable
(Dingreville et al., 2005). Within the context of surface and contact mechanics, recent
applications of G-M surface elasticity has also been recognized (Rungamornrat et al.,
2016, Tarntira, 2018, Pinyochotiwong et al., 2013, Intarit et al., 2018). Nevertheless,
most of existing studies found in the literature are quite limited in two folds, one
associated with boundary value problems formulated in rather simple settings and the
other corresponding to the solution techniques employed. The former raises the
important issue on their direct application to simulate practical problems which are
relatively complex in nature (e.g., multi-layer and functionally-graded-layer surface
coatings) whereas the latter leads to the issue on the computational performance when
the complex and large-scale problems are involved. The proposed study aims mainly
to offer certain significant enhancement to narrow down such existing gap of

knowledge.
1.2. Literature Review

To provide adequate historical background and emphasize the novel aspect of the
proposed study, a set of relevant studies resulting from an extensive literature survey
is presented in this section. Results from the review are separated into three parts
including those related to the surface elasticity theory, the layered media under

surface loadings, and contacts on layered media.



1.2.1. Surface elasticity theory

The concept of surface effects was originally introduced by Gibbs (1906); in his work,
the surface free energy and the surface stresses were defined and derived from the
well-known laws of thermodynamics. The distinction and the relationship between the
surface free energy and the surface stresses were later elaborated by Shuttleworth
(1950) and Cammarata (1994). Motivated by the original work of Gibbs, Gurtin and
Murdoch (1975, 1978) has successfully established the mathematical framework,
known as a surface elasticity theory, which supplies a set of equations sufficient for
describing the mechanical response of both material surfaces and interfaces. Unlike
the body treatment in a classical sense, the body, here, can be separated into the
surface and the bulk in which the former is mathematically treated as the zero-
thickness material layer perfectly adhered to the bulk with its behavior governed by
constitutive laws exhibiting different properties from the bulk. With the integration of
the surface effect through such the material layer, an intrinsic length scale of materials
is automatically introduced, and the resulting mathematical model can now capture
the size-dependent behavior (Pinyochotiwong et al., 2013, Intarit et al., 2018, Tirapat
and Senjuntichai, 2018, Rungamornrat et al., 2016, Tirapat et al., 2017, Tarntira,
2018).

Gurtin-Murdoch surface elasticity theory has gained significant attention and
been extensively employed by various investigators, for the past three decades, in the
simulations of nano-scale problems such as ultra-thin elastic films (He et al., 2004,
Huang, 2008), soft elastic nano-materials (He and Lim, 2006), nano-scale elastic
layers (Rungamornrat et al., 2016, Intarit et al., 2018), functionally graded nano-plates
(Ansari and Norouzzadeh, 2016, Norouzzadeh and Ansari, 2018), and nano-sized
cracks (Nguyen et al., 2015, Nguyen et al., 2016, Intarit et al., 2017). Its popularity
stems not only from its capability to capture the size dependency resulting from the
presence of the surface energy but also its relatively simple mathematical foundation
based upon the continuum assumption of matter. In addition, past evidence has clearly
indicated that continuum-based models enhanced by incorporating G-M surface

elasticity can yield results in good agreement with that obtained directly from



atomistic (Miller and Shenoy, 2000, Shenoy, 2005, Shenoy, 2002) or molecular
dynamics simulations (Zhou and Huang, 2004).

1.2.2. Layered media under surface loading

Problems concerning a layered medium under surface loading are considered
fundamental in solid mechanics. In addition to providing a profound understanding of
mechanical behavior and a useful means to assess certain properties of the medium,
results obtained from such problems can be further used as essential basis for solving
contact problems. Within the context of nano-scale modeling, investigations of the
surface loading on layered media by taking into account the surface energy via
Gurtin-Murdoch model have been increasingly found for the past two decades. For
instance, Wang and Feng (2007) examined the effect of surface stresses on an elastic
half-plane subjected to either a uniformly distributed surface pressure or a
concentrated surface force by adopting the Fourier integral transforms method to
derive the general solution. This study resulted in some interesting characteristics
mechanical behavior in comparison with those in classical theory; however, only the
residual surface tension was considered in the simulation while the surface elastic
constants were ignored which leads to an extended study conducted by Huang and Yu
(2007). By taking into account the surface effect with both residual and elastic surface
constants, the displacement Green’s function of an elastic half-plane subjected to a
concentrated surface force in either normal or tangential direction was obtained by
using the Fourier integral transforms. Zhao and Rajapakse (2009) and Zhao and
Rajapakse (2013) investigated a problem of an infinite elastic layer bonded to the
rigid base and subjected to distributed surface load by considering the surface energy
effect but ignoring the out-of-plane contribution of the residual surface tension. The
method of integral transforms was employed together with Love’s representation in
the solution procedure. The out-of-plane contribution of the residual surface tension in
Gurtin-Murdoch model was also neglected in the modeling of dislocations and
internal loadings in an elastic half-plane by Intarit et al. (2010). Since the residual
surface tension, especially the contribution in the out-of-plane direction, significantly

influences the apparent stiffness of the medium, a similar study of the buried load in



an infinite elastic layer was later conducted by Intarit et al. (2011) with the use of a

complete version of Gurtin-Murdoch model.

Recently, the modeling of layered media under surface loadings and accounting
for the complete Gurtin-Murdoch elasticity theory was extensively conducted for
various scenarios such as an infinite rigid-based elastic layer subjected to
axisymmetric surface loads (Rungamornrat et al., 2016), a layered elastic half-space
under axisymmetric surface loads (Tirapat et al., 2017), and an elastic half-plane
subjected to a circular shear traction on the surface (Mi, 2017). Solution procedures
implemented for all those problems were based solely on analytical and quasi-
analytical techniques; in particular, analytical expressions for an elastic field induced
within the medium were derived based on Hankel integral transform together with
Love’s representation (Rungamornrat et al., 2016, Tirapat et al., 2017) and
Boussinesq potential (Mi, 2017) and the evaluation of those expressions was carried
out via selected numerical quadratures. Note in addition that results from an extensive
parametric study indicate the important role of the residual surface tension in
enhancing material stiffness relative to the classical case and the case where the out-
of-plane contribution of the residual surface tension was fully ignored. This leads to
the conclusion that the complete version of Gurtin-Murdoch constitutive law should
be employed to simulate the surface effect of nano-scale problems. Also, it has been
observed that the predicted response of materials is strongly size-dependent when the

size of a loading region is comparable to the intrinsic length scale of the material.

The most recent research on the investigation of mechanical responses of three-
dimensional elastic layered media under axisymmetric surface loading with the
consideration of surface energy effects was conducted by Tarntira (2018). In this
work, the medium was modeled as multiple homogeneous layers of constant thickness
perfectly bonded at the interface. The material surface and interfaces were treated by a
complete Gurtin-Murdoch surface elasticity theory. An analytical technique based
upon Love’s strain potential and Hankel integral transform was employed to derive
the general solution and the exact stiffness for each generic layer in the transform
space, and a standard assembly procedure was then adopted together with the
interface equations to obtain the system of equations governing the whole medium.



While the work of Tarntira (2018) has the capability to treat a layered medium
consisting of arbitrary number of layers, the solution procedure employed raises
certain important issues related to the computational efficiency when dealing with
large scale problems and the practical application to treat functionally graded material
layers. More powerful solution techniques are still required to further upgrade the

modeling capability of simulating multi-layered media with a set of general data.
1.2.3. Contact on layered media

Surface indentation has become a well-known technique commonly utilized to
investigate the mechanical behavior and to measure certain properties of nano-scale
materials and structures. Attempt has been significantly invested, in the past decades,
to develop physically sound mathematical models together with the solution
methodology to be capable of simulating such physical phenomena up to the level of
complexity involved. According to the past studies, several researchers were
interested in measuring the elastic properties of the film-on-substrate subjected to
various axisymmetric indenters by using various existing techniques including Hankel
integral transform (Yu et al., 1990, Yang, 1998) and the surface displacement Green’s
function (Gao et al., 2008). These studies provide uniquely useful guideline in the
evaluation of elastic properties from the appropriate film thickness and substrate
selection (Yu et al., 1990), from applied load and penetration depth relationship, and
from the surface traction and surface displacement relationship (Gao et al., 2008).
However, results obtained from those studies can be incomparable to actual response

since the surface effects are fully ignored in the modeling.

The incorporation of Gurtin-Murdoch surface elasticity theory to further
enhance the existing classical continuum-based model for the investigation of an
elastic half-space indented by axisymmetric, rigid, frictionless, nano-size punches was
first established by Zhao (2009). In this work, a solution technique based on Love’s
strain potential, Hankel integral transform and Fredholm integral equation is adopted
to derive elastic field within the half-space. Although the influence of the surface
stresses on the material response and the size-dependent behavior of predicted
solutions were clearly observed, the out of plane contribution of the residual surface

tension in Gurtin-Murdoch model was still ignored. Later, Pinyochotiwong et al.



(2013) investigated the same problem as Zhao (2009) but employed the complete
version of Gurtin-Murdoch surface elasticity theory in their formulation. In the
analysis, a solution technique similar to that employed by Zhao (2009) was adopted. It
was demonstrated that the influence of the residual surface tension on the predicted
response is more pronounced when its out-of-plane contribution is included. Intarit et
al. (2018) studied the influence of the surface energy effect on the mechanical
response of an infinite elastic layer rested on a rigid foundation and compressed by
axisymmetric, rigid, frictionless, nano-size indentors. Fundamental results established
by Rungamornrat et al. (2016) was employed as the basis in the formulation of the
governing integral equation and a collocation technique equipped with an efficient
numerical quadrature was adopted in the solution procedure. Most recently, Tirapat
and Senjuntichai (2018) formulated the problem of axisymmetric frictionless rigid
indenter on a layered medium as a mixe boundary value problem of which the
displement under the punch is imposed whereas the contact pressure is determined
from decretization with the use of displacement Green’s function and Hankel integral
trasfrom. Results from the past studies confirmed that the medium becomes stiffer
when the surface stresses is taken into account and, moreover, the surface effect is
more significant when the internal length scale of the material is comparable to the
external length scale of the problem. It is worth noting that solution techniques
employed in all studies mentioned above are quite limited in nature and their
capability and computational efficiency, when applied to treat more general problems
such as indentations on multi-layer or functionally graded layer media, is still
questionable. To overcome such concern, Attia and Mahmoud (2015) adopted the
finite element method to solve a functionally graded film layer rested on an elastic
layer subjected to either a rigid or deformable indenter with arbitrary profiles. The
influence of surface stresses was treated by the complete Gurtin-Murdoch surface
elasticity model. In addition to the significance of the surface contribution and the size
dependency observed, such study also revealed the essential influence of a film’s
gradation parameter on the response of the contact problem. While the numerical
technique proposed by Attia and Mahmoud (2015) allows a set of more general data
to be easily treated in comparison with those employed by Zhao (2009),
Pinyochotiwong et al. (2013), Intarit et al. (2018), and Tirapat and Senjuntichali



(2018) an issue of the computational efficiency also arises when an infinite, multi-
layer medium is of interest. This clearly leaves a plenty of room for the enhancement
of the solution procedure to further boost the modeling capability of the nano-scale

layered media.
1.2.4. Scaled Boundary Finite Element Method

The scaled boundary finite element method (SBFEM) was firstly introduced in 1990s
by wolf and Song (Wolf and Song, 1995a, Wolf and Song, 1995b, Wolf and Song,
1996). The original purpose of SBFEM development is to analyze the dynamic semi-
infinite medium-structure interaction based on mechanically based derivation. The
feature of SBFEM is that the boundary in the circumferential direction is discretized
into a number of certain elements, leading to governing linear ordinary differential
equation in radial direction whose constant coefficients is defined by finite element
approximation in circumferential direction. However, the mathematical formulation of

the original work is still complicated.

To overcome such drawback and to prove that the so-called SBFEM is
computationally efficient, the original SBFEM formulation was rederived by
employing the weighted residual technique (Song and Wolf, 1997, Wolf and Song,
2000, Wolf and Song, 2001) and virtual work principle (Deeks and Wolf, 2002b). In
return, the SBFEM become more computationally efficient and even more general
than FEM for unbounded domain problems involving stress singularity (Deeks and
Wolf, 2002a). The efficiency and accuracy of the so-called SBFEM has been found in
several engineering problems including crack problems (Ooi et al., 2012, Ooi et al.,
2013, Chowdhury et al., 2014, Dai et al., 2015), wave propagation (Li et al., 2013b, Li
et al., 2013c, Meng and Zou, 2013, Gravenkamp et al., 2014). Although the efficiency
of SBFEM is better than another existing method for certain problems, the SBFEM
still cost some computational expense for problems involving a large number of

degrees of freedom.

To streamline the accuracy and efficiency of SBFEM as well as to broaden its
application, several techniques have been integrated into standard SBFEM. With the
incorporation of h-hierarchical adaptive procedure, the computational time was
considerably reduced in comparison with finite element method (Deeks and Wolf,
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2002a). Deeks and Augarde (2005) developed a meshless local Petrov-Galerkin scale
boundary method (MLPG-SBM) to implement the solution convergence. As a result,
the MLPG-SBM converge faster than the conventional SBFEM due to the increase of
smoothness and continuity of shape function. Higher-order shape functions, generated
from two different techniques, the spectral element and hierarchical approach, was
considered in SBFEM (Vu and Deeks, 2006). According to this study, the higher-
order elements generated from spectral element approach is more efficient than that
generated from the hierarchical approach. Vu and Deeks (2008) integrated a p-
adaptive mesh optimization into SBFEM in order to maximize the solution accuracy
and to minimize the computational cost and also demonstrated that the convergence of
the p-adaptive SBFEM increased faster than the h-adaptive SBFEM. The SBFEM
accuracy also improves when element-free Galerkin approach is used in the
circumferential direction (He et al., 2013a). Beside using polynomial shape function,
He et al. (2014) introduced Fourier shape function into SBFEM and investigate its
performance. The accuracy and convergence of the method were evaluated by
numerical studies of elasto-static and heat transferred problems and was shown to be
more efficient in comparison with polynomial shape function or element-free

Galerkin method.

The potential of SBFEM in solving complicated engineering problems,
unbounded domains, variation of material properties and loading, was remarkably
recognized and considerably raise the application. Recently, several engineering
problems have been efficiently solved and accurately investigated by employing the
SBFEM including electrostatic problem (Liu and Lin, 2012), piezoelectric materials
(Li et al., 2013a, Li et al., 2014), cyclically symmetric problem (He et al., 2013b),
concentrated load on elastic medium (Vu and Deeks, 2014), two-dimensional linear
multi-field media (Nguyen Van et al., 2017), etc. Based on such versatility, accuracy,
and efficiency, the scaled boundary finite element method would be very suitable and
become a better computationally efficient technique in investigating the mechanical
behavior of infinite layered elastic medium in comparison with analytical technique
(Rungamornrat et al., 2016, Tirapat et al., 2017, Tarntira, 2018) and the standard finite
element method (Attia and Mahmoud, 2015).
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1.3. Objective

The objective of the present study is to implement a numerical technique based on the
scaled boundary finite element method for determining mechanical response of a

nano-scale layered medium under prescribed surface loading.
1.4. Scope of Work

The present work is to be carried out within the following scope:

(i) a medium is assumed two-dimensional, subjected to plane-strain condition, free
of body force, and consists of multiple infinite layers of uniform thickness
adhered perfectly at interfaces;

(i) a bulk material of each layer is isotropic, linearly elastic and can be either
homogeneous or functionally graded in the direction perpendicular to the layer;

(iii) material surface and interfaces are governed by Gurtin-Murdoch model with
constant surface parameters; and

(iv) a medium is excited only by a surface loading expressible as a linear combination
of polynomial functions.

1.5. Methodology

The primary concern of this research is the implementation of a numerical procedure

based on the scaled boundary finite element method and its application to investigate

the mechanical response of a nano-scale layered medium under the action of surface
loading. To achieve such tasks, the following key methodology and research
procedure are proposed as follows.

(1) A classical theory of linear elasticity (Timoshenko and Goodier, 1970, Gurtin,
1973, Karasudhi, 2012) is adopted to form basic field equations for the bulk
material of each layer whereas Gurtin-Murdoch surface elasticity theory (Gurtin
and Murdoch, 1975, Gurtin and Murdoch, 1978) is employed to model the
material surface and interfaces between bulk layers.

(i)  For the bulk material of each layer, a standard weighted residual technique
together with the integration-by-parts procedure is adopted to derive the
governing weak-form statement. The scaling coordinate (along the infinite

direction of the layer) and the boundary coordinate (along the direction



(iii)

(iv)

(v)

(vi)

(vii)
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perpendicular to the layer) are first introduced and the finite element
approximation of the displacement field is applied along the boundary
coordinate direction. A set of linear, second-order, ordinary differential
equations governing the nodal functions along the scaling coordinate together
with the boundary conditions can then be obtained from the weak-form
statement via the introduction of the scaled boundary finite element
approximation and the integration-by-parts procedure.

For the material surface and interfaces, a set of linear, second-order, ordinary
differential equations in terms of the surface/interface displacements and the
corresponding boundary conditions are established based on Gurtin-Murdoch
model.

A system of linear, second-order, non-homogeneous, ordinary differential
equations and the corresponding boundary conditions for the whole layered
medium can be obtained by combining governing equations for each bulk layer
established in (ii), governing equations of material surface and interfaces from
(iii), the boundary conditions corresponding to the prescribed surface loading,
and the continuity of the displacement and traction at the material interfaces.

A homogeneous solution of the system of differential equations obtained in (iv)
is obtained by a standard technique in the theory of differential equations and
such a procedure leads to solving an equivalent linear eigenvalue problem. An
efficient numerical algorithm based on the polynomial root-finder is adopted to
obtain all eigenvalues and eigenvectors.

A particular solution of the system of differential equations obtained in (iv) is
obtained by adopting the method of undetermined coefficients.

A set of boundary conditions is then employed together with the obtained
general solution to obtain a system of linear algebraic equations governing the

nodal degrees of freedom along the boundary coordinate direction.

(viii) Once the nodal degrees of freedom are solved, the displacements and stresses

(ix)

within the layered medium are post-processed via the direct substitution.

A numerical procedure is implemented by using MATLAB
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(X) The accuracy, efficiency and capability of the implemented numerical
procedure is then tested by benchmarking obtained results with reliable

reference solutions available in the literature.
1.6. Outcome and Contribution

The proposed study offers a computationally efficient and robust numerical technique
for simulating a nano-scale layered medium subjected to a set of general data and
fully equipped with Gurtin-Murdoch surface elasticity model. A fully tested, in-house
computer code of such high capability should assist ones to further explore the
essential features and characteristics of nano-scale problems. In addition, the
technique developed in the present study provides the basis for the extension to solve

more complex problems involving nano-scale indentation of layered media.



CHAPTER 2
FORMULATION

This chapter provides a clear description of the research problem, a set of two-
dimensional basic governing equations for the bulk and material surface, and the
formulation of key governing equations for the whole layered medium based on the

concept of scaled boundary finite element approximation.

2.1. Problem Description
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Figure 1: Schematic of a two-dimensional, multi-layer body subjected to the arbitrary
loading at the top surface

Consider a two-dimensional, infinite, layered medium rested on a rigid foundation as
shown schematically in Figure 1. The medium consists of N layers of uniform
thickness and all layers are bonded rigidly at the material interfaces. The bulk of each
layer is made of an isotropic, linearly elastic material whose properties can either be
homogeneous or vary across the thickness. The latter allows the treatment of a
functionally graded layer. The material surface of the top layer and the material
interfaces between any two consecutive layers possess their own properties different
from those of the bulk; in particular, both the residual surface tension and the surface

elastic constants are fully prescribed and assumed homogenous. The layered medium
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is free of the body force and subjected only to arbitrarily distributed traction on the
surface of the top layer over the length 2a. The infinite layered media can be divided
into three sub-domains along the lines b5’ and cc’ and they are referred to the left
part, the center part, and the right part. Then, in the formulation, the representative
layered medium with a similar shape as that of the center part is considered. Once the
formulation is achieved on representative domain, it can be readily applied to all
subdomains of left, center, and right parts. For instance, formulation of the left part is
obtained from representative domain by taking the left boundary of the representative

domain to infinity and removing all loading on the boundary of the top surface.

The statement of the research problem is to develop an efficient solution
procedure for determining an elastic field within the layered medium under applied
surface loading and the influence of surface stresses on the material surface/interfaces.
For convenience in further development, a two-dimensional, Cartesian coordinate

system {0, x1, X2} is introduced as shown in Figure 1.
2.2. Governing Equations for Generic Layer

To formulate a set of governing equations for the representative layered medium, it
suffices to establish the governing equations for a generic bulk layer of finite
thickness and finite length, called the k™ bulk layer and denoted by a rectangular
region Q, and a generic material surface/interface, called the k™ surface and denoted

by a straight line s, as shown in Figure 2.
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Figure 2: Schematic of the k™ surface and the k™ bulk layer
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The boundary of the k™ bulk layer is denoted by oQ and it can be
decomposed into dQ=00Q' LA  LAQ° LN where Q' Q", dQ° and Q"
denote the left, right, bottom and top boundaries, respectively. The k™ surface is
treated as a zero-thickness, material line whose properties are different from those of
the bulk. For k=1, it represents the material surface on the top of the top layer whereas

for k=2,3,...,N, it represents the material interface between the (k-1)"" bulk layer and
k™ bulk layer.

2.2.1. Governing Equation for Bulk Layer

From the classical theory of linear elasticity, equilibrium equations, stress-strain
relationship, and strain-displacement relationship can be expressed in a concise form,

for a two-dimensional body subjected to the plane-strain condition and zero body

force, as

LU'e®=0 (2.1)
6" = D¢’ (2.2)
& =Lu° (2.3)

where ¢°,&”, 4", D and L denoting, respectively, a vector containing in-plane stress

components, a vector containing in-plane strain components, a vector containing in-
plane displacement components, a modulus matrix involving material constants, and a

two-dimensional, linear differential operator are defined explicitly by

on e r k+l 3-x 0

6’ = 022 &’ = 822 ,Ub={ t},D=L 3-k k+1 O (2.4)
o) & ta e R S
o/ox, 0

L=| 0 o/ox, (2.5)
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where 4 is the elastic shear modulus of the bulk layer and k=3-4v with v
denoting Poisson’s ratio. It is important to remark here that the superscript “T”
appearing in (2.1) denotes the matrix transpose operator and the superscript “b” is
used to designate quantities associated with the bulk. Note also that in-plane
components of the displacement, stress and strain follow standard notation and the
reference coordinate system shown in Figure 1. The linear differential operator L can
be further decomposed into
0 0

L=b,-% +b, -~
"o, 2 ox, (2.6)

where b, and b, are constant matrices defined explicitly by

10 00
b,=|0 0], b,=|0 1 2.7)
0 1 10

The traction t*®?)acting to the boundary &Q can be expressed in terms of the stress

field of the bulk layer at its boundary ¢“? and the corresponding unit normal vector

n such that
th(eR) _ sbed), (2.8)

The equilibrium equation (2.1), the constitutive law (2.2), and the strain-displacement

relation (2.3) can be combined to obtain
L'DLU’ =0 (2.9)

By applying the standard weighted residual technique together with the integration by
parts and the corresponding traction boundary condition, the alternative weak

statement of equation (2.9) is given by

i (Lw)" D(Lu")dA= [ w't*C?ds (2.10)

002
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where w is any weight function satisfying the following integrability condition

[ (Lw)" (Lw)dA <0 (2.11)

Q

2.2.1.1. Scaled Boundary Finite Element Approximation

Let one introduce the scaled boundary finite element approximation of the

displacement field u® and the weight function w such that

U = (4,) = 60 (06U () =NU' (2.12)
W= (4) = D60 06w () =NW” (2.13)

where p denotes the number of nodal points along the approximate direction; ¢®

indicates the i nodal basis function defined along the x,-direction; u® :{uj u‘Z}T

and w® :{wli wiz}T represent the i"" nodal displacement vector and i" arbitrary
nodal weight function defined in terms of X, respectively; and the matrix N and the

two vectors U" and W" are defined by

_ _ ¢(1) 0 ¢(2) 0 ¢(P) 0
N=N(x)= 0 ¢ 0 ¢? .. 0 " (2.14)
U"=U"(x)= {ul(l) ud u® u®? Lo ulP }T (2.15)
W' =W"()={w® w® w? wd L ow? wP) (2.16)

By employing the approximations (2.14)-(2.16) together with the operator (2.6), the

terms Lw and Lu® can be approximated by

d 0 ,
Lwh:(blaTerz@T]NWh:blN(\Nh) +b,BW" (2.17)
1 2
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0 0
Lu"=|b,—+b,— [NU"=b,N(U")' +b,BU"
( 1ok T2 8x2] NU") +b, (2.18)
where (-)’ denotes the ordinary derivative with respect to the coordinate x, and the
matrix B is defined by

_dN

B ax, (2.19)

2.2.1.2. Scaled Boundary Finite Element Equations

By introducing the approximations (2.17) and (2.18) into the weak-form statement

(2.10), it gives rise to
j(\Nh Y (NTh Db, N)U" 'dA+j(Wh YT (N b/ Db,B)U"dA+
[ ") (B"b; DbyN)U"'dA+ [ (W ") (Bb} Db,B)U"dA = (2.20)

.[ W h)T N TP ds
Q

Upon using the fact that the terms in the second parentheses appearing in (2.20) are

only functions of the coordinate X, together with the partition of the boundary

oQ =00 LaQ" LN LN, the relation (2.20) now becomes

J ™) EU d o+ [ W) ENU dx, + [ (W) (ED)TU" ",

(2.21)
+J. (\Nh)T E(t))LJth1 — J.(Vvh)T (Tu +Tb)dX1+(Vvhr)T Pr +(\NhI)T PI

X1 X
where

E; = [ B"b; Db,Bd, (2.22)

X2
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E)= j N b Db,Bdx, (2.23)
E; = [ N"b] Db, Ndx, (2.24)
T =TU(x) = NT ) (%), TP =T (%) = N (%, )t° (%) (2.25)
P = [ NTOO (,)dx,, P! = [ NT o)t (x,)dx, (2.26)
W™ =W"(x, ) W" =W"(x,) (2.27)

Since the integrands of integrals in (2.22)-(2.24) are only functions of the coordinate

X,, the matrices E;, E; and E} are constant and their dimensions depend primarily

on the number of nodal points along the approximate direction. Next, by integrating

the first and second integrals on the left-hand side of (2.21) by parts, it leads to

JowmyrERUT dx = [T BT ) )T ERUP o
(2.28)
= (W) EUM0g,) - W) EUT (%) - [ W) EJU" dx,

X1

J vy ERUd, = [ Ty EPUT) = ERU” o
(2.29)
= (W™ EU"(x,) - W ") EPU" () - [ (W) EPUM dx,

X

By substituting the results (2.28) and (2.29) into (2.21), it results in
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[T {EUMH[EY - (ED) UM —EQU" +T* +T°}dx,

*u (2.30)
= W™ [-P +Q°(x,) [+ W ™)' [-P'-Q°(x,) |

where the matrix Q°denotes the nodal internal flux defined by

Q° =Q"(x)=EU"(x)+EU"(x) (2.31)

Finally, by invoking the arbitrariness of the vector w in (2.28), it leads to

EJU""+[E, —(E)) U "-EU"+T"+T" =0 (2.32)
Q" (%) =—P' (2.33)
Qb (Xj_r) — Pr (234)

Note that equation (2.32) is a system of fully coupled, linear, second-order ordinary
differential equations governing the unknown nodal functions U" whereas (2.33) and
(2.34) represent the boundary conditions on left and right boundaries of the bulk

layer.
2.2.2. Governing Equation for Material Surface/Interface

The behavior of the material surface/interface is treated differently from the bulk
according to the complete version of the surface elasticity theory introduced by (1975,
Gurtin and Murdoch, 1978). In particular, the governing equations such as the surface
equilibrium in terms of the generalized Young-Laplace equation (Povstenko, 1993),
surface constitutive law, and surface kinematics are expressed, for the one-
dimensional case, as follows

S
0G,,

a S su S
Su . FEU At =0 (2.39)

+t +° =0,
1

o;, =T +(2u° +A%)g;,, o), =1°€5, (2.36)
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. out o ou (2.37)
e =—, & =

where the superscript “s” is employed to emphasize the surface quantities; the

material constants A°,u° and t° represent the surface Lame constants and the residual

surface tension, respectively; and t* and t* denote the tractions acting to the top and
bottom of the surface, respectively. By substituting the equation (2.36) and (2.37) into
equation (2.35), the in-plane and out-of-plane equilibrium equations of the surface can
be expressed, in terms of the surface displacement, as

ES(US)" +t* +t* =0 (2.38)

where

s s su T S
£ 2w +2%) O = [ =L U= Uy (2.39)
O Ts tzsu t; U;

The internal flux within the material surface/interface, denoted by Q°, is defined by

Q* =Q*(x)=EU*'(x) (2.40)

2.3. Governing Equation for Layered Medium

Since the (k-1)" bulk layer, the k" material interface and the k™ bulk layer (for
k=2,3,....N) are perfectly bonded without slipping, the displacement and traction
along the interface of the surface must satisfy the following conditions

WD (X, =2,) = Ui (x, = 2,) =UF¥ (x, = 2,) 1)
WD (x, = 2,) =us (x, = 2,) = U (x, = 2,) |

(20D 4 500 — ;2D 500 — (2.42)

{50 200 0 1300 11200 = (2.43)
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Also, the boundary conditions at the top surface of the 1% layer and the bottom surface

of the last layer are given by
)+t =0, 2+ =0 (2.44)
up™ =up™ =0 (2.45)

with the use of conditions (2.41)-(2.45), equations (2.32) and (2.39) can be combined
and the resulting system of equations is given by

EXU"+[E” —(E”) U -E®U =t (2.46)
The corresponding internal flux, for the layered medium, now takes the form
Q=Q(x)=E"U(x)+E;U'(x) (2.47)

where E)*,E}” and E;° are matrices containing material parameters resulting from

the assembly of material surface/interfaces and the bulk layers and U and tare the

nodal displacement vector and the vector containing the side-face traction,
respectively. The matrices EJ*,E” and E* and the vectors U and t are given

explicitly, by

(2p-1)(2p-1)

EP24ED . 0 0 |
E; = Ep-izp +:Eff +E Y 0 (2.48)
L 0 O EFZZD;\;(Z P |
E 0 0o
E® = (:) " | + ERUkD 0 (2.49)

0 . 0 Lo

L (2p)(2p) |
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EY - 0 0
Ey = 0 Eongl)(Zpl;Jr A 0 (2.50)
I 0o - 0 E(bZOD.’\;(ZD)_
U={u, U, - Uy, Uy -+ Uy, Uy} (2.51)
t={t £ - 00 - R R} (2.52)

where N, p, n, R1 and R2 denote the number of layers, the number of nodes per bulk
layer, the number of nodes for the entire body, the horizontal reaction, and the vertical
reaction, respectively. It worth noting that the nodal displacement vector U in (2.51)

and the nodal traction vector t in (2.52) can be partitioned into U :{Uf U'}T and

t={tf tr}T where U'; U";t" and t" are 2n-2 components of the unknown nodal

displacement vector, 2 components of prescribed nodal displacement vector, 2n-2
components of applied nodal loading vector, and 2 components of unknown reaction
vector, respectively. According to such partition, the system of equations (2.46) can

be further separated into two sub-systems of equations such that

EXfU™ +[EP —(EP YU -EPU =t (2.53)
EXUY +[EX —(E) U —EPTUT =t (2.54)
Similarly, the corresponding internal flux (2.47) gives rise to

Q' =Q'(x)=E"U"(x)+E;"U"(x) (2.55)
Q" =Q"(x)=E""U"(x)+E;"U"(x) (2.56)

where EX" EX", EP, EXT EXT, and E;™ are sub-matrices resulting from the

partition of the matrices EX*,E, and E;° consistent to the partition of the
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displacement vector. The governing equation of (2.53) and its corresponding internal
flux of equation (2.56) are sufficient to determine the unknown displacement vector
U'. Once U' is solved, the reactions vector t'can be readily obtained via the direct
substitution of U " into (2.54). Likewise, the solution of the nodal displacement U
can be further used to post-process for the stress field within representative layered

medium via the relations (2.2) and (2.3).



CHAPTER 3
SOLUTION METHODOLOGY

This chapter presents a procedure used to construct the solution of a system of linear,
nonhomogeneous, second-order ordinary differential equations supplied by a set of
well-posed boundary conditions. The general solution can be separated into two parts,
a homogenous solution and a particular solution. The homogeneous solution of a
system of linear, second-order, differential equations is determined by solving the
eigenvalue problem resulting from adopting the standard theory of differential
equations with constant coefficients. In contrast, the particular solution is obtained by
adopting the technique of undetermined coefficients which depends mainly on the
form of applied traction on the free surface. Finally, by enforcing a set of boundary
conditions, the stiffness equation governing the entire problem is derived.

3.1. Homogeneous Solution

Let U™ be the homogeneous solution of the system of linear second order ordinary
differential equation (2.53) which is determined by following the standard procedure
in the theory of differential equation and takes the form

4n-4

U™(x)=> ce™n, (3.1)

i=1

where n,and ce™ represent 2n-2 components of the i"" mode shape vector and i*
modal coordinate respectively. In addition, ¢, and r; are the arbitrary constants

corresponding the modal contribution of i mode and the i modal scaling factor
respectively. By substituting equation (3.1), its first and second derivatives into the
homogeneous equation of (2.53), it yields

4n-4

Y ce™ (PES +[E —(E*) Ir - Eg™ )y, =0 (3.2)

i=1

%

Since c.e™ =0, equation (3.2) can be reduced to
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(riZEgsff +[Efbﬁ _(Elbbff )T]r; _ E(I)bef )'], — 0 (33)

Equation (3.3) is the eigenvalue problem of which the eigenvector #, can be
determined from the corresponding eigenvalue r; obtained from solving higher order

of characteristic polynomial. To facilitate the computational effort, we again
substitute equation (3.1) and its first derivative into the internal flux of equation
(2.55). It then gives rise to

4n-4

Q' (x) =D ce™(KEX" +E )y, (3.4)

i=1
By defining g, , the i" modal internal flux, in terms of n; as
o =(GE" + B )n (3.5)
it can be readily verified that
Loy =—(E;™ ) B g+ (B ) g, (3.6)

where (E>")™ denotes the inverse of EX". Similarly, by substituting equation (3.5)

into equation (3.3), it then results in
g, =[ES"™ —(EX" ) EP (EP) I + (B (EP™) g, (37)

Now, by introducing a 4n-4 vector V,; and a constant matrix E such that

Vi = {’7i qi }T (3.8)

B _(Egsff )71 Efbﬁ (Egsff )71
T (BRI )T (BN ) TEMT ()T (L) (3.9

Equation (3.6) and (3.7) can be combined into a system of linear algebraic equations
such that
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Vv, =BV, (3.10)

Now, eigenvalue r, and eigenvector #, can be obtained by solving a linear
eigenvalue problem of equation (3.10) instead of solving the nonlinear equation (3.3).
It should be noticed that the repeated indices in the equation (3.10) do not imply the
summation over their range.

Nevertheless, the matrix E is not symmetric; therefore, the obtained r, and
V,; can be complex numbers. Commonly, the imaginary part of complex root is finite

provided that the boundedness of the solution only depends on the real part of the

eigenvalues. For more convenience in the construction of the homogeneous solution

U™ of equation (2.53), the real part of eigenvalues r, are divided into three parts, a

positive real part, a zero part, and a negative real part. Then, let R*,R%and R be
diagonal matrices containing the eigenvalue involving the positive real part, zero and
negative real part respectively. Again, let three sets of '™ and I'**, " and r®,

I'"and I'*" be matrices whose columns respectively contained all vectors of r; and
n, generated from the eigenvalue associated with the positive real part R™, the zero

part R, and the negative real part R~ respectively. Similarly, by introducing IT*,

IT°and IT - as diagonal matrices obtained by substituting the diagonal entries r, of

the matricesR*, R®and R~ respectively into the function €™, the corresponding

homogeneous solution U™ and the internal flux Q™ can be express as
U™(x)=1r"mx)C" +r"m(x)C’+r" 1 (x)C (3.12)
Q" (%) =I"I"(x%)C" + " °IT°(x)C° + T IT" (x,)C (3.12)

where C*, C° and C~ are the arbitrary constant vectors, which can be simply

obtained by enforcing the boundary conditions.
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3.2. Particular Solution

Let t°, the applied traction on the top surface, be a polynomial of degree m in terms

of x, taking the form as

. k
=2 xa, (3.13)

where a,_ denotes the given constant vector corresponding to the k™" degree of the

polynomial. It should be noted that several functions including exponential,
logarithm, trigonometric can be expressed in terms of a polynomial by adopting the

Taylor series transform. Then, by employing the method of the undetermined

coefficient, the particular solution of the system of equation (2.53), denoted by U ",

can be expressed as

Uf":kZ:XfAk (3.14)

The vector of unknown constants A, has to be determined by taking the first, second

derivation of U ™and then directly substituting them into equation (2.53). Then, it

gives rise to

(k+2)(k+DEF A, + (K+DIEM —(EP) AL - E A =3,

vke{12,..,m-2} (3.15)
{MIEP —(EP)'-E} A, =a,, (3.16)
-E" A, =4, (3.17)

Now, by substituting U ™ into equation (2.55), the internal flux leads to

QP =EMUyU®+EXUP (3.18)
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3.3. General Solution

The general solution of the displacement vector U " of the system of equations (2.53)
and the corresponding nodal flux Q" can be obtained by directly combining the

homogeneous and particular solutions and the final results are given by

Uf -U fh +U fp _ I—v;1+H+ (Xl)C+ +I"'70H0(X1)C0 +FW—H—(X1)C— +Uﬁ7(xl) (319)

Q' =Q"+Q" =r"I" (x)C" +I'IT°(x)C° + I'"" I (%)C" + Q" (x,) (3.20)

In case that the left and the right boundaries are subjected to applied traction, the

boundary fluxes are
Q' (x,)=—-P" (3.21)

Q' (x,)=P" (3.22)

where P"and P™ are 2n-2 components nodal applied traction subset vectors of P
and P'. Due to the boundary conditions indicated in (3.21) and (3.22), equation (3.20)
yields

+

C
{-P”}{I"“H*(xﬂ) rem(x,) Fq_H_(Xll):| Co +{pr(xil)}
o

P [ LM (%) TPI°(x,) T (%)]] [ 1Q%(x,) (323)
Equation (3.23) can be inverted to obtain
o| [T (q) TOm(x,) rq-n-(xi.)}‘lh—w'}_ {Q'p(xﬂ)H
remx,) remey) remes)| |1ee et (3.24)

c-

If both the left and the right boundaries of the body are restrained against the

movement such that the 2n-2 components nodal displacements vectors U" =U " (x,,)

and U™ =U"(x,) are known a priori, equation (3.19) becomes
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+

C
{U“}_{F"*nwxﬂ) i (x,) F"H(xl.)} . +{Uf"(x1.)}
fr [ n+ + no 0 n— - fp (325)
UTJ L () FUGy) T J| U 0)

For this particular case, equation (3.25) can be inverted to obtain

+

co :[r"*n*(xﬂ) rm(x,) rwmo}lHu"}_ {Uﬂ’(xl.)H
o | lrmme) rrmeg) )| Ut ute) (3.20)

By using the result (3.24) or (3.26), it can be readily shown that

{—P"}_{Qf*’(xﬂ)}:KHuf(xﬂ)}_{ummH
P | 1Q"(x,) U'(x)) U”(x) (327)

where the coefficient matrix K is defined by

K:[F TI(x,) TP (%) F‘*‘H‘(&.)Mﬂ*ﬂ%xﬂ) rm(x,) F”‘H‘(xl.)}l
CYIT (%) TPI°(xy) PO (%) [ TV (%,) TP (xy)  TUIT (%)

(3.28)

Equation (3.27) together with a set of prescribed boundary conditions provides a
sufficient set of conditions to determine all unknown data on the boundaries of the
representative layered medium. In particular, either the unknown nodal displacements
or the unknown nodal tractions can be determined if either the nodal tractions or the

nodal displacements are prescribed respectively.
3.4. Solution of entire layered medium

A system of linear equations governing the representative layered medium given by
(3.27) is directly applied, here, to form the governing equation for the three sub-
domains resulting from the cut of the whole layered medium along the lines bb’ and

cc’ (i.e., the left part, the center part and the right part of the whole layered medium).
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Since the center part has the same shape as the representative layered medium,
the system of linear equations governing the unknown data on its boundary can be
readily obtained in an identical form, i.e.,

{—Pf.:" }_ { .f(x“)} K, {U.ff. (xi.)}_ {U.f?’(xi.)} (3.29)
PII IIp (Xll) UII (Xir) UIIp (Xir)

The system of linear equations governing the unknown data along the boundary
of the left part and the right part of the whole layered medium can also be obtained
from that of the representative layered medium by first setting applied loads at the top

surface to zero and then taking limit of the left boundary or right boundary to infinity

(i.e., X, > —0 or X, — o), respectively. The final systems of governing equations

for the right and left parts are expressed explicitly as

3.30
KIUIfI’ — Plfr ( )

K, U/ —_p1 (3.31)
By enforcing the continuity of the displacement and the traction along the interface
between the left part and the center part (i.e., along the line b5’ indicated in Figure 1)
and the interface between the right part and the center part (i.e., along the line cc’
indicated in Figure 1) together with the standard assembly procedure of the three
systems (3.29)-(3.31), it yields a final system of linear algebraic equations governing
the nodal displacement data along the two interfaces b6’ and cc’ of the whole layered

medium:

— |f|p (Xlr) _ K U ® _ K Ulflp (X1|) (332)
fp( ) a uf "lu fp( )
1 Xll 1 Xlr

where K denotes the material constant matrix resulted from the assembly of K, Ky,

and K associated with the right, center and left parts, respectively, and U™ and U ®

are the unknown nodal displacements along the cuts b5’ and cc’, respectively. Once

the primary unknowns U ®and U ™ are solved from (3.32), the elastic field including
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the displacements and stresses within the whole layered medium can be readily post-
processed with the use of basic field equations (2.1)-(2.3) together with the
approximations (2.12).

3.5. Error

The error of the approximation using scaled boundary finite element method is

measured by using the following formula:

lell,

——x100 (3.32)
R

error =

where |[e]|,and |iu®||, respectively denote the L*-norm of the error vector-value
function and L?-norm of the exact value of the displacement and respectively defined

by

lell.= [[e" (e (3.33)

Q

e .= \/ Jw o u (3:34)

It is important to note that the error vector-value function e =e(X) is determined by
e(x) =u®(x)—u"(x) (3.35)
where u"(x) represent the approximated value of displacement determined by scale
boundary finite element method.

3.6. Rate of convergence

In the approximation, the rate of convergence between two orders of a particular type

of element is defined by

p
error, h,
= [ j (3.36)

erro rk +1 hk +1

where error,, h ,and p respectively denoted relative percent error of k™ element, the

element size of k"™element, and the rate of convergence between ki and (k+1)"

element.



CHAPTER 4
NUMERICAL RESULTS

In this chapter, the accuracy, convergence and capability of the proposed scaled
boundary finite element method (SBFEM) in determining mechanical response of
layered media under surface excitations are extensively discussed. The SBFEM has

been successfully implemented within the MATLAB environment. In the solution

discretization, both conventional linear and quadratic C° elements, similar to those
employed in the finite element procedure for one-dimensional problems, are adopted.
Several problems related to surface-loaded layer media including an elastic
(functionally graded) half-plane, a single layer medium, and a multi-layer medium are
considered in the numerical study. Results for certain cases (e.g., surface-loaded
elastic layer and functionally graded half-plane with and without surface stresses) are
compared with available benchmark solutions to confirm the correctness of both the
formulation and numerical implementations. In addition, a series of meshes is adopted
and used in the analysis to provide sufficient evidence to conclude the convergence

behavior of numerical solutions.
4.1. Surface-loaded Half-plane

Consider an elastic half-plane loaded by a constant pressure p over the length 2a as
shown schematically in Figure 3. This specific problem is chosen first in the
numerical study since solutions for various cases including homogeneous and
functionally graded half-planes were reported in the literature and can be used to

verify the proposed technique.

EERREEER

Figure 3: Elastic half-plane loaded by constant pressure p over length 2a
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Within the present formulation (where the layer possesses the finite thickness),
a half-plane can be readily simulated by a single layer medium rested on a rigid
foundation with its finite thickness h being chosen sufficiently large in comparison

with the size of the loading region 2a (i.e., h/a>1).
4.2. Homogeneous half-plane without surface stresses

Consider, now, a half-plane that is made of a homogeneous, isotropic, linearly elastic
material and free of the influence of surface stresses (i.e., z° =A4° = 4°* =0). For this

particular case, the exact solution for the elastic field within the medium can be found
in standard textbooks for solid mechanics.

The convergence of numerical solutions obtained via the uniform discretization
is investigated first. As clearly illustrated by Figure 4 and Figure 5, the normalized
vertical stresses along the line of symmetry generated from meshes containing either
linear or quadratic elements converge to the reference solution. Due to the higher
order of basis functions, solutions generated by quadratic elements converge faster
than those by linear elements. However, for both cases (linear and quadratic
elements), the convergence of solutions in a region close to the top surface is quite
slow in comparison with the remote region. Thus, to improve the convergence as well
as to further reduce the computational effort and computational time while dealing
with a very large thickness h, the non-uniform discretization along the approximation
direction is employed in order to obtain a sufficiently fine mesh near the loading
region where the mechanical response is anticipated to be quite complicated and
coarser mesh at the region far away from the free surface. To achieve such non-
uniform discretization, the ratio between sizes of two consecutive elements, denoted
by o is chosen constant for this particular problem. The size of the i element,
denoted by hi, can be related to the thickness of the layer h and the number of

elements n used in the discretization by

Oi_lj, i=12,...n (4.1)
o' -1

h =ha™, h =h(
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where the first and last elements, hi and hn, are adjacent to the free surface and the

rigid foundation, respectively.

The vertical stresses along the line of symmetry generated from a series of
non-uniform meshes with « = 1.3 are reported, again, in Figure 6 and Figure 7 for
linear and quadratic elements, respectively. As anticipated, the normalized vertical
stresses obtained from the non-uniform discretization of either linear or quadratic
elements converge significantly faster than that of the uniform case. Interestingly,
within a few number of elements, the solution generated from the proposed technique
is indistinguishably comparable to the reference solution.

To alternatively confirm the correctness of the method, the displacement and
stress on the free surface and within the half-plane obtained from the proposed
technique are reported in Figures 8-12 together with the reference solutions. Due to
the fast convergence resulting from the use of the non-uniform discretization, results
reported in Figures 8-12 below are obtained from a mesh containing only 64 quadratic
elements with « = 1.3. It is seen that converged numerical solutions exhibit excellent
agreement with the exact solution; in particular, plots of the two solutions are nearly

identical for both the displacement and stress profiles.

To further emphasize the computational efficiency of the proposed technique,
the problem of a homogenous half-plane subjected to a uniformly distributed normal
surface traction is resolved again by using available standard finite element
techniques (e.g., ANSYS) and the numbers of elements required in both techniques to
obtain the converged solutions are compared. In the finite element analysis, the half-
plane is truncated into a finite domain of dimensions h/a=25 and L/a = 50 and 8-node
rectangular elements are employed in the discretization. The vertical stresses along
the line of symmetry obtained from a series of finite element meshes are reported in
Figure 13 together with the reference solution and the solution generated by the
proposed SBFEM with a mesh containing 64 uniform quadratic elements. As
observed from these results, to obtain solutions of the same quality, the standard finite
element method requires a significantly larger number of degrees of freedom in the

approximation.
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Figure 4: Normalized vertical stress along the line of symmetry obtained from

uniform meshes containing linear elements
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Figure 5: Normalized vertical stress along the line of symmetry obtained from

uniform meshes containing quadratic elements
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Figure 6: Normalized vertical stress along the line of symmetry obtained from non-

uniform meshes containing linear elements
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Figure 7: Normalized vertical stress along the line of symmetry obtained from non-

uniform meshes containing quadratic elements



1E

© ¥

s f

= f

¥ ¥

N C

Fa

8 B

A ¥

S

S ¥

8] L

Q. |-

< 1P

= ’ \

= L SBFEM

§F ——— Reference solution
¥ o U
2 F
. A U
klllllllllllllllllllllllllllllllllllllll
-4 -2 0 2 4

x,/a

Figure 8: Normalized surface displacement of a homogeneous half-plane without

influence of surface stresses.
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Figure 9: Normalized horizontal and vertical stress components of a homogeneous

half-plane without influence of surface stresses. Results are reported along x, =0.
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Figure 10: Normalized horizontal stress component of a homogeneous half-plane

without influence of surface stresses. Results are reported at different depths.
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Figure 11: Normalized vertical stress component of a homogeneous half-plane

without influence of surface stresses. Results are reported at different depths.
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Figure 12: Normalized shear stress component of a homogeneous half-plane without

influence of surface stresses. Results are reported at different depths.
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4.2.1. Functionally graded half-plane

Consider, next, an elastic half-plane that is made of an incompressible functionally
graded (FG) and under the influence of surface stresses. To allow the comparison with
reference solutions reported in the literature (Zhu et al. (2019)), only the residual
surface tension z° is taken into account in Gurtin-Murdoch surface elasticity model
whereas the surface Lame constants are fully ignored. The material properties of the
bulk FG material are taken from Gibbson’s solid (Gibson, 1967) where Poisson’s

ratio is taken as v =0.5 (for an incompressible solid) and the elastic shear modulus

u= u(X,) is taken as

H(X,) =ty +MX, (4.2)

where £, and m denote the shear modulus at the top surface and the shear modulus

gradient, respectively. Results of Zhu et al. (2019) were reported for different ratios

s/ where S =u,/m denotes the ratio between the shear modulus of the top surface

and the shear modulus gradient and s=1t° /2y, denotes the intrinsic length scale of

the material surface. In addition, the ratio between the half length of the loading

region a and the parameter S is fixed equal to 0.1 (i.e., a/#=0.1). In the analysis, a

non-uniform mesh containing the 64 quadratic elements with « = 1.3 is employed to

generate the converged numerical results.

To simulate the incompressibility of the bulk, the value of Poisson’s ratio is
taken very close to 0.5, i.e., v=0.4999, and no numerical instability has been
observed in the analysis. The normalized horizontal surface displacement, the
normalized vertical surface displacement, and the surface vertical stress generated by
the proposed technique are reported in Figures 14, 15, and 16, respectively, together
with the benchmark solution from Zhu et al. (2019). Results are compared for
classical case without the surface effect (s/ g =0), the case of inferior surface effect (

s/ =0.02), and the case of superior surface effect (s/ £ =0.1). It is evident that the

established results are in very good agreement with the reference solutions. Although
the thickness of the layer used to simulate the half-plane is quite large, accurate

results can be obtained with the use of few elements as long as the non-uniform mesh
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is employed to obtain meshes with elements of sufficiently small size at the desired

location.

For the classical case where the surface effect is fully neglected (s/ £ =0), both

the normalized horizontal and vertical surface displacement at the loading area of the
half-plane is relatively higher than the other two cases (s/ £ =0.02 ands/ f=0.1) as

clearly illustrated in Figure 14 and Figure 15. This finding also confirms the
conclusion of the various previous researches on that the presence of surface stresses
or surface energy renders the material stiffer (Zhao and Rajapakse, 2009, Intarit et al.,
2010, Intarit et al., 2011, Zhao and Rajapakse, 2013, Rungamornrat et al., 2016,

Tirapat et al., 2017, Tarntira, 2018). Similarly, as the ratio s/ increases, the vertical

stress at the free surface of the bulk reduces over the loading region and becomes
larger outside of the loading region. In short, as supported by results shown in Figure
14 to Figure 16, the presence of the residual surface tension significantly alters both

the distribution and value of the displacements and stresses at the top surface.
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Figure 14: Normalized surface horizontal displacement of FG half-plane under

uniformly distributed normal traction.
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Figure 15: Normalized surface vertical displacement of FG half-plane under

uniformly distributed normal traction.

0.2
0.0 F L
02 F
o |
X -04F
< = !
&3 : o*
8 -06F Je°° ,
S po o o  Reference solution (s/$=0.1)
SBFEM (s/3=0.1)
0.8 F u“t 4 Reference solution (s/3=0.02)
Pt ——— SBFEM (s/$=0.1)
-10 ¥ = Reference solution (s/3=0)
- —— SBFEM (s/5=0)
_1.2E\\\\\\\\\I\\\\\\\\\I\\\\\\\\\I\\\\\\\\\
0 1 2 3 4

x,/a
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4.3. Single layer medium

Consider, next, a semi-infinite, rigid-based, elastic layer of the thickness h=2A
subjected to two different types of surface loading over the length 2a, Type-1 for
uniformly distributed normal traction p and Type-2 for uniformly distributed shear
traction ¢, as schematically shown in Figure 17. The intrinsic length scale of the

surface material A is defined by

A K (2u+A)

- 4.3
2u(p+A) (43)

where x° =2u°+ A°. The layer, considered in the numerical study, is made of Al

[111] whose material properties are shown in Table 5. In the analysis, uniform meshes
containing either linear or quadratic elements are employed. The convergence of
numerical solutions is investigated first and the converged solution is then compared
with those obtained from a method of Fourier integral transform proposed by Intarit
etal. (2011).

P
a9 a 1 ' a9l a, i ]
\ h \ h
X, v Xy
[TTTTTTTT 777777777777 ///////////{b/)//////////
(a)

Figure 17: Semi-infinite rigid-based elastic layer under surface loading: (a) uniformly

distributed normal traction and (b) uniformly distributed shear traction.

4.3.1. Uniformly distributed normal traction

The normalized vertical displacement and normalized vertical stress along the line of
symmetry are reported in Figures 18-19 and Figures 20-21 for the uniform
discretization with linear and quadratic elements, respectively. Results are compared
with the analytical solutions reported by Intarit et al. (2011). It is seen that both the
displacement and stress converge as the mesh is refined and the converged solutions

are comparable to the reference solutions for all cases. As anticipated from the nature
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of the approximation and requirement to evaluate derivatives when the stress is
computed, the solution of the displacement converges much faster than that of the
stress. In addition, the quality of the approximate solutions generated by quadratic
elements is far superior to that from linear elements especially for the stress field.
Only few elements can be used to obtain results comparable to the analytical

solutions.

Extensive results of the displacement and stress at various locations within the
medium, generated by a uniform mesh containing 128 quadratic elements, are also
reported in Figures 22-26 and compared with analytical solutions from Intarit et al.
(2011). It is evident from all plots that the two solutions are graphically identical and
this excellent agreement additionally confirms the correctness of the proposed
technique. Due to the high quality of this set of numerical results, they are taken as the
converged solution and later used as the exact solution to evaluate the solution error.
The contour plots of the normalized displacements and stresses are also reported in
Figures 27-31 to clearly see the variation of the field quantities in regions surrounding

the loading area with and without the influence of the surface stresses.
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Figure 22: Normalized horizontal displacement along (a) X, -direction and (b) X, -

direction generated by a uniform mesh containing 128 quadratic elements
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direction generated by a uniform mesh containing 128 quadratic elements
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Figure 24: Normalized horizontal stress along (a) X, -direction and (b) x, -direction

generated by a uniform mesh containing 128 quadratic elements
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generated by a uniform mesh containing 128 quadratic elements
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(a) Normalized horizontal displacement (no surface effect)
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Figure 27: Contour plot of normalized horizontal displacement («u, / p) of a rigid-

based elastic layer under uniformly distributed normal traction: (a) without surface
effect and (b) with surface effect
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(a) Normalized vertical displacement (no surface effect)

X
1

1.5 2 2.5

[
w
N
S
S
N
h

0.25
0.2
10.15
0.1
0.05
Z 0
(b) Normalized vertical displacement (with surface effect)
xl
5
0.3
0.25
10.2

0.1

0.05

Figure 28: Contour plot of normalized vertical displacement ( xu, / p) of a rigid-

based elastic layer under uniformly distributed normal traction: (a) without surface
effect and (b) with surface effect



56

(a) Normalized horizontal stress (no surface effect)
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Figure 29: Contour plot of normalized horizontal stress (-o,, / p) of a rigid-based

W

2-

elastic layer under uniformly distributed normal traction: (a) without surface effect
and (b) with surface effect
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(a) Normalized vertical stress (no surface effect)
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Figure 30: Contour plot of normalized vertical stress (—o,, / p) of a rigid-based

(39

elastic layer under uniformly distributed normal traction: (a) without surface effect

and (b) with surface effect
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(a) Normalized shear stress (no surface effect)
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Figure 31: Contour plot of normalized shear stress (—o,, / p) of a rigid-based elastic
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layer under uniformly distributed normal traction: (a) without surface effect and (b)

with surface effect
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To further explore the convergence behavior of SBFE solutions, for this
particular loading case, the relative errors and the rate of convergence are computed
and reported in Table 1, Table 2, and Figure 32 for both linear and quadratic elements.
Since the closed-form solution is not available in the literature, the solution generated
by a sufficiently fine mesh containing 128 quadratic elements is utilized to serve as
the exact solution in the calculation of relative errors. As clearly indicated by the
obtained results, the relative percent errors significantly decrease as the number of
elements increases whereas the rate of convergence approaches 2 for the linear case
and is larger than 2.7 for the quadratic case as the meshes being refined. It should be
remarked also that the rate of convergence for linear elements converges slower than
that for quadratic elements.

Table 1: Relative percent error and rate of convergence of numerical solutions with

linear elements (solution generated by a uniform mesh containing 128 quadratic
elements is taken as the exact solution)

N NDOFs h/A Error (%) P

2 6 1 6.205856 -

4 10 0.5 1.817316 1.77
8 18 0.25 0.49006 1.89
16 34 0.125 0.12705 1.95
32 66 0.0625 0.033369 1.93
64 130 0.03125 0.008397 1.99

Table 2: Relative percent error and rate of convergence of numerical solutions with
quadratic elements (solution generated by a uniform mesh containing 128 quadratic
elements is taken as the exact solution)

N NDOFs h/A Error (%) P
2 10 1 0.8256033 -
4 18 0.5 0.1618244 2.35
8 34 0.25 0.0301914 2.42
16 66 0.125 0.0052689 2.52
32 130 0.0625 0.0008588 2.62

64 258 0.03125 0.0001292 2.73
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Figure 32: Relative percent error of numerical solutions generated by uniform meshes
of linear and quadratic elements (solution generated by a uniform mesh containing

128 quadratic elements is taken as the exact solution)

To emphasize the computational efficiency of the propose technique in terms
of the number of degrees of freedom required to yield the converged solution, the
single layer medium under a uniformly distributed normal traction at the top surface
without the surface stresses is resolved by using the finite element method. In the
analysis, the single layer is truncated with L/a = 20 and 8-node rectangular elements
are employed in the discretization. The convergence of the finite element solutions is
confirmed via numerical experiments over a series of meshes as reported in Figure 33.
The converged FE solution is then plotted along with the converged SBFE solution
generated from a mesh containing only 16 uniform quadratic elements in Figure 34.
As can be observed from those results, the SBFE solution (generated by a mesh of 16
elements) has an excellent agreement with the FE solution (generated by 10240
elements with 64 element-layers along the vertical direction). This finding confirms
that the implemented SBFEM requires a significantly less number of degrees of
freedom in the discretization to obtain the solution of comparable quality than that of
the standard finite element technique
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element method with meshes containing 8 nodes rectangular elements

-0.6

ANSYS N=10240 (Ve=64; He=160)
——— SBFEM N=16

-0.7

-0.8

0,,Ip

IR IR R R IR I

-0.9

-1.0

LIBLINLIL ML L I

_11 111111111Il11111111Il11111lllllllllllllllllllllll
0.0 0.2 0.4 0.6 0.8 1.0

X,/h

Figure 34: Comparison of converged normalized vertical stress from SBFEM (16
quadratic elements) and FEM (10240 8-node rectangular elements).

61



62

4.3.2. Uniformly distributed shear traction

In this section, a semi-infinite, rigid-based, elastic layer loaded by a uniformly
distributed shear traction shown in Figure 17(b) is considered. The normalized
horizontal displacement and normalized shear stress along the line of anti-symmetry,
generated by meshes with linear and quadratic elements, are reported in Figures 35-36
and Figures 37-38, respectively, along with those proposed by Intarit et al. (2011).
The convergence of numerical solutions for is clearly achieved for all cases as the
mesh is refined and the good agreement between the converged and benchmark
results is observed. Similar to the previous loading case, the quality of the
approximate displacement field is apparently better than that of the stress field since
the displacement is chosen as the primary unknown in the formulation and directly
approximated following Eq. (2.12) whereas the stress field is obtained in the post-
process and requires the derivatives of the displacement field. In addition, use of
quadratic elements in the discretization can significantly improve the accuracy of the
numerical solutions with use of relatively coarse meshes, especially when the stresses

are of interest.

To additionally verify the proposed technique, results of the displacement and
stress at various locations within the elastic layer are generated by a sufficiently fine
mesh containing 128 quadratic elements and compared with the reference solutions
obtained from the analytical technique proposed by Intarit et al. (2011) as shown in
Figures 39-43. Clearly, the two solutions are hardly distinguishable when observed
from the plots and this implies the correctness of results obtained from the present
method. The contour plots of the normalized displacements and stresses are also
reported in Figures 44-48 to not only illustrate the variation of field quantities in the
neighborhood of the loading region but also see the significant influence of surface

stresses.

The convergence behavior of computed numerical solutions can also be
investigated in the same manner as in the previous loading case. The relative errors of
SBFE solutions generated by a series of meshes with linear and quadratic elements
are computed by taking results from a fine mesh containing 128 quadratic elements as
the exact solution. Results are then reported in, Table 4, and Figure 49. It is seen that
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as the mesh is uniformly refined (i.e., the number of elements increases), the relative
error reduces and this clearly indicates the convergence of the numerical solution for
the entire domain. For this particular loading condition, the rate of convergence is
approximately equal to 2 and 3 when linear and quadratic elements are utilized in the

solution discretization.

The same problem is then reanalyzed by the finite element method using the
same truncated domain (i.e., L/a = 20) and type of elements in the discretization. It is
seen in the convergence study, as indicated in Figure 50, that to obtain the converged
solution, it is required as many elements as 2560 (with 32 element-layers in the
vertical direction). Such converged FE solution is found in good agreement with that
generated by the implemented SBFEM with a relatively coarse mesh containing only
16 quadratic elements (see Figure 51). Thus, it clearly indicates that use of the
SBFEM in the solution procedure can significantly reduce the number of elements
(i.e., the number of nodal unknowns) in the discretization in comparison with the
FEM. This partially confirms the computational efficiency of the implemented
SBFEM.
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Figure 36: Normalized shear stress along the line of anti-symmetry obtained from

uniform meshes of linear elements
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Figure 38: Normalized shear stress along the line of anti-symmetry obtained from

uniform meshes of quadratic elements
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Figure 39: Normalized horizontal displacement along (a) X, -direction and (b) X, -

direction generated by a uniform mesh containing 128 quadratic elements
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Figure 40: Normalized vertical displacement along (a) X, -direction and (b) X, -

direction generated by a uniform mesh containing 128 quadratic elements
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Figure 41: Normalized horizontal stress along (a) X, -direction and (b) X, -direction

generated by a uniform mesh containing 128 quadratic elements
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(a) Normalized horizontal displacement (no surface effect)

@

0 0.5 1 1.5 2 25 3 35 B 45 5

(b) Normalized horizontal displacement (with surface effect)
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Figure 44: Contour plot of normalized horizontal displacement (xu, / q) of a rigid-

based elastic layer under uniformly distributed shear traction: (a) without surface

effect and (b) with surface effect
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(a) Normalized vertical displacement (no surface effect)
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Figure 45: Contour plot of normalized vertical displacement (uu, / q) of a rigid-based

elastic layer under uniformly distributed shear traction: (a) without surface effect and

(b) with surface effect



(a) Normalized horizontal stress (no surface effect)
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Figure 46: Contour plot of normalized horizontal stress (—o,, / ) of a rigid-based

elastic layer under uniformly distributed shear traction: (a) without surface effect

(b) with surface effect

and
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(a) Normalized vertical stress (no surface effect)
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(b) Normalized vertical stress (with surface effect)
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Figure 47: Contour plot of normalized vertical stress (—o,, / q) of a rigid-based

elastic layer under uniformly distributed shear traction: (a) without surface effect and
(b) with surface effect



(a) Normalized shear stress (no surface effect)
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Figure 48: Contour plot of normalized shear stress (—o,, / ) of a rigid-based elastic

layer under uniformly distributed shear traction: (a) without surface effect and (b)

with surface effect
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Table 3: Relative percent error and rate of convergence of numerical solutions with

linear elements (solution generated by a uniform mesh containing 128 quadratic

elements is taken as the exact solution)

N NDOFs h Error (%) p

2 6 1 4.5439981 -

4 10 0.5 1.269541 1.840
8 18 0.25 0.3319228 1.935
16 34 0.125 0.0843503 1.976
32 66 0.0625 0.0213593 1.982
64 130 0.03125 0.0053496 1.997

Table 4: Relative percent error and rate of convergence of numerical solutions with
quadratic elements (solution generated by a uniform mesh containing 128 quadratic
elements is taken as the exact solution)

N NDOFs h Error (%) p
2 10 1 0.5381754 -
4 18 0.5 0.0872886 2.624
8 34 0.25 0.0133682 2.707
16 66 0.125 0.0019596 2.770
32 130 0.0625 2.77E-04 2.822
64 258 0.03125 3.57E-05 2.957
10! 3
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Figure 49: Relative percent error of numerical solutions generated by uniform meshes

of linear and quadratic elements (solution generated by a uniform mesh containing

128 quadratic elements is taken as the exact solution)
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Figure 50: Convergence study of normalized vertical stress obtained from finite

element method with meshes containing 8 nodes rectangular elements
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Figure 51: Comparison of converged normalized vertical stress from SBFEM (16

quadratic elements) and FEM (2560 8-node rectangular elements).
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4.4. Surface loaded multilayer media

Consider, as a final example, a semi-infinite, rigid-based, layered elastic medium
subjected to a uniformly distributed normal traction p over the normalized length 2a
(a=al/A=1) as shown schematically in Figure 52. This representative problem is
chosen to demonstrate the capability of the proposed SBFEM in handling multi-layer
media. The body is composed of four layers with the same normalized thickness (

h =h,=h,=h,=0.5). The first and third layers are made of Si[100] whereas the

second and fourth layers are made of Al[111] whose material properties are clearly
indicated in Table 5. Properties of the top material surface are taken to be the same as
those of Si[100] whereas those of the three material interfaces are taken to be the
same as the surface properties of Al[111]. It is important to note that all involved
length scales are normalized by the intrinsic length scale of the material surface of
Al[111],i.e., A=A, =0.1529nm.

p
1Y BA X,
a 9] a AF
Si[100] <———+—— 1
\J
A —
VX h«,
Al[111] 4 2
i -
Si[100] )
\
A ﬁ_14
Al[111]
\/

S ST

Figure 52: Schematic of a semi-infinite, rigid-based, Si/Al layered elastic medium

subjected to uniformly distributed normal traction p over the normalized length 2a

First, the relative errors and the rate of convergence of the SBFE solutions using
the linear elements in the discretization are explored. A sufficiently fine, uniform
mesh containing 128 quadratic elements is employed to generate the converged
solution and further used in the estimation of the relative error of computed solutions.

Resulting relative errors and the rate of convergence are then reported in Table 6 and
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Figure 53, when the influence of the surface stresses is fully ignored, and in Table 7
and Figure 54, when the surface stresses are taken into account. It is seen that as the
number of elements increases, the proposed numerical scheme yields the converged

solution and the rate of convergence is approximately equal to 2 for both cases.

Table 5: Material properties of Al [111] and Si [100]

Material parameters Al[111] Si[100]
A [GPa] 58.1700 78.0859
4 [GPa] 26.1300 40.2256
A5 [N/m] 6.8511 4.4939
265 [N/m] -0.3760 2.7779
z° [N/m] 1.0000 0.6056
K; [N/m] 6.0991 0.03125
A, [nm] 0.1529 0.1674

Table 6: Relative percent error and rate of convergence of numerical solutions
generated by linear elements without surface stresses (solution generated by a uniform
mesh containing 128 quadratic elements is taken as the converged solution)

N NDOFs h Error (%) P
4 10 0.5 2.3304749 -

8 18 0.25 0.6685888 1.80
16 34 0.125 0.1825218 1.87
32 66 0.0625 0.0491981 1.89
64 130 0.03125 0.0129747 1.92

Table 7: Relative percent error and rate of convergence of numerical solutions
generated by linear elements with surface stresses (solution generated by a uniform
mesh containing 128 quadratic elements is taken as the converged solution)

N NDOFs h Error (%) p
4 10 0.5 2.2709806 -
8 18 0.25 0.6021653 1.92
16 34 0.125 0.1554835 1.95
32 66 0.0625 0.0395592 1.97

64 130 0.03125 0.0099776 1.99
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Figure 53: Relative percent error of numerical solutions generated by uniform meshes

of linear elements without surface stresses
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To further explore the mechanical responses of the layered medium with and
without the influence of surface stresses, the normalized vertical displacement and
normalized vertical stress across the thickness of the layered medium and along
normalized horizontal and vertical direction are reported in Figures 55-58. As can be
seen in these figures, the presence of surface stresses significantly influence the
elastic response of the bulk material. In particular, the normalized vertical
displacement and vertical stress, when the surface stress are taken into account, are
relatively lower over the loading region and become higher outside the loading area
than those for the classical case. It is also found that the influence of the surface stress
on the elastic field becomes more prominent at a region relatively close to the surface
and material interfaces and a region close to the loading area. From results shown in
Figure 58, the remarkable changes of both the normalized vertical displacement and
stress at each layer can be observed when the surface stresses are taken into account.
In addition, the vertical stress is always continuous at the material interfaces for the
classical case but clearly discontinuous when the surface stresses are present. To
clearly depict the variation of the displacement and stress within the layered medium
and emphasize the significant influence of the surface stresses on the field quantities
as discussed above, the contour plots of the normalized displacement and stress with

and without the presence of surface stresses are also reported in Figures 59-63.

Similar to the previous two problems, the computational efficiency of the
implemented SBFEM in comparison with the standard finite element method is also
investigated. In the finite element analysis, the layered medium without the surface
effect is considered and truncated with L/a = 20, and 8-node rectangular elements are,
again, used in the discretization. Results from the convergence study of the
representative FE solutions as shown in Figure 64 and the comparison with the
converged SBFE solution shown in Figure 65 indicate that it is required only 16
quadratic elements in the SBFE analysis to generate the solution of comparable
accuracy to that from the FEM. The computational efficiency and the effort in the

discretization of the proposed technique should be additionally confirmed.
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Figure 55: Normalized vertical displacement of Si/Al layered medium along X, -

direction generated by a uniform mesh containing 128 quadratic elements
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Figure 56: Normalized vertical stress of Si/Al layered medium along X, -direction

generated by a uniform mesh containing 128 quadratic elements
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Figure 57: Normalized vertical displacement of Si/Al layered medium along x, -

direction generated by a uniform mesh containing 128 quadratic elements
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Figure 58: Normalized vertical stress of Si/Al layered medium along X, -direction

generated by a uniform mesh containing 128 quadratic elements
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(a) Normalized horizontal displacement (no surface effect)
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Figure 59: Contour plot of normalized horizontal displacement ( xu, / q) of Si/Al

layered medium under uniformly distributed normal traction: (a) without surface
effect and (b) with surface effect
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(a) Normalized vertical displacement (no surface effect)
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Figure 60: Contour plot of normalized horizontal displacement (uu, / q) of Si/Al

layered medium under uniformly distributed normal traction: (a) without surface

effect and (b) with surface effect
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(a) Normalized horizontal stress (no surface effect)
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(b) Normalized horizontal stress (with surface effect)
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Figure 61: Contour plot of normalized horizontal stress (—o,, / p) of Si/Al layered

medium under uniformly distributed normal traction: (a) without surface effect and

(b) with surface effect
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Figure 62: Contour plot of normalized vertical stress (-o,, / p) of Si/Al layered

(a) Normalized vertical stress (no surface effect)
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(a) Normalized shear stress (no surface effect)
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Figure 63: Contour plot of normalized shear stress (—o,, / p) of Si/Al layered

medium under uniformly distributed normal traction: (a) without surface effect and

(b) with surface effect
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Figure 64: Convergence of normalized vertical stress generated from 8 nodes
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CHAPTER 5
CONCLUSIONS

An efficient and accurate numerical approximation based on the scaled boundary
finite element method has been developed for determining the mechanical response of
surface loaded layered media with the consideration of surface stress effects. In the
formulation, the governing equations of the bulk layers have been established from
the classical theory of linear elasticity together with the use of SBFE procedure
whereas those of the material surface and the material interfaces have been obtained
from a complete version of Gurtin-Murdoch surface elasticity theory. By enforcing
the continuity of the displacement and traction at interface of the material surfaces
and the bulk layers, it leads to a system of linear non-homogenous ordinary
differential equations governing the nodal functions. A general solution of the
resulting system of ODEs has been constructed analytically via standard procedures
and then used together with the domain decomposition scheme and the boundary
conditions to form a system of linear algebraic equations governing nodal degrees of
freedom of the whole layered medium.

The convergence, accuracy, and capability of the proposed technique have
been fully investigated by considering three different scenarios of surface-loaded
media including the half-plane, the single-layer medium, and the multi-layer medium.
Results obtained from an extensive numerical study have indicated that the proposed
SBFEM essentially yields the converged solutions as the discretization is refined. The
rate of convergence of the numerical solutions via the use of linear elements in the
approximation has been found approximately equal to 2 for all cases considered
whereas that for the quadratic elements seems problem dependent. For instance, the
rate of convergence obtained in the analysis of a single layer medium with quadratic
elements approaches 3 for the uniformly distributed shear traction but still does not
converge (within a series of meshes used in the numerical study) for the uniformly
distributed normal traction. In addition, use of the non-uniform discretization can
significantly enhance the computational efficiency (associated with the significant

reduction of number of elements or degrees of freedom) and accelerate the
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convergence of numerical solutions. Via the comparison with reliable benchmark
results for various cases, the converged solutions from the proposed technique have

found in excellent agreement with those reference solutions.

While the proposed technique has been capable of handling nano-scale multi-
layer media under surface excitation, the formulation is still restricted mainly to two-
dimensional settings and prescribed surface loadings. The extension of the present
work to treat fully three-dimensional scenarios and indentation problems is considered
essential and can further enhance the capability of the solution procedure to attack

more practical problems.
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