CHAPTER I
CARMICHAEL QUOTIENTS AND WILSON
QUOTIENTS OVER THE RINGS OF INTEGERS OF
NUMBER FIELDS

In the first section, we recall the notations and properties of the rings of integers
of number fields and construct the Carmichael quotients and the Wilson quot ients
over this ring. Then we give the congruence relations of these quotients in Section
2.2

2.1 Some definitions

A number field K is a finite extension of Q in ¢ and an element m G K is
called an algebraic integer if m is a root of a monic polynomial with coefficients
inz. The set of all algebraic integers in K is called the ring of integers of K,
denoted by Ok- It is well known that for any nonzero ideal I of Ok - the cardinality
of Ok/ I is finite, see [§]. Then for a nonzero element m G Ok - the quotient ring
Ok/ Ok Is finite.

Let QG o \ {0} and m be a nonunit element. We say that a and m
are relatively prime if a0k + mOXx —o«, 1.e., there exist X,y G ok such that
ax+my =1 In other words, a+mOK G (Ok/twOkY 1 In [3], Bamunoba defined
0(m) = \(0K/mOKY | so a0(m + mOK = 1+ mOK]that is, a0(m) = [(mod m).
Then he defined the Euler quotient of M base a as an element

E(@a. m) = 1 GOk-

He studied the congruence relations of these quotients based on the results of [1],



6

In his work, Bamunoha considered only o « which are PIDs because he used the
unique factorization property to confirm that his Euler quotients are well defined.
However, we can use only the cancellative property of o« to confirm that the
quotients are well defined. So we call define the Euler quotients over arbitrary o«
but we may lose some results in [3]

Let o(a + vtiOk) be the order of a + tiOk ill (Ok/ttiOkY 1 We can define
Al ) = lem {o(a + wOk) 1a+mOK G (Ok/tuOkY} = exp((Ok/wOkY)-
Therefore, +mOK = 1+ mOfc; that is, adm>= 1( lod ). Then we call
define the Carmichael quotient for m base a as the element

Cla, )= akm) ~1GOk.

Next, we define the Wilson quotient for . Let Ambe a set of all coset repre-
sentatives of Ok/tiiOk and A*('be the product of all elements r G Am such that
t+uiOk g (Ok/hiOk)x1 From Proposition 1in [5], we have that if (OK/mOk)x
has exactly one element of order two namely b+ viOk, then A*! = 6(mod m),
otherwise AM = I(mod ). Then we define fm = bwhen b+ Ok is the unique
element of order two in (Ox/mOx)* and b G A,L otherwise €m = L Now, we
have A*!'= em(mod m). So we get an element

(m) := tm GOk

which is called the wilson quotient for

2.2 Some congruence relations

Let G ok be a nonzero nonunit element and Am be a set of all coset rep-
resentatives of Ok/w Ok. Then for any ¢ G Ok-c+ viOk = r+ mOK for some
unique r G Am. Since Ok has no zero divisor, ¢—r = hrn for some unique h G Ok -
Denote h by m? and it is called the quotient when m divides c.
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Theorem 2.1. Let 7 GOk be a nonzero nonunit element and a GOk relatively
prime to m. Denote by (a)m the subgroup of (OK/ o0 k)x generated by a+ mOK
and 0(0) = |(0)m|. Then, we have

C(a.m)—A( ) E Loar (mod m)
0(a) : ar .m,
A
where o is the quotient when m divides ar.

mJ

Proof. For any element r Gam and 1 + mok G (a)m, there exists cr G am such
that ar = cr(mod m); that is. ar —cr=m _37;'. Since a + w0k and I + &0 k
are in (a)m, cr+ mok are also in fa)m. Then when 7 runs through all elements V
in Amand r + tw0x g ( )m S0 does cr. Let cr be the product of all elements cr
for all r. Then

(m/_ / ar \ M
o) C%P— n LN
HTOKE()r IHIOKER),
= axfmCr moor
ar m
o

Dividing it by Cr'@ yields

ap{n.) /\ T im rT V4
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+mOK™(a)
\
ar
= aAm 1 - £ r LT (mod 7712)
\ r+mOKe(a),
/ | 4
= OA(IT') 1-m A alr ar7 (mod 7712)
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L=a) o~ 0m E - (mod m2).
r+mO/f6(a)r;
Now, we have
Aty R (mod nr2).
r+raO«e(«)m

Finally, by dividing this congruence by m, we get that

C(a. ): lA(mn)q' ! EE a A(m: )(()Ea)) E L (mod m)

ar
( ) r+ mr%“(a),
A(m roar
(2 E NS (mod m)
r+niMa),
as desired. O

Theorem 2.2. Letm Gcv 6e a nonzero nonunit element, Then

g% Cla.m) =em () (m)+Clemm) (mod m)
a,m relatrvely prime

Proof. For each a G A, where a and m are relatively prime, we rewrite the
Carmichael quotient for  base a as aAf = 1+ m -C(a, m). Then we have

(AM)AM = A aAm = n (1-f
a,m rellé@\'/bew prime a, M relatively prime

=1+ C(a.rri) (mod /Ir2).
am relggvAgl-ly prime

Next, we rewrite the Wilson quotient for m as A*!=em+nr- (* ). We obtain

(A*NDAM = 6, + nr- (* ))xm) = eAm) + - () (mod m2)



Finally, we know that em = eml in modulo m. Then

r+m Y Cla,m)=titm+  'A(m)mW(m) (mod m2)
a,m rel%?v ely prime

(41m) - 1)+ Mm)mW (m) (mod m2)
a,m relc%;"% prime
y Clam) - ("-=—-) + emX(m)W(m) (mod m)
a,MreIgﬁ:\'/Ae(IT} prime
C(a,rn) = C(em,rn) + em\(m)W(m) (mod m).

a,m rel \'/A‘e7l7)l/ prime

This completes the proof.
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