
CHAPTER III
MAIN RESULTS

This section derives an explicit formula for conditional expectations of a product 
of a P-EA transform of ECIR process with parameters 7,  a, P G M and 7 G N บ {0}. 
Furthermore, the result is simplified to the standard CIR model with constants K,  9 and 
a.

In this work, the assumption of Maghsoodi is assumed to guarantee that rt > 0 for 
all t G [0, oo), which is stated as follow.
A ssu m p tio n  The parameter functions 9{t),K,(t) and o(t) are positive and continuous 
on [0, T] such that the dimension parameters ร(£) := °f the ECIR process (1.3)
is bounded and S(t) > 2 for all t G [0, T).

3.1 ECIR process
T h e o r e m  3 .1 . Suppose that Vf follows the ECIR process (1.3) with 7 , Q, /3 G 1R. Assume 
that the Assumption holds and let

บ ^'01'0', (v, r) := Ep y i 6 a V T + 0  I y t =  v

for V > 0 and T = T -  t > 0. Then.
บ ^ 0 '0\ v , r )  =  A , _ k

(3.1)

(3.2)

given that the series converges, where 
A~1{t ) = exp J  ^7<72(T — น)B{น) + k(T -  น)6{T — น)B (น) — 7k(T — น)'jdu  (3.3)
and for k G N,

A-fcW  = exp LJO
exp

Q~i^k{T — น)du

Q7_fc(T — น)du P-t-k+i(T -  ร)A1-k+i{s)ds (3.4)



where
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p~)-k+i ( r ) =  

Q 7 — fc ( 7" ) =

(ๆ  -  ^ + 1) ^ (  ๆ -  A-)cr2(r) +  k(t )9(t)
(ๆ — k)a 2(T)B(T — t ) + k(t)9(t )B(T — t ) — (7 — fc)/î(r)

(3.5)
(3.6)

and

B(r) =
a exp -  [  k(T — น)du . Jo

1 - a [ r 1{T-- ร) exp — [  k(T -  น)du. Jo ds
(3.7)

Proo/ By the definition of (3.1), บ ^'01' ^ (ท, r) is the conditional expectations of a P- 
EA transform under the ECIR process of V). By applying the Feynman-Kac Theorem, 
we are seeking for the solution in the form

บ :=  บ1ÿ ' a \ v า T) =  f ; A 7_fc( r ) ^ - fceBM ^ ,  (3.8)

which satisfies the corresponding PDE

0 =  f  +  r 2 (i• '’’ ร - ,■ ๙ ' ' ' ' ' ^
cT7 1 d2P 0 1 /

+  o ' 7  ( T  -  r ) w +  K ( T  -  r ) \ . ° ( T  -  r ) -  ฟ  TTTTOt

_ e ท ( t ) v + 0

dv
Efc=o

^ - A , . k(r)iP-k + ^ B ( r ) A ^ k(T)v^-k+1

+ - a 2(T -T )v e B(TP+0Ëfc=o L
A7_fc(r)(7 -  fc)(ๆ ' -  A’ -  l)n7_fc_2

+ 2P ( r ) A 7„fc(r)(7  -  k ) v ’y~k~1 +  P 2( r)A 7_ fc( r )n 7_fe 

+ k (T  -  r )  [0(T -  r )  -  v] X

eB(T)u+/3f ;  [a 7„ , ( t ) (7 -  fc )^ - "-1 + B ( r ) A ^ k( r ) v ^ k . (3.9)

From (3.1) with condition at T = 0, we get the terminal condition บ^1'01'13\v ,  0) = 
ฆ7eav+s. To solve (3.9), we need the conditions on A and B, which are obtained via 
the terminal condition,

B(0) = a, A7(0) =  1 and Ay_fc(0) =  0, (3.10)
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when k G N.
Since eB(T)v+0 > 0, the PDE in (3.9) is simplified to

0 = - £  ^ A1- k(r)vy~k +  - ^ B{T)A1_k(T)v1~k+1 (3.11

+ \ a2(T  -  r )ü X ]  [A -ๆk(T) h  -  k )( l  -  k -  l)u7_fc_2

+ fi(r)A7_fe(r)(7 -  k)v~'~k~1 + 7 -  fc)ü7~fc-1 + B2(r)A7_fc(r)n7_fe

+ k(T -  r) [0(T -  r) -  ท] ^  [i47_fc(r)(p -  fc)n7_fc_1 + t5(r)A7_fc(r)?;7_fc

Collecting the coefficients of power of ท, we set 

0 = B ^ A ^ t ) + icr2( r  -  t)B2(t )A^(t) -  k(T -  T)B(T)Ay{T) ทา'+1

-  (ๆT) -  + 2ct2(T -  t )B{t )A.7(r)(7)
+ 2a^ T “  T)£ (r )A (T)(7) + -  r)Æ2(T)i47_i(T)
+ tt(T -  r)<9(T -  r)B(r)A7(r) -  K,(T -  t)A1(t ){ )ๆ -  k(T -  t)B(t)A1- i (t ) 

d๐๐
+ E

I— 9fc=2 
1

-  ^ :-4 7- 1fc+i(r) -  A 5 ( t )A7_a,.(t)

+ -  t )A.7- fc+2(r)(7 - A- + 2)(ๆ  -  A- + 1 )
+ ct2(T -  r)B(r)A7_fc+1 ( r)(7 -  A’ + 1) + ^cr2(T -  r)B 2(r)/l7_fc(r)
+ K(r -  r)0(T -  T)Ay-k+2{r)( ๆ  -  k + 2) + K (T -  t)0{T -  r ) JB(r)yl7_jfc+i(r)
-  k(T -  r)A7_fc+i(r)(7 -  A- + 1) -  k(T -  T)B(T)Ay-k{r) 7 - f c + l (3.12)

Considering (3.12) as a power series of ท, we obtain the followings.
(i) The coefficient function of ท7","1 can be written as a deterministic PDE

A b (t) = \ a \ T  -  t)B2(t ) -  k{T -  r)B (r),

whose solution according to the condition of B  in (3.10) is

B [ t ) =

(3.13)

a exp — f  k(T — น)du . Jo
i - a [ ? 2{ T-- ร) exp — f  k(T — น)du. Jo ds

(3.14)
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(ii) Using the coefficient of บ7, we obtain functional relationship between Ay(r), 
A 7_ i ( t ) and B ( t ) asé̂(T) = -*■b(t)-4’-,(t)

+ 2ct2(T -  t)jB(t)A7(t)(7) + ^cr2(T -  r ) JB(r)A7(r)(7)
+  ̂ 2 ( r  -  t ) B 2 ( t )Ay_i(r) + k(T -  r)0(T -  r)B(r)A7(r)
- k(T -  r)A7(r)(7) -  k(T -  t ) B ( t ) A 7 1 (r). (3.15)

Using (3.14) and initial condition on Æy in (3.10) yields

Ay(r) = exp J  (ๆa2(T -  น)B (น) + k(T -  น) 6 (T -  น)B (น) -  kๆ(T -  น)'jd น
(3.16)

(iii) Similarly, using (3.12) and initial conditions on Ay_fc in (3.10), the coefficients 
of v'<~k+l for k € {2,3 ,4 , . . .}, give

J j :A 7-fc+i(r) = Q7_A:+ i (T -  r)yl7_fc+1 (r) + P1^k+2(T -  r)A7_fc+2(r), (3.17)

where

P7_fc+2(T) = ( ๆ - k + 2) ^ (ๆ - k + 1 )<t2(t) + k (t )6(t ) and (3.18)
Q'y-k+l ir') = (7 — k + l)fj2(r)R(T — r) + k (t )6(t ) B ( T  — r)

- ( 7  -  k + 1 )k(t ). (3.19)

This gives the solutions in the form

A 7 _ a. + 1 ( r )  =  e x p /  Q 7 - f c+ i ( T  -  น)du r  น -  /  Q 7 - f c + i ( T  -  พ ) d uJo Jo V . t o

B’y—k+2 (J1 ~ ร)717—fc+2(ร) ds. (3.20)

as required.
R em a rk  3 .2 . Note that B ( t ) is unbounded if

ds = —.
f tk (t) := ^ a 2(T -s )e x p [  k(T — น)dน Jo (3.21)

Since /i(r) is an increasing function in r  with fi(0) = 0, then -B(r) is bounded given 
that T e (0,T] where p(T) < Therefore, if ft < p(T), then it guarantees that J3(r) 
is bounded for all T G [0,T],
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Remark 3.3. The result of the Theorem 3.1 can produce the same result of Rujivan 
[11] for Ep \Vj, I Vt = น] when a  and /3 are set to be 0 in (3.1).

The following corollary describes a consequence that is deduced from Theorem 3.1 
when 7 = 1 -  , the explicit form is reduced into the closed-form as shown in the
following corollary.
Corollary 3.4. Suppose that Vt follows the ECIR process (1.3) where ๆ,น, 0 G M and 
7 satisfies

7 = 1 _ 2k(t )6(t) 
rr2(r)

for all T > 0. Then, (3.2) is reduced into the form
(3.22)

บ ^'0’0\ v, t ) = (3.23)
B(t)v + 0 + J  (  ๆa2(T -  u)B (น) + k(T -  u)9(T -  u)B (น )-ๆ แ(T -  u)^jdu

’ E  

exp

Proof It is obvious from (3.5) when k = 1 that Py = 0 if 7 = 1 — for all
r  > 0. Therefore, (3.4) implies Ay-k(T) — 0 for all k G N, and the remaining term of 
(3.2) is Ay. น

The result of Theorem 3.1 can be simplified into a finite sum in the case when 7 is 
a non-negative integer, as stated in the following result.
Theorem 3.5. Suppose that Vt follows the ECIR process (1.3) with ท:,/3 G M. Let ท be 
a non-negative integer. Then,

An,ct, 0) ( v ,T )  =  eD {T)v+0^ 2 A j ( T ) v j , 
3=0

(3.24)

where
An(r) = exp J  (ท,a2(T -  น)B(น) + K,(T -  น)9(T — น)B(น) — uk(T -  น) j

Aj(r) = exp J  Qj(T — น)du ^exp — J

Pj+\(T -  ร)Aj+I(ร))ds\ ,

Pj+ \(r) = (j + 1 ) )̂<72(t) + k(t)0(t) and

— 'น) )du ,
(3.25)

Qj(T — น)du X

(3.26)

(3.27)
QAt ) = i a 2( r ) B ( T - t ) + k(t)6(t ) B ( T - t) - jK,(r), (3.28)
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for j  G {1,2,3,...,ท — 1}, and B ( t ) is given b y  (3.7). In addition. บ ^ ' 0‘' ^ (i!,r) is 
strictly increasing with respect to V for any T > 0.

Proof From the result of Theorem 3.1, let 7 = ท be a non-negative integer when 
k = ท + 1, (3.5) gives Po(t ) — 0. Therefore, from (3.4), we get A_i(r) = 0. Similarly,
by setting k  = ท + 2, ท + 3, ท + 4......we obtain recursively A_2(t) = 0, A_2(t) = 0.......
respectively. Thus, (3.2) is reduced to a finite sum in the form

บ1™'fl)(v, r) = eDพ '1-+0 An- k(T)vn~k. (3.29)

Setting k = n — j. the sum (3.29) can be rewritten as

บ ^ a45\u.T) = eB{T)v+0^ 2 A : (T)vJ, (3.30)
3=0

where the indexes of Ay(r), Ay-fc(r), Py-k+1 (T) and Qy-k in (3.3)-(3.6) become An(r), 
A j (t ). Pj+i (t ) and Qj  as shown in (3.25)-(3.28), respectively.

Furthermore, since from (3.27) P j+i(r)  > 0 for all r  > 0, and (3.25) and (3.26) 
guarantee that A j (t ) > 0 for j  G {0,1, 2 ,.. ., ท}, we can conclude that, บ ^ ' 01'1j\ v ,  r)  is 
strictly increasing with respect to V for r  > 0 and V >0. ■

Calculations of the expectation (1.7) when K,(t),d(t) and <r(t.) are constants for all 
0 < t < T, the ECIR model (1.3) reduces to the CIR, model (1.2) as stated in Theorems 
3.6 and 3.8.
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3.2 CIR process
Theorem 3.6. Suppose that Vt follows the CIR process with K(t) = K, 9(t) = 9 and 
a (/) = (T. Let 7 , a, P € M. Then,

บ ^ ' 0\ v, t) := Ep
exp

y i 6 a V T + 0 \ y t = v  

2 OK
OCT2 + eKT (2k — aa2) 

2k

V + f3 + 7 KT + 29k2t

~̂2 ["> &2 ~0k6)
aa2 + eKT (2k -  a a 2 )

2 OK

( . ร ^ ’"",) (

a a 2 +  eKT (2k — aa2)
K T  1 \  fc

ฃ + เ3 + (7 — k)KT + 2 9k 2t ~i

where
7 m +  1 I l a c r 2 _|_ g/cr ( 2 k  — OCT2 )

ริ7-™+! = (7 + 1) Q (7  -  m)a2 + K&)

ท า-k (3.31)

(3.32)

when m e {1 , 2,..., k}.
Proof From (3.3)-(3.7), when k(£), 9(t) and cr(£) are constants, (3.7) can be written
as

1 2  โ [ s 1 1  ~ 1A(J2 exp — / K.du ds/() 2 L 7oร ิ( r )  ะ= Q exp Kdu
L

1 — a I \a 2 exp

aa2 + eKT (2k — aa2)
Thus, we have

[  B(u)du = [J  0 Jo
2

2 QK
0 CUT2 + eKU (2k — aa2)du

KT + In 2 k
aa2 + eKT (2k -  aa2)

Consider Ay(r) from (3.3), we have

À 7 (t) = exp 7KT +  ( aๆ2 + k9) f  ร ิ(น )duJo
= exp 20k277KT H----- 2

2 k — (7 er2 + K0)
t2 _|_ gKT (2k — aa2)

Letting
0 7_fc(T) = (7 -  k)a2B(T  -  r) + k9B{T -  t) -  (7 -  fc)/c

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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yields

exp Q 7- fc(T — น)du = exp 

= exp

- ( 7  -  k)KT + ((y — k )a2 + k9) f  B(u)duJo (3.40)
20k2T1(y -  k)kt 4-----■—2

2 k
acr2 +  e^T (2k -  acr2)

From the result presented in (3.4), we obtain
2k

\  ((7- k)a2 + K0)
(3.41)

 ๆ— k('k) ^ๆ—k+\^ ( 7 - k ) K T + & &

acr2 +  eKT (2k — acr2)
( (ๆ -k)<j2 +k0)

-  { ๆ - k)  K T - y g 2k
acr2 + eKT (2k — acr2)

■ --4j((7 — k)a'2 + n8)

for k  € N. Using the inductive hypothesis

À7 (r) = eyKT+2S£ 2 k ■■ — (7 a'2 + K0)
acr2 +  eKT (2k — acr2)

^ 7 - fc+1 (ร) d  ร 

(3.42)

(3.43)

with

A7_1 (r) = exp 2 CXK
acr2 +  eKT (2k — acr2) 

eKT -  1

V +  ft +  (y -  1 )kt  + 29k 2t ^

า ' acr2 + eKT (2k — aa2) J
yields

A ๆ —k (t ) exp 2 a n  ท ,  , s 2  0 k? t— 2 ,0----------- 27V + เ3 +  y  -  k ) K T  +  2acr2 +  eKT (2k — acr2) cr2

(3.44)

(ร;*-) ( eKT -  1
acr2 + eKT (2k — acr2) (3.45)

for k  G N. The formula (3.31) is obtained by inserting Ay_fc(r), k  € {0,1,2,...} into 
(3.2). ■

Similarly, for ECIR case, the following corollary shows a consequence that is deduced 
from Theorem 3.6 when y = 1 — ^ Y . the explicit form is reduced to a closed-form as 
shown in the following corollary.
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Corollary 3.7. Suppose that Vt follows the CIR process with K,(t) =  K, 6{t) = 0 and 7 

satisfies
y  =  i - 24 (3.46)

Then,

บ,(7.Q./3) ฆ, r) = exp 2 a K,
aa2 + eKT (2k -  aa2) V +  P  + KT

2k 72 (<7 — K 0 ) 1 - 2 k6 (3.47)^ O fj2 +  e KT(2/v  -  aa2) 1 
Proof Similar to the proof of Corollary 3.4, from (3.32) when k = 1. that p~, = 0 if
7 = 1 - 2k6 for all r  > 0. Therefore, (3.45) implies 447_/c(r) = 0 for all k G N and the
remaining term of (3.31) is À7 .

Similarly, the result of Theorem 3.6 can be simplified into a finite sum in the case 
when y is a non-negative integer, as stated in the following result.

Theorem 3.8. Suppose that Vt follows the CIR, process with K,(t) =  K, 9{t) = 0 and 
a(t) = a. Let ท be a non-negative integer. Then,

1, (ท.a,0)uc (ฆ, r) := Er 
= exp

VfeaV'T+0 I Vt = v 
2ctK

a<72 + eKT (2k — aa2)ฆ + /3 + ทKT + 29ท์2า

2k
aa2 + eKT (2k — CUT2) 

2qk

— (i I+2+k6)4

ท - 1
T ^ e x p

l

aa2 + e KT (2k — CKCT2) V + p + ]KT + 2 6k2t

2n ~ i
ท—m + 1 ■

m= 1
2k

(ท — j)l \a c r2 + eKT (2k — aa2)
~2 + ท0)

eKT -  1
aa2 + eKT (2k — aa2)

n - j

(3.48)

for all V >  0 and T = T — t > 0 where P n_ m +1 =  {ท — m  +  1) ( | ( n  — m ) a 2 + k9) when 
rri G { 1 ,2 ,3 ......ท -  j } ,  for j  G { 1 ,2 ,3 ,..., ท -  1}.

Proof From the result of Theorem 3.6, for 7 = ท be a non-negative integer and 
k — n + 1, (3.32) gives -Po(r) = 0. Therefore, from (3.44), we get Â - 1  (r) = 0. Similarly,



by setting k = ท + 2, ท + 3, ท + 4 , . . we obtain recursively A - 2 (t ) = 0, As ( r )  = 
0, Â„4(r) = 0 ,..., respectively. Thus, (3.2) is reduced to a finite sum in the form

บ{c ’a’0\v ,r )  = eË^ v+0J 2 Àn-k{r)vn- k. (3.49)

Setting k — ท — j,  the sum (3.49) can be rewritten in the form

u g 'a'fi)(v,T) = eË{T)v+BY J Aj (T)vj , (3.50)
j = 0

as required.
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