
ÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠćÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠéšü÷ÖćøĒÝÖĒÝÜðŦüàÜ

îćÜÿćüíîĆßßć ïčââą

ēÙøÜÜćîîĊĚđðŨîÿŠüîĀîċęÜ×ĂÜÖćøýċÖþćêćöĀúĆÖÿĎêøüĉì÷ćýćÿêøïĆèæĉê

ÿć×ćüĉßćÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ

Ùèąüĉì÷ćýćÿêøŤ ÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷

ðŘÖćøýċÖþć ����

úĉ×ÿĉìíĉĝ×ĂÜÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷



"O JNQSPWFNFOU CPVOE PG BQQSPYJNBUJPO GPS NBUDIJOH QSPCMFN CZ 1PJTTPO EJTUSJCVUJPO

5IBOVUDIB #VOZB

" 1SPKFDU 4VNNJUFE JO 1BSUJBM 'VMųMMNFOU PG 3FRVJSNFOUT

GPS UIF %FHSFF PG #BDIFMPS PG 4DJFODF 1SPHSBN JO .BUIFNBUJDT

%FQBSUNFOU PG .BUIFNBUJDT BOE $PNQVUFS 4DJFODF

'BDVMUZ PG 4DJFODF
 $IVMBMPOHLPSO 6OJWFSTJUZ

"DBEFNJD :FBS ����

$PQZSJHIU PG $IVMBMPOHLPSO 6OJWFSTJUZ



ĀĆü×šĂēÙøÜÜćî ÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠćÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠéšü÷

ÖćøĒÝÖĒÝÜðŦüàÜ

ēé÷ îćÜÿćüíîĆßßć ïčââą

ÿć×ćüĉßć ÙèĉêýćÿêøŤ

ĂćÝćø÷ŤìĊęðøċÖþćēÙøÜÜćîĀúĆÖ ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ

õćÙüĉßćÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ Ùèąüĉì÷ćýćÿêøŤ ÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷

ĂîčöĆêĉĔĀšîĆïēÙøÜÜćîÞïĆïîĊĚđðŨîÿŠüîĀîċęÜ×ĂÜÖćøýċÖþćêćöĀúĆÖÿĎêøðøĉââćïĆèæĉê Ĕîøć÷üĉßć �������

ēÙøÜÜćîüĉì÷ćýćÿêøŤ 	4FOJPS 1SPKFDU


� � � � � � � � � � � � � � � � � � � � � � � � � � ĀĆüĀîšćõćÙüĉßćÙèĉêýćÿêøŤ

Ēúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ

	ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ


ÙèąÖøøöÖćøÿĂïēÙøÜÜćî

� � � � � � � � � � � � � � � � � � � � � � � � � � ĂćÝćø÷ŤìĊęðøċÖþćēÙøÜÜćîĀúĆÖ

	ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ


� � � � � � � � � � � � � � � � � � � � � � � � � � ÖøøöÖćø

	øĂÜýćÿêøćÝćø÷Ť éø�èĆåÖćâÝîŤ ĔÝéĊ


� � � � � � � � � � � � � � � � � � � � � � � � � � ÖøøöÖćø

	ĂćÝćø÷Ť éø�đøüĆê ëîĆéÖĉÝĀĉøĆâ


iron nasion Ty

M-tf .



íîĆßßć ïčââą � ÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠćÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠéšü÷ÖćøĒÝÖĒÝÜðŦüàÜ

	"O JNQSPWFNFOU CPVOE PG BQQSPYJNBUJPO GPS NBUDIJOH QSPCMFN CZ

1PJTTPO EJTUSJCVUJPO


ĂćÝćø÷ŤìĊęðøċÖþćēÙøÜÜćî � ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ
 �� Āîšć�

ðŦâĀćÖćøÝĆïÙĎŠÙČĂ ðŦâĀćÖćøüćÜÿĉęÜ×ĂÜ n ÿĉęÜ ĔĀšêøÜêĈĒĀîŠÜ ĔĀš Wn ĒìîêĆüĒðøÿčŠöìĊęöĊÙŠć

đðŨîÝĈîüîÿĉęÜ×ĂÜìĊęüćÜêøÜêĈĒĀîŠÜ đðŨîìĊęìøćïÖĆîéĊüŠćÿĈĀøĆï A ⊆ {0, 1, . . . , n} đøćÿćöćøë

ðøąöćèÙŠć P (Wn ∈ A) éšü÷ P (P1 ∈ A) ēé÷ìĊę P1 ÙČĂêĆüĒðøÿčŠöðŦüàÜóćøćöĉđêĂøŤ � àċęÜöĊÜćîüĉÝĆ÷

Āúć÷ÜćîìĊęĀć×Ăïđ×êÖćøðøąöćèÙŠćéĆÜÖúŠćü ĔîēÙøÜÜćîîĊĚ đøćðøĆïðøčÜ×Ăïđ×ê×ĂÜÖćøðøąöćèÙŠćéĆÜ

ÖúŠćüēé÷ÖćøĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßî ñúúĆóíŤìĊęĕéšÙČĂ |P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2

wAn
ēé÷ìĊę

wA = NBY{w0, w1} đöČęĂÖĈĀîéĔĀš w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A} Ēúą

w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A} ñúúĆóíŤîĊĚéĊÖüŠć×Ăïđ×êìĊęđÙ÷ìĈöćĔîĂéĊêĔîĀúć÷ ė ÖøèĊ

õćÙüĉßć ÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ úć÷öČĂßČęĂîĉÿĉê � � � � � � � � � � � � � � � � �

ÿć×ćüĉßć ÙèĉêýćÿêøŤ ĂćÝćø÷ŤìĊęðøċÖþćēÙøÜÜćî � � � � � � � � � � � � � � � � �

ðŘÖćøýċÖþć ����

gimps

42



� � ���������� � ."+03 ."5)&."5*$4

,&:803% � .BUDIJOH QSPCMFN
 1PJTTPO EJTUSJCVUJPO
 4UFJO�$IFO NFUIPE

5)"/65$)" #6/:" � "O JNQSPWFNFOU CPVOE PG BQQSPYJNBUJPO GPS NBUDIJOH QSPCMFN CZ

1PJTTPO EJTUSJCVUJPO

"%7*403 � 130'� ,SJUTBOB /FBNNBOFF
 1I�%�
 �� 11�

.BUDIJOH QSPCMFN JT UIF QSPCMFN UIBU OFFET UP QMBDF n PCKFDUT JO UIF DPSSFDU

QPTJUJPO� -FU Wn CF B SBOEPN WBSJBCMF SFQSFTFOUJOH UIF OVNCFS PG PCKFDUT UIBU BSF

JO UIFJS DPSSFDU QPTJUJPO� *U JT XFMM�LOPXO UIBU GPS A ⊆ {0, 1, . . . , n}
 XF DBO BQQSPYJNBUF

P (Wn ∈ A) CZ P (P1 ∈ A) XIFSF P1 JT B 1PJTTPO SBOEPN WBSJBCMF XJUI QBSBNFUFS ��

5IFSF BSF TFWFSBM SFTFBSDIFT UIBU DBMDVMBUFE CPVOET PO UIF BQQSPYJNBUJPO� *O UIJT

QSPKFDU
 XF JNQSPWF UIF CPVOE PG UIF BQQSPYJNBUJPO CZ VTJOH 4UFJO�$IFO NFUIPE� 5IF

SFTVMU JT |P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2

wAn
, XIFSF wA = NBY{w0, w1}
 w0 = NJO{w ∈ {0,

1, . . . , n}|w /∈ A} BOE w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A}� 5IJT SFTVMU JT CFUUFS UIBO

QSFWJPVT CPVOET JO TFWFSBM DBTFT�

%FQBSUNFOU .BUIFNBUJDT BOE $PNQVUFS 4DJFODF � � 4UVEFOUĴ4JHOBUVSF � � � � � � � � � �

'JFME PG 4UVEZ .BUIFNBUJDT � � "EWJTPSĴT 4JHOBUVSF � � � � � � �

"DBEFNJD :FBS ����

Aimar
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ÖĉêêĉÖøøöðøąÖćý

ēÙøÜÜćîđøČęĂÜ ÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠćÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠéšü÷ÖćøĒÝÖĒÝÜðŦüàÜ

ĕéšÿĈđøĘÝúčúŠüÜĕðĕéšéšü÷éĊ đóøćąĕéšøĆïÙüćößŠü÷đĀúČĂÝćÖñĎšöĊóøąÙčèĀúć÷ ė ìŠćîéšü÷ÖĆî ìćÜñĎšéĈđîĉî

ÜćîēÙøÜÜćîÝċÜ×Ă×ĂïÙčèĔîÙüćößŠü÷đĀúČĂêŠćÜ ė éĆÜêŠĂĕðîĊĚ

×Ă×ĂïóøąÙčè ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ ìĊęÖøčèćøĆïđðŨîĂćÝćø÷ŤìĊęðøċÖþćēÙøÜÜćî

ĒúąÙĂ÷ĔĀšÙüćößŠü÷đĀúČĂ ĔĀšÙĈðøċÖþć ÙĈĒîąîĈ ßĊĚĒîąĔĀšđĀĘîðŦâĀćĒúą×šĂñĉéóúćéêŠćÜ ė ĔîÖćøìĈ

ēÙøÜÜćîêúĂéöć êĆĚÜĒêŠđøĉęöêšîìĈÜćîÝîēÙøÜÜćîîĊĚÿĈđøĘÝúčúŠüÜĕðéšü÷éĊĂ÷ŠćÜÿöïĎøèŤĒúąöĊðøąÿĉìíĉõćó

×Ă×ĂïóøąÙčè øĂÜýćÿêøćÝćø÷Ť éø�èĆåÖćâÝîŤ ĔÝéĊ ĒúąĂćÝćø÷Ť éø�đøüĆê ëîĆéÖĉÝĀĉøĆâ

ìĊęĔĀšÙüćöÖøčèćđðŨîÖøøöÖćøÿĂïēÙøÜÜćî ĒúąĕéšĔĀš×šĂđÿîĂĒîą ×šĂÙĉé øüöëċÜ×šĂñĉéóúćéêŠćÜ ė àċęÜ

ìĈĔĀšēÙøÜÜćîîĊĚÿöïĎøèŤĒúąöĊðøąÿĉìíĉõćóöćÖ÷ĉęÜ×ċĚî

îĂÖÝćÖîĊĚ×Ă×ĂïóøąÙčèĂćÝćø÷ŤìčÖìŠćîĒúąøčŠîóĊęìčÖÙîìĊęĕéšĔĀšÙüćöøĎšĒúąÙĈĒîąîĈ êúĂéøą÷ą

đüúćìĊęĕéšýċÖþćìĊęÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷ ĒúąêúĂéøą÷ąđüúćìĊęĕéšìĈēÙøÜÜćîîĊĚöć

ÿčéìšć÷îĊĚ×Ă×ĂïóøąÙčè ÙčèóŠĂ ÙčèĒöŠ ĒúąÙøĂïÙøĆüìĊęÙĂ÷ÿîĆïÿîčî Ēúą×ĂïÙčèđóČęĂîė

ìčÖÙîìĊęÙĂ÷ĔĀšÖĈúĆÜĔÝ ĔĀšÙĈðøċÖþćĒúą×šĂđÿîĂĒîąêŠćÜ ė ĔîÖćøìĈēÙøÜÜćîÙøĆĚÜîĊĚ

ñĎšÝĆéìĈ

íîĆßßć ïčââą



ÿćøïĆâ

Āîšć

ïìÙĆé÷ŠĂõćþćĕì÷ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ö

ïìÙĆé÷ŠĂõćþćĂĆÜÖùþ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ×

ÖĉêêĉÖøøöðøąÖćý � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ù

ÿćøïĆâ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ü

ïììĊę � ïìîĈ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

ïììĊę � üĉíĊ×ĂÜÿĕêîŤÿĈĀøĆïÖćøĒÝÖĒÝÜðŦüàÜ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

ïììĊę � ìùþãĊïìĀúĆÖ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

ïøøèćîčÖøö � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

õćÙñîüÖ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

ðøąüĆêĉñĎšđ×Ċ÷î � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

i

i
Me
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ïììĊę �

ïìîĈ

đöČęĂðŘ Ù�ý� ���� 1JFSSF EF .POUNPSU <�> ĕéšđ×šćøŠüöÜćîðćøŤêĊĚĒĀŠÜĀîċęÜ ÖŠĂîđ×šćÜćîìčÖÙîêšĂÜ

ëĂéĀöüÖĕüšìĊęĀîšćÜćîĒúšüöćøĆïÙČîĀúĆÜÜćîđúĉÖ đöČęĂÜćîđúĉÖÖŠĂîìĊęđ×ćÝąĕðđĂćĀöüÖÙČî đ×ćĕéšîċÖÙĉéüŠć

ëšćđ×ćÿčŠöĀ÷ĉïĀöüÖđĀúŠćîĆĚîìĊęđ×ćĕéšòćÖĕüšÖŠĂîđ×šćÜćî ēĂÖćÿìĊęđ×ćÝąĕéšĀöüÖ×ĂÜêĆüđĂÜđðŨîđìŠćĕø ĀúĆÜ

ÝćÖîĆĚîđ×ćÝċÜĕéšđøĉęöýċÖþćðŦâĀćîĊĚ àċęÜĕéšđøĊ÷ÖðŦâĀćìĊęöĊÿëćèÖćøèŤĒïïîĊĚüŠć ðŦâĀćÖćøÝĆïÙĎŠ 	NBUDIJOH

QSPCMFN
 ÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠ đøćóĉÝćøèćÿĉęÜ×ĂÜ n ÿĉęÜìĊęöĊĀöć÷đú× 1, 2, . . . , n ÖĈÖĆï ĒúąöĊ

êĈĒĀîŠÜÖćøüćÜĂ÷ĎŠ n êĈĒĀîŠÜ đøĊ÷Ö êĈĒĀîŠÜìĊę �
 êĈĒĀîŠÜìĊę �, . . . , êĈĒĀîŠÜìĊę n ēé÷ĒêŠúąêĈĒĀîŠÜ

ÿćöćøëüćÜÿĉęÜ×ĂÜĕéšêĈĒĀîŠÜúą � ÿĉęÜ ðŦâĀćìĊęđøćÿîĔÝÙČĂ ÙüćöîŠćÝąđðŨî×ĂÜÝĈîüîÿĉęÜ×ĂÜìĊęüćÜêøÜ

êĈĒĀîŠÜ ÝćÖÿĉęÜ×ĂÜ n ÿĉęÜ àċęÜðŦâĀćÖćøÝĆïÙĎŠÿćöćøëîĈĕððøą÷čÖêŤĔßšĕéšĂ÷ŠćÜÖüšćÜ×üćÜ đßŠî ÖćøÝĆïÙĎŠĀć

êĆü÷ćìĊęöĊðøąÿĉìíĉõćóĔîÖćøøĆÖþć ÖćøÝĆéÙîÜćî

ÿĈĀøĆï i ∈ {1, 2, 3, . . . , n} ÖĈĀîéĔĀš

Xi =





1, ëšćÿĉęÜ×ĂÜßĉĚîìĊę i üćÜêøÜêĈĒĀîŠÜìĊę i

0, ëšćÿĉęÜ×ĂÜßĉĚîìĊę i üćÜĕöŠêøÜêĈĒĀîŠÜìĊę i

ÝąĕéšüŠć

P (Xi = 1) =
(n− 1)!

n!
=

1

n

ÖĈĀîéĔĀš Wn ÙČĂ êĆüĒðøÿčŠöìĊęöĊÙŠćđðŨîÝĈîüîÿĉęÜ×ĂÜìĊęüćÜêøÜêĈĒĀîŠÜ îĆęîÙČĂ Wn =
n∑

i=1

Xi

ÿĆÜđÖêĕéšüŠć êĆüĒðøÿčŠö X1, X2, . . . , Xn ĕöŠĂĉÿøąêŠĂÖĆî

ĔîðŘ Ù�ý� ���� ïćøŤđïĂøŤ
 ăĂúúŤĒúąđÝîÿĆî <�> ĕéšĔĀš×Ăïđ×êÖćøðøąöćèÙŠćÖćøĒÝÖĒÝÜ×ĂÜ

Wn éšü÷ÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ � ēé÷ìĊęĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2(1− e−1)

n
ÿĈĀøĆïìčÖ A ⊆ {0, 1, 2, . . . , n} 	���


đöČęĂ P1 ÙČĂêĆüĒðøÿčŠöðŦüàÜìĊęöĊóćøćöĉđêĂøŤ � îĆęîÙČĂ P (P1 = k) =
e−1

k!
ÿĈĀøĆï k ∈ N ∪ {0}

êŠĂöćĔîðŘ Ù�ý� ���� ÙèĉîìøŤĒúąÖùþèą <��> óĉÝćøèć A = {0, 1, 2, . . . , w} ēé÷ìĊę

w ∈ {0, 1, 2, . . . , n} ēé÷ĕéšĀć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ Wn éšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ

�



óćøćöĉđêĂøŤ � ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn ≤ w)− P (P1 ≤ w)| ≤ ∆(n,w) 	���


đöČęĂ

∆(n,w) =






2

en
, w = 0

2(1− 2e−1)

n
, w = 1

2.08

(w + 1)n
, w ≥ 2

ĔîðŘ Ù�ý� ���� ìĉóüĆú÷ŤĒúąÙèĉîìøŤ <�> óĉÝćøèć A ⊆ {0, 1, 2, . . . , n} ēé÷ĕéšĀć×Ăïđ×êÖćø

ðøąöćèÙŠć×ĂÜ Wn éšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ � ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn ∈ A)− P (P1 ∈ A)| ≤






2

n
, MA ≤ 1

2e

(MA + 1)n
, MA ≥ 2

	���


ēé÷ìĊę

MA =





NBY{w ∈ {0, 1, . . . , n}|Cw ⊆ A} đöČęĂ 0 ∈ A

NJO{w ∈ {0, 1, . . . , n}|w ∈ A} đöČęĂ 0 /∈ A

đöČęĂ Cw = {0, 1, . . . , w}

ĔîðŘ Ù�ý� ���� óĉÝĉêøĒúąÖùþèą <�> óĉÝćøèć A = {w} ēé÷ìĊę w ∈ {0, 1, . . . , n} ēé÷ĕéšĀć

×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ Wn éšü÷ÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ � ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn = w)− P (P1 = w)| ≤ 2

n
δw 	���


ēé÷ìĊę

δw =






0.368, w = 0

0.633, w = 1

0.482

(w + 1)!
+

1

w
,w ≥ 2

�



ÝćÖÜćîüĉÝĆ÷×šćÜêšî ÝąđĀĘîüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÙèĉîìøŤĒúąÖùþèą 	<��>
 ÖĆï×ĂÜ

óĉÝĉêøĒúąÖùþèą 	<�>
 öĊÙŠćîšĂ÷ÖüŠŠćÙŠć×ĂÜïćøŤđïĂøŤ ăĂúúŤĒúąđÝîÿĆî 	<�>
 đöČęĂÖĈĀîé

A = {0, 1, 2, . . . , w} Ēúą A = {w} êćöúĈéĆï ÜćîüĉÝĆ÷ìĊęĕéšÖúŠćüöćîĊĚĕéšĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßî

	4UFJO�$IFOĴT NFUIPE
 ĔîÖćøĀć×Ăïđ×êÖćøðøąöćèÙŠć

ĔîðŘ Ù�ý� ���� ÿĕêîŤ <�> ĕéšđÿîĂÖćøĀć×Ăïđ×êÖćøðøąöćèÙŠćéšü÷ÖćøĒÝÖĒÝÜðÖêĉöćêøåćî

ēé÷ĔßšÙüćöøĎšđÖĊę÷üÖĆïÿöÖćøđßĉÜĂîčóĆîíŤ êŠĂöćĔîðŘ Ù�ý����� đßî <�> îĈĒîüÙĉé×ĂÜÿĕêîŤöćðøą÷čÖêŤÖĆï

ÖćøðøąöćèÙŠćéšü÷ÖćøĒÝÖĒÝÜðŦüàÜ

ÿĈĀøĆï h, g : N ∪ {0} → R ìĊęđðŨîôŦÜÖŤßĆîìĊęöĊ×Ăïđ×êĒúą λ > 0 ÖĈĀîéĔĀš

Pλ(h) = E(h(Pλ)) =
∞∑

l=0

h(l)
e−λλl

l!

đøćÝąđøĊ÷ÖÿöÖćøñúêŠćÜ

λg(w + 1)− wg(w) = h(w)− Pλ(h) ;w = 0, 1, 2, . . . 	���


üŠć ÿöÖćø×ĂÜÿĕêîŤÿĈĀøĆïôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ 	4UFJOĴT FRVBUJPO GPS 1PJTTPO EJTUSJCVUJPO

GVODUJPO
 ÝćÖ 	���
 ĀćÖđøćđúČĂÖôŦÜÖŤßĆî h ìĊęđĀöćąÿö đßŠî ĔĀš A ⊆ N ∪ {0} Ēúą h = hA ēé÷ìĊę

hA(w) =





1, w ∈ A

0, w /∈ A

Ēúą λ = 1 ÝąĕéšüŠć

g(w + 1)− wg(w) = hA(w)− P1(hA) ;w = 0, 1, 2, . . . 	���


ĔĀš gA đðŨîÙĈêĂï×ĂÜÿöÖćø 	���
 ëšćđøćĒìî w éšü÷êĆüĒðøÿčŠö Wn ĒúąĀćÙŠćÙćéÙąđî×ĂÜìĆĚÜÿĂÜ

×šćÜ×ĂÜ 	���
 đøćÝąĕéš

P (Wn ∈ A)− P (P1 ∈ A) = E[gA(Wn + 1)−WngA(Wn)]

éĆÜîĆĚî đøćÿćöćøëĀć×Ăïđ×ê×ĂÜ

|P (Wn ∈ A)− P (P1 ∈ A)|

ÝćÖ×Ăïđ×ê

|E[gA(Wn + 1)−WngA(Wn)]|

Ēìîĕéš àċęÜđøćđøĊ÷ÖüĉíĊÖćøĀć×Ăïđ×êîĊĚüŠć üĉíĊ×ĂÜÿĕêîŤĒúąđßî 	4UFJO�$IFO NFUIPE


�



ĔîēÙøÜÜćîîĊĚđøćÿîĔÝðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜðŦâĀćÖćøÝĆïÙĎŠéšü÷ÖćøĒÝÖĒÝÜðŦüàÜ

ēé÷üĉíĊÿĕêîŤĒúąđßî àċęÜ×Ăïđ×êìĊęĕéšđðŨîêćöìùþãĊïìêŠĂĕðîĊĚ

ìùþãĊïì ��� ĔĀš A ⊆ {0, 1, 2, . . . , n} ēé÷ìĊę A (= φ Ēúą A (= {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2

wAn

đöČęĂ wA = NBY{w0, w1} ēé÷ìĊę w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A} Ēúą

w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A}

êŠĂĕðîĊĚÝąĔßšÿĆâúĆÖþèŤ wA, w0 Ēúą w1 êćöîĉ÷ćö×šćÜêšî

ìùþãĊïì ��� ÿĈĀøĆï w ∈ {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn = w)− P (P1 = w)| ≤ 1

w!(n− w + 1)!

ÝćÖìùþãĊïì ��� ĒúąìùþãĊïì ��� ìĈĔĀšĕéšïìĒìøÖ ��� êŠĂĕðîĊĚ

ïìĒìøÖ ��� ÿĈĀøĆï w ∈ {0, 1, . . . , n− 1} ÝąĕéšüŠć

|P (Wn ≤ w)− P (P1 ≤ w)| =






1

(n+ 1)!
, w = 0

1

n!
, w = 1

2

(w + 1)n
, w ≥ 2

×šĂÿĆÜđÖê

�� ÝćÖìùþãĊïì ��� ëšć wA ≥ 2 ÝąĕéšüŠć

1

wA
≤ 1− 1

e

éĆÜîĆĚî×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� éĊÖüŠćÜćîüĉÝĆ÷×ĂÜïćøŤđïĂøŤ
 ăĂúúŤĒúąđÝîÿĆî <�> đöČęĂ

wA ≥ 2

�� ÝćÖ 	���
 đöČęĂîĈöćđðøĊ÷ïđìĊ÷ïÖĆïïìĒìøÖ ��� ÝąĕéšüŠć ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜïìĒìøÖ ���

éĊÖüŠćÜćîüĉÝĆ÷×ĂÜÙèĉîìøŤĒúąÖùþèą 	<��>


��



�� ÝćÖ 	���
 đöČęĂîĈöćđðøĊ÷ïđìĊ÷ïÖĆïìùþãĊïì ���

ÖøèĊ 0 /∈ A ÝąĕéšüŠć w0 = 0 Ēúą w1 = MA éĆÜîĆĚî wA = MA

ëšć MA = 1 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� öĊÙŠćđìŠćÖĆï×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćî

üĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>


ëšć MA ≥ 2 Ýąĕéš

1

MA
≤ e

(MA + 1)

ÖøèĊ 0 ∈ A ÝąĕéšüŠć w1 = 0 Ēúą w0 = MA + 1 éĆÜîĆĚî wA = MA + 1

ëšć MA = 0 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� öĊÙŠćđìŠćÖĆï×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćî

üĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>


ëšć MA = 1 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� öĊÙŠćéĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćî

üĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>


ëšć MA ≥ 2 Ýąĕéš

1

MA + 1
≤ e

(MA + 1)

éĆÜîĆĚî ÝćÖìĆĚÜ � ÖøèĊ ÝąĕéšüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� éĊÖüŠć×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷Ť

ĒúąÙèĉîìøŤ 	<�>
 đöČęĂ MA ≥ 1 ĒúąöĊÙŠćđìŠćÖĆï×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>
 đöČęĂ

MA = 0

�� ÝćÖ 	���
 đöČęĂîĈöćđðøĊ÷ïđìĊ÷ïÖĆïìùþãĊïì ��� ÝąĕéšüŠć ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ���

éĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜóĉÝĉêøĒúąÖùþèą 	<�>


��



ïììĊę �

üĉíĊ×ĂÜÿĕêîŤĒúąÿöÖćø×ĂÜÿĕêîŤ

ĔîðŘ Ù�ý����� ÿĕêîŤ <�> ĕéšđÿîĂïìÙüćöàċęÜöĊđîČĚĂĀćđÖĊę÷üÖĆïÖćøĀć×Ăïđ×êÖćøúĎŠđ×šć×ĂÜôŦÜÖŤßĆî

ÖćøĒÝÖĒÝÜ×ĂÜñúïüÖ×ĂÜêĆüĒðøÿčŠöìĊęĕöŠđðŨîĂĉÿøąêŠĂÖĆîÿĎŠôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðÖêĉöćêøåćî ēé÷üĉíĊ

ÖćøĔĀöŠìĊęĕöŠĔßŠÖćøĒðúÜôĎøĉđ÷øŤ ĒêŠĔßšÙüćöøĎšđÖĊę÷üÖĆïÿöÖćøđßĉÜĂîčóĆîíŤĒìî ēé÷đøĉęöêšîÝćÖÿöÖćøđßĉÜ

ĂîčóĆîíŤàċęÜÿćöćøëĀćĂîčóĆîíŤĕéšđðŨîßŠüÜ ēé÷ìĊęĂîčóĆîíŤïćÜÿŠüîîĆĚîöĊÙüćöêŠĂđîČęĂÜ

êŠĂöćĔîðŘ Ù�ý����� đßî <�> ĕéšîĈĒîüÙĉé×ĂÜÿĕêîŤöćðøą÷čÖêŤÖĆïÖćøðøąöćèÙŠćéšü÷ôŦÜÖŤßĆî

ÖćøĒÝÖĒÝÜðŦüàÜ ēé÷ĕéšÿøšćÜÿöÖćø×ĂÜÿĕêîŤÿĈĀøĆïôŦÜÖŤßĆîÖćøĒÝÖĒÝÖðŦüàÜ éĆÜêŠĂĕðîĊĚ

λg(w + 1)− wg(w) = h(w)− Pλ(h) 	���


đöČęĂ g, h : N ∪ {0} → R Ēúą

Pλ(h) =
∞∑

l=0

h(l)
e−λλl

l!

ÿĈĀøĆï λ > 0

ÝćÖ <�> Āîšć �� đßîĕéšĒÿéÜüŠć ÿĈĀøĆï h � N ∪ {0} → R ìĊęđðŨîôŦÜÖŤßĆîìĊęöĊ×Ăïđ×êĒúą λ > 0

đøćÝąĕéšüŠć gh : N ∪ {0} → R ìĊęÖĈĀîéēé÷

gh(w) =






(w − 1)!
w−1∑

l=0

λl−w

l!
[h(l)− Pλ(h)], w ≥ 1

0, w = 0

	���


đðŨîÙĈêĂï×ĂÜÿöÖćø 	���


ÝćÖ 	���
 ĔĀš A ⊆ N ∪ {0} Ēúą hA : N ∪ {0} → R îĉ÷ćöēé÷

hA(w) =





1, w ∈ A

0, w /∈ A

Ēúą λ = 1 Ýąĕéš

g(w + 1)− wg(w) = hA(w)− P1(hA) 	���


��



ĔĀš gA : N ∪ {0} → R đðŨîñúđÞú÷×ĂÜÿöÖćø 	���


ÿĆÜđÖêüŠć P1(hA) + P1(hAc) =
∞∑

l=0
l∈A

e−1

l!
+

∞∑

l=0
l/∈A

e−1

l!
=

∞∑

l=0

e−1

l!
= 1

ÝćÖ 	���
 đöČęĂ λ = 1 Ēúą Cw−1 = {0, 1, ..., w − 1} ÝąĕéšüŠć

gA(w) =






(w − 1)!

[
w−1∑

l=0
l∈A

1

l!
[1− P1(hA)] +

w−1∑

l=0
l/∈A

1

l!
[0− P1(hA)]

]
, w ≥ 1

0, w = 0

=






(w − 1)!

[
P1(hAc)

w−1∑

l=0
l∈A

1

l!
− P1(hA)

w−1∑

l=0
l/∈A

1

l!

]
, w ≥ 1

0, w = 0

=






e(w − 1)!

[
P1(hAc)P1(hA∩Cw−1)− P1(hA)P1(hAc∩Cw−1)

]
, w ≥ 1

0, w = 0

	���


=






e(w − 1)!

[
P1(hA∩Cw−1)− P1(hA)P1(hCw−1)

]
, w ≥ 1

0, w = 0

	���


Ēìî w éšü÷êĆüĒðøÿčŠö Wn ĒúąĀćÙŠćÙćéÙąđîìĆĚÜÿĂÜ×šćÜ×ĂÜÿöÖćø 	���
 Ýąĕéš

P (Wn ∈ A)− P (P1 ∈ A) = E[gA(Wn + 1)−WngA(Wn)]

éĆÜîĆĚî đøćÿćöćøëĀć×Ăïđ×ê×ĂÜ

|P (Wn ∈ A)− P (P1 ∈ A)|

ÝćÖ×Ăïđ×ê

|E[gA(Wn + 1)−WngA(Wn)]|

Ēìîĕéš

ĔîēÙøÜÜćîîĊĚđøćÿîĔÝÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜðŦâĀćÖćøÝĆïÙĎŠ àċęÜÙČĂÖćøĀć

×Ăïđ×ê×ĂÜ ]P (Wn ∈ A)− P (P1 ∈ A)] ÝćÖ×Ăïđ×ê ]E[gA(Wn + 1)−WngA(Wn)]]

ēé÷đøćÝĈđðŨîêšĂÜĔßšïìêĆĚÜêŠĂĕðîĊĚ

��



ïìêĆĚÜ ��� ĔĀš A ⊆ {0, 1, . . . , n} ēé÷ìĊę A (= φ Ēúą w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A}

ëšć w0 > 0 ÝąĕéšüŠć

P1(hAc) ≤ w0 + 1

ew0w0!

óĉÿĎÝîŤ đîČęĂÜÝćÖ w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A} Ýąĕéš

P1(hAc) ≤ 1

e

∞∑

l=w0

1

l!

<
1

ew0!

∞∑

i=0

1

(w0 + 1)i

=
w0 + 1

ew0w0!

éĆÜîĆĚî đøćÝċÜĕéšüŠć×šĂÿøčð×ĂÜïìêĆĚÜđðŨîÝøĉÜ

!

ïìêĆĚÜ ��� ĔĀš A ⊆ {0, 1, . . . , n} ēé÷ìĊę A (= φ Ēúą w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A}

ëšć w1 > 0 ÝąĕéšüŠć

P1(hA) ≤
w1 + 1

ew1w1!

óĉÿĎÝîŤ đîČęĂÜÝćÖ w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A} ÝąĕéšüŠć

P1(hA) ≤
1

e

∞∑

l=w1

1

l!

<
1

ew1!

∞∑

i=0

1

(w1 + 1)i

=
w1 + 1

ew1w1!

éĆÜîĆĚî đøćÝċÜĕéšüŠć×šĂÿøčð×ĂÜïìêĆĚÜđðŨîÝøĉÜ

!

��



ïìêĆĚÜìĊę ��� ÿĈĀøĆï w ≥ 2 ÝąĕéšüŠć

w + 1

ew!
<

2

(w − 1)w

óĉÿĎÝîŤ đîČęĂÜÝćÖ

2 + 1

e2!
=

3

2e
≤ 2

(2− 1)2

éĆÜîĆĚî đöČęĂ w = 2 ÝąĕéšüŠć

w + 1

ew!
<

2

(w − 1)w

ÿĈĀøĆïÝĈîüîđêĘö w ≥ 3

ĔĀš P (w) ĒìîðøąóÝîŤ
w + 1

ew!
<

2

(w − 1)w

×ĆĚîåćî đöČęĂĒìî w = 3 Ýąĕéš P (3) ÙČĂ

3 + 1

e3!
=

2

3e
<

2

(3− 1)3
=

1

3

àċęÜđðŨîÝøĉÜ éĆÜîĆĚî P (3) đðŨîÝøĉÜ

×ĆĚîĂčðîĆ÷ ĔĀš w đðŨîÝĈîüîđêĘöïüÖĔé ė ìĊę w ≥ 3 àċęÜìĈĔĀš P (w) đðŨîÝøĉÜ îĆęîÙČĂ

w + 1

ew!
<

2

(w − 1)w

đøćêšĂÜÖćøĒÿéÜüŠć P (w + 1) đðŨîÝøĉÜÿĈĀøĆï w ≥ 2 îĆęîÙČĂÝąĒÿéÜüŠć

(w + 1) + 1

e(w + 1)!
<

2

((w + 1)− 1)(w + 1)

ĀøČĂ

w + 2

e(w + 1)!
<

2

w(w + 1)

đîČęĂÜÝćÖ

w + 1

ew!
<

2

(w − 1)w

��



đöČęĂÙĎèéšü÷
w − 1

w + 1
ĕðìĆĚÜÿĂÜ×šćÜ×ĂÜĂÿöÖćøÝąĕéš

(w + 1)(w − 1)

ew!(w + 1)
<

2(w − 1)

(w − 1)w(w + 1)

=
2

w(w + 1)

ÝćÖÙüćöÝøĉÜ×šćÜêšîĒúąÙüćöÝøĉÜìĊęüŠć

w + 2

e(w + 1)!
≤ (w + 2)(w − 2)

e(w + 1)!

=
w2 − 4

e(w + 1)!

<
w2 − 1

e(w + 1)!

=
(w + 1)(w − 1)

e(w + 1)w!

ìĈĔĀšÿøčðĕéšüŠć

w + 2

e(w + 1)!
<

2

w(w + 1)

éĆÜîĆĚî P (w + 1) đðŨîÝøĉÜ

đóøćąÞąîĆĚîēé÷ĂčðîĆ÷đßĉÜÙèĉêýćÿêøŤÿøčðĕéšüŠć
w + 1

ew!
<

2

(w − 1)w
ÿĈĀøĆïìčÖÝĈîüîđêĘö w ≥ 3

éĆÜîĆĚîÝąĕéšüŠć
w + 1

ew!
<

2

(w − 1)w
đöČęĂ w ≥ 2

!

ĔîÖćøóĉÿĎÝîŤìùþãĊïìĀúĆÖ đøćÝąĔßšÿöïĆêĉ×ĂÜ ∆gA đöČęĂ

∆gA(w) = gA(w + 1)− gA(w) ÿĈĀøĆï w ≥ 1

ìùþãĊïìêŠĂĕðîĊĚđðŨîÿöïĆêĉ×ĂÜ ∆gA ìĊęĔßšĔîÖćøóĉÿĎÝîŤìùþãĊïìĀúĆÖêŠĂĕð

ìùþãĊïì ��� ĔĀš A ⊆ {0, 1, . . . , n} ēé÷ìĊę A (= φ ëšć w ≥ 1 ÝąĕéšüŠć

|∆gA(w)| <
1

w

óĉÿĎÝîŤ ĔĀš w ≥ 1 đøćÝąĒïŠÜÖćøóĉÿĎÝîŤĂĂÖđðŨî � ÖøèĊ ÙČĂ w ∈ A Ēúą w /∈ A

��



ÝćÖ 	���
 ÝąĕéšüŠć

∆gA(w) = ew!
[
P1(hAc)P1(hA∩Cw)− P1(hA)P1(hAc∩Cw)

]

− e(w − 1)!
[
P1(hAc)P1(hA∩Cw−1)− P1(hA)P1(hAc∩Cw−1)

]

= ew!

[[
P1(hAc∩Cw) + P1(hAc∩Cc

w
)
]
P1(hA∩Cw)

−
[
P1(hA∩Cw) + P1(hA∩Cc

w
)
]
P1(hAc∩Cw)

]

− e(w − 1)!

[[
P1(hAc∩Cw−1) + P1(hAc∩Cc

w−1
)
]
P1(hA∩Cw−1)

−
[
P1(hA∩Cw−1) + P1(hA∩Cc

w−1
)
]
P1(hAc∩Cw−1)

]

=
[
ew!P1(hAc∩Cc

w
)P1(hA∩Cw)− e(w − 1)!P1(hAc∩Cc

w−1
)P1(hA∩Cw−1)

]

−
[
ew!P1(hA∩Cc

w
)P1(hAc∩Cw)− e(w − 1)!P1(hA∩Cc

w−1
)P1(hAc∩Cw−1)

]
	���


ÖøèĊìĊę � w ∈ A

ÝćÖ w ∈ A Ýąĕéš Ac ∩ Cc
w = Ac ∩ Cc

w−1 Ēúą Ac ∩ Cw = Ac ∩ Cw−1 ÝćÖÙüćöÝøĉÜéĆÜÖúŠćü

Ēúą 	���
 ÝąĕéšüŠć

∆gA(w) = ew!P1(hAc∩Cc
w
)P1(hA∩Cw)− e(w − 1)!P1(hAc∩Cc

w
)P1(hA∩Cw−1)

−
[
ew!P1(hA∩Cc

w
)P1(hAc∩Cw)− e(w − 1)!P1(hA∩Cc

w−1
)P1(hAc∩Cw)

]

= e(w − 1)!P1(hAc∩Cc
w
)

[
wP1(hA∩Cw)− P1(hA∩Cw−1)

]

− e(w − 1)!P1(hAc∩Cw)

[
wP1(hA∩Cc

w
)− P1(hA∩Cc

w−1
)

]

= e(w − 1)!P1(hAc∩Cc
w
)

[
wP1(hA∩Cw)− P1(hA∩Cw−1)

]

+ e(w − 1)!P1(hAc∩Cw)

[
P1(hA∩Cc

w−1
)− wP1(hA∩Cc

w
)

]

��



= e(w − 1)!P1(hAc∩Cc
w
)

[
wP1(hA∩Cw)− P1(hA∩Cw−1)

]

+ e(w − 1)!P1(hAc∩Cw)

[
(1− w)P1(hA∩Cc

w−1
) +

1

e(w − 1)!

]
	���


ÝćÖïìêĆĚÜ ��� ÝąĕéšüŠć

P1(hCc
w∗ ) ≤

w∗ + 2

e(w∗ + 1)(w∗ + 1)!
ìčÖ w∗ ≥ 0 	���


éĆÜîĆĚî ÝćÖ 	���
 Ýąĕéš

0 ≤ e(w − 1)!P1(hAc∩Cc
w
)
[
wP1(hA∩Cw)− P1(hA∩Cw−1)

]

≤ ew!P1(hCc
w
)P1(hA∩Cw)

≤ w + 2

(w + 1)2
P1(hA∩Cw)

<
1

w
P1(hA∩Cw) 	���


Ēúą

0 ≤ (w − 1)P1(hA∩Cc
w−1

)

≤ (w − 1)P1(hCc
w−1

)

≤ (w − 1)(w + 1)

eww!

=
(w − 1)(w + 1)

e(w − 1)!w2

<
1

e(w − 1)!
	����


ÝćÖ 	����
 ÝąĕéšüŠć e(w − 1)!P1(hAc∩Cw)

[
(1− w)P1(hA∩Cc

w−1
) +

1

e(w − 1)!

]
≥ 0

��



éĆÜîĆĚî

0 ≤ e(w − 1)!P1(hAc∩Cw)

[
(1− w)P1(hA∩Cc

w−1
) +

1

e(w − 1)!

]

= P1(hAc∩Cw)

[
e(w − 1)!(1− w)P1(hA∩Cc

w−1
) + 1

]

= P1(hAc∩Cw)

[
1− e(w − 1)!(w − 1)P1(hA∩Cc

w−1
)

]

= P1(hAc∩Cw)

[
1− e(w − 1)!(w − 1)

[
P1(hA∩Cc

w
) + P1(hA∩{w})

]]

= P1(hAc∩Cw)

[
1− e(w − 1)!(w − 1)P1(hA∩Cc

w
)− w − 1

w

]

= P1(hAc∩Cw)

[
1

w
− e(w − 1)!(w − 1)P1(hA∩Cc

w
)

]

<
1

w
P1(hAc∩Cw) 	����


ÝćÖ 	���

 	���
 Ēúą 	����
 ÝąĕéšüŠć

|∆gA(w)| <
1

w
P1(hA∩Cw) +

1

w
P1(hAc∩Cw)

=
1

w
P1(hCw)

≤ 1

w

ÖøèĊìĊę � w /∈ A

ÝćÖ w /∈ A Ýąĕéš A ∩ Cw = A ∩ Cw−1 Ēúą A ∩ Cc
w = A ∩ Cc

w−1 ÝćÖÙüćöÝøĉÜéĆÜÖúŠćü

Ēúą 	���
 ÝąĕéšüŠć

∆gA(w) = ew!P1(hAc∩Cc
w
)P1(hA∩Cw)− e(w − 1)!P1(hAc∩Cc

w−1
)P1(hA∩Cw)

−
[
ew!P1(hA∩Cc

w
)P1(hAc∩Cw)− e(w − 1)!P1(hA∩Cc

w
)P1(hAc∩Cw−1)

]

= e(w − 1)!P1(hA∩Cw)

[
wP1(hAc∩Cc

w
)− P1(hAc∩Cc

w−1
)

]

− e(w − 1)!P1(hA∩Cc
w
)

[
wP1(hAc∩Cw)− P1(hAc∩Cw−1)

]

��



= e(w − 1)!P1(hA∩Cw)

[
(w − 1)P1(hAc∩Cc

w−1
)− wP1(hAc∩{w})

]

− e(w − 1)!P1(hA∩Cc
w
)

[
(w − 1)P1(hAc∩Cw) + P1(hAc∩{w})

]

= e(w − 1)!P1(hA∩Cw)

[
(w − 1)P1(hAc∩Cc

w−1
)− 1

e(w − 1)!

]

− e(w − 1)!P1(hA∩Cc
w
)

[
(w − 1)P1(hAc∩Cw) +

1

ew!

]
	����


ÝćÖ 	���
 Ēúą 0 ≤ (w − 1)P1(hAc∩Cc
w−1

) Ýąĕéš

0 ≤ (w − 1)P1(hAc∩Cc
w−1

)

≤ (w − 1)P1(hCc
w−1

)

≤ (w − 1)(w + 1)

eww!

=
(w − 1)(w + 1)

e(w − 1)!w2

<
1

e(w − 1)!

éĆÜîĆĚî e(w − 1)!P1(hA∩Cw)

[
(1− w)P1(hAc∩Cc

w−1
) +

1

e(w − 1)!

]
≥ 0

ÝćÖÙüćöÝøĉÜéĆÜÖúŠćü ÝąĕéšüŠć

0 ≤ e(w − 1)!P1(hA∩Cw)

[
(1− w)P1(hAc∩Cc

w−1
) +

1

e(w − 1)!

]

= P1(hA∩Cw)

[
e(w − 1)!(1− w)P1(hAc∩Cc

w−1
) + 1

]

= P1(hA∩Cw)

[
1− e(w − 1)!(w − 1)P1(hAc∩Cc

w−1
)

]

��



ĒúąđîČęĂÜÝćÖ {w} ⊆ Ac ∩ Cc
w−1 Ýąĕéš

0 ≤ e(w − 1)!P1(hA∩Cw)

[
(1− w)P1(hAc∩Cc

w−1
) +

1

e(w − 1)!

]

≤ P1(hA∩Cw)

[
1− e(w − 1)!(w − 1)P1(h{w})

]

= P1(hA∩Cw)

[
1− w − 1

w

]

=
1

w
P1(hA∩Cw) 	����


ÝćÖ 	���
 Ēúą (w − 1)(w + 2) < (w + 1)2 ÝąĕéšüŠć

0 ≤ e(w − 1)!P1(hA∩Cc
w
)

[
(w − 1)P1(hAc∩Cw) +

1

ew!

]

= P1(hA∩Cc
w
)

[
e(w − 1)!(w − 1)P1(hAc∩Cw) +

1

w

]

≤ e(w − 1)!(w − 1)P1(hCc
w
)P1(hAc∩Cw) +

1

w
P1(hA∩Cc

w
)

≤ (w − 1)(w + 2)

w(w + 1)2
P1(hAc∩Cw) +

1

w
P1(hA∩Cc

w
)

<
1

w
P1(hAc∩Cw) +

1

w
P1(hA∩Cc

w
) 	����


ÝćÖ 	����
 − 	����
 đöČęĂ w /∈ A Ýąĕéš

|∆gA(w)| <
1

w
P1(hA∩Cw) +

1

w
P1(hAc∩Cw) +

1

w
P1(hA∩Cc

w
)

≤ 1

w
P1(hA) +

1

w
P1(hAc)

=
1

w
	����


éĆÜîĆĚî ÝćÖÖøèĊìĊę � ĒúąÖøèĊìĊę � ÝąĕéšüŠć

|∆gA(w)| <
1

w

!

��



ìùþãĊïì ��� ĔĀš A ⊆ {0, 1, 2, . . . , n} ēé÷ìĊę A (= φ Ēúą A (= {0, 1, . . . , n}

ÖĈĀîéĔĀš wA = NBY{w0, w1} đöČęĂ w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A} Ēúą

w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A} ÝąĕéšüŠć

|∆gA(w)| <
1

wA

ìčÖ w ∈ {1, 2, . . . , n}

óĉÿĎÝîŤ ĔĀš w ∈ {1, 2, . . . , n}

đîČęĂÜÝćÖ w0 Ēúą w1 ĕöŠÿćöćøëöĊÙŠćđðŨî � óøšĂöÖĆîĕéš éĆÜîĆĚî wA ≥ 1

ëšć w ≥ wA ÝćÖïìêĆĚÜ ��� Ýąĕéš

|∆gA(w)| <
1

w
<

1

wA

éĆÜîĆĚî đøćÝċÜđĀúČĂÖćøóĉÿĎÝîŤĔîÖøèĊ w < wA

đøćĒïŠÜÖćøóĉÝćøèćĂĂÖđðŨî � ÖøèĊ ÙČĂ wA = w0 ĀøČĂ wA = w1

ÖøèĊìĊę � 1 ≤ w < wA Ēúą wA = w0

ÝćÖ w < w0 Ýąĕéš A ∩ Cw = Cw Ēúą A ∩ Cw−1 = Cw−1 ÝćÖÙüćöÝøĉÜéĆÜÖúŠćüĒúą 	���
 ÝąĕéšüŠć

∆gA(w) = ew!
[
P1(hA∩Cw)− P1(hA)P1(hCw)

]

− e(w − 1)!
[
P1(hA∩Cw−1)− P1(hA)P1(hCw−1)

]

= e(w − 1)!
[
wP1(hCw)− wP1(hA)P1(hCw)− P1(hCw−1) + P1(hA)P1(hCw−1)

]

= e(w − 1)!
[
wP1(hCw)P1(hAc)− P1(hCw−1)P1(hAc)

]

= e(w − 1)!P1(hAc)
[
wP1(hCw)− P1(hCw−1)

]

= e(w − 1)!P1(hAc)
[
(w − 1)P1(hCw) +

1

ew!

]

> 0 	����


��



ÝćÖ 	����

 ïìêĆĚÜ ��� Ēúą w ≤ w0 − 1 ÝąĕéšüŠć

|∆gA(w)| = e(w − 1)!P1(hAc)
[
(w − 1)P1(hCw) +

1

ew!

]

≤ e(w − 1)!P1(hAc)(w − 1) + P1(hAc)
1

w

≤ e(w0 − 2)!(w0 − 2)(w0 + 1)

ew0w0!
+

w0 + 1

ew0w0!

=
(w0 − 2)(w0 + 1)

(w0 − 1)w0w0
+

w0 + 1

ew0w0!

=
1

w0

[w2
0 − w0 − 2

(w0 − 1)w0
+

w0 + 1

ew0!

]

=
1

w0

[
1− 2

(w0 − 1)w0
+

w0 + 1

ew0!

]

ĒúąÝćÖïìêĆĚÜ ��� ìĈĔĀšĕéšüŠć

|∆gA(w)| <
1

w0

ÖøèĊìĊę � 1 ≤ w < wA Ēúą wA = w1

ÝćÖ w < w1 ÝąĕéšüŠć A ∩ Cw = φ = A ∩ Cw−1 ÝćÖÙüćöÝøĉÜéĆÜÖúŠćüĒúą 	���
 ÝąĕéšüŠć

∆gA(w) = ew!
[
P1(hA∩Cw)− P1(hA)P1(hCw)

]

− e(w − 1)!
[
P1(hA∩Cw−1)− P1(hA)P1(hCw−1)

]

= ew!
[
− P1(hA)P1(hCw)

]
− e(w − 1)!

[
− P1(hA)P1(hCw−1)

]

= e(w − 1)!P1(hA)
[
P1(hCw−1)− wP1(hCw)

]

= e(w − 1)!P1(hA)

[
(1− w)P1(hCw)−

1

ew!

]

< 0

éĆÜîĆĚî

|∆gA(w)| = e(w − 1)!P1(hA)
[
(w − 1)P1(hCw) +

1

ew!

]

��



ÝćÖïìêĆĚÜ ��� Ēúą w ≤ w1 − 1 ÝąĕéšüŠć

|∆gA(w)| ≤
[
e(w − 1)!(w − 1) +

1

w

]
P1(hA)

≤
[
e(w − 1)!(w − 1) + 1

](w1 + 1)

ew1w1!

≤ (w1 − 2)!(w1 − 2)(w1 + 1)

w1w1!
+

w1 + 1

ew1w1!

=
(w1 − 2)(w1 + 1)

(w1 − 1)w1w1
+

w1 + 1

ew1w1!

=
1

w1

[(w1 − 2)(w1 + 1)

(w1 − 1)w1
+

w1 + 1

ew1!

]

=
1

w1

[w2
1 − w1 − 2

(w1 − 1)w1
+

w1 + 1

ew1!

]

=
1

w1

[
1− 2

(w1 − 1)w1
+

w1 + 1

ew1!

]

ĒúąÝćÖïìêĆĚÜ ��� ìĈĔĀšĕéšüŠć

|∆gA(w)| <
1

w1

!

��



ïììĊę �

ìùþãĊïìĀúĆÖ

ĔîïìîĊĚđøćÝąĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßî đóČęĂðøĆïðøčÜ×Ăïđ×ê |P (Wn ∈ A)−P (P1 ∈ A)| ×ĂÜ

ðŦâĀćÖćøÝĆïÙĎŠìĊęĕéšÖúŠćüĕüšĔîïììĊę � đöČęĂ Wn đðŨîêĆüĒðøÿčŠöìĊęöĊÙŠćđðŨîÝĈîüîÿĉęÜ×ĂÜìĊęüćÜêøÜêĈĒĀîŠÜ

×ĂÜðŦâĀćÖćøÝĆïÙĎŠ àċęÜöĊìĆĚÜĀöé n êĈĒĀîŠÜ ĒêŠúąêĈĒĀîŠÜÿćöćøëüćÜÿĉęÜ×ĂÜĕéšđóĊ÷ÜêĈĒĀîŠÜúą � ÿĉęÜ

ÖĈĀîéĔĀš

Wn =
n∑

i=1

Xi

ÿĈĀøĆï i ∈ {1, 2, 3, . . . , n} ĔĀš

Xi =





1, ÿĉęÜ×ĂÜßĉĚîìĊę i üćÜêøÜêĈĒĀîŠÜìĊę i

0, ÿĉęÜ×ĂÜßĉĚîìĊę i üćÜĕöŠêøÜêĈĒĀîŠÜìĊę i

ēé÷đøćĕéšìùþãĊïìêŠĂĕðîĊĚ

ìùþãĊïì ��� ĔĀš A ⊆ {0, 1, 2, . . . , n} ēé÷ìĊę A (= φ Ēúą A (= {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2

wAn

đöČęĂ wA = NBY{w0, w1} ēé÷ìĊę w0 = NJO{w ∈ {0, 1, . . . , n}|w /∈ A}

Ēúą w1 = NJO{w ∈ {0, 1, . . . , n}|w ∈ A}

óĉÿĎÝîŤ ĔîÖćøóĉÿĎÝîŤ ïćđïĂøŤ ăĂúúŤĒúąđÝîÿĆî <�> ĕéšîĉ÷ćöêĆüĒðøÿčŠö Y i
j

ÿĈĀøĆï i ∈ {1, 2, . . . , n} Ēúą j ∈ {1, 2, 3, . . . , n} ēé÷ìĊę i (= j

ëšć Xi = 1 đøćÝąÖĈĀîéĔĀš Y i
j = Xj

ëšć Xi = 0 đøćÝąóĉÝćøèćđĀêčÖćøèŤìĊęöĊÖćøÝĆïÙĎŠ n− 1 ÙĎŠ ēé÷ìĊęĕöŠøüöÙĎŠ i ĒúąÖĈĀîé

Y i
j =





1, ëšćÿĉęÜ×ĂÜßĉĚîìĊę j ëĎÖüćÜúÜïîêĈĒĀîŠÜìĊę j

0, ëšćÿĉęÜ×ĂÜßĉĚîìĊę j ĕöŠëĎÖüćÜúÜïîêĈĒĀîŠÜìĊę j

ÖĈĀîéĔĀš

W ∗
n,i =

n∑

j=1
j &=i

Y i
j

��



éĆÜîĆĚî đøćÝąĕéšüŠć ëšć Xi = 1 Ēúšü W ∗
n,i = Wn − 1

đîČęĂÜÝćÖÙèĉîìøŤĒúąÖùþèą <��> Āîšć �� ĕéšĒÿéÜĕüšüŠć

E[gA(Wn + 1)−WngA(Wn)] ≤
1

n

n∑

i=1

TVQ
w≥1

|∆gA(w)|E|(Wn −W ∗
n,i)|

Ēúą

E|Wn −W ∗
n,i| ≤

2

n

éĆÜîĆĚî

E[gA(Wn + 1)−WngA(Wn)] ≤
2

n
TVQ
w≥1

|∆gA(w)| 	���


ÝćÖ 	���
 ĒúąìùþãĊïì ��� ÝąĕéšüŠć

|E[gA(Wn + 1)−WngA(Wn)]| ≤
2

wAn

đîČęĂÜÝćÖ

|P (Wn ∈ A)− P (P1 ∈ A)| = |E[gA(Wn + 1)−WngA(Wn)]|

éĆÜîĆĚî

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2

wAn

!

ïìêĆĚÜ ��� ÿĈĀøĆï n ∈ N ∪ {0} ÝąĕéšüŠć

�� 0 ≤
∞∑

j=n

(−1)j

j!
≤ 1

n!
đöČęĂ n đðŨîÝĈîüîÙĎŠ

�� − 1

n!
≤

∞∑

j=n

(−1)j

j!
≤ 0 đöČęĂ n đðŨîÝĈîüîÙĊę

��
∣∣∣

∞∑

j=n

(−1)j

j!

∣∣∣ ≤
1

n!

óĉÿĎÝîŤ �� ĔĀš n đðŨîÝĈîüîÙĎŠĒúą k ∈ N àċęÜ k ≥ n ēé÷đøćÝąĒïŠÜ k ĂĂÖđðŨî � ÖøèĊ ÙČĂ k đðŨî

ÝĈîüîÙĊę ĀøČĂ k đðŨîÝĈîüîÙĎŠ

��



ÖøèĊìĊę � k đðŨîÝĈîüîÙĊęĒúą k > n ÝąĕéšüŠć

k∑

j=n

(−1)j

j!
=

1

n!
− 1

(n+ 1)!
+

1

(n+ 2)!
− 1

(n+ 3)!
+ . . .+

1

(k − 1)!
− 1

k!

=
[ 1

n!
− 1

(n+ 1)!

]
+
[ 1

(n+ 2)!
− 1

(n+ 3)!

]
+ . . .+

[ 1

(k − 1)!
− 1

k!

]

≥ 0

ÝćÖÙüćöÝøĉÜ×šćÜêšîĒúąÙüćöÝøČÜìĊęüŠć

k∑

j=n

(−1)j

j!
=

1

n!
− 1

(n+ 1)!
+

1

(n+ 2)!
− 1

(n+ 3)!
+ . . .+

1

(k − 1)!
− 1

k!

=
1

n!
−

[ 1

(n+ 1)!
− 1

(n+ 2)!
+ . . .+

1

k!

]

=
1

n!
−

[ 1

(n+ 1)!
− 1

(n+ 2)!

]
− . . .−

[ 1

(k − 2)!
− 1

(k − 1)!

]
− 1

k!

≤ 1

n!

éĆîîĆĚî

0 ≤
k∑

j=n

(−1)j

j!
≤ 1

n!
	���


ÝćÖ 	���
 Ēúą
k∑

j=n

(−1)j

j!
đðŨîĂîčÖøöúĎŠđ×šć ÝąĕéšüŠć

0 ≤
∞∑

j=n

(−1)j

j!
≤ 1

n!

ÖøèĊìĊę � k đðŨîÝĈîüîÙĎŠÝąĕéšüŠć

k∑

j=n

(−1)j

j!
=

1

n!
− 1

(n+ 1)!
+

1

(n+ 2)!
− 1

(n+ 3)!
+ . . .− 1

(k − 1)!
+

1

k!

=
[ 1

n!
− 1

(n+ 1)!

]
+
[ 1

(n+ 2)!
− 1

(n+ 3)!

]
+ . . .+

[ 1

(k − 2)!
− 1

(k − 1)!

]
+

1

k!

≥ 0

��



ÝćÖÙüćöÝøĉÜ×šćÜêšîĒúąÙüćöÝøĉÜìĊęüŠć

k∑

j=n

(−1)j

j!
=

1

n!
− 1

(n+ 1)!
+

1

(n+ 2)!
− 1

(n+ 3)!
+ . . .− 1

(k − 1)!
+

1

k!

=
1

n!
−

[ 1

(n+ 1)!
− 1

(n+ 2)!
+ . . .+

1

(k − 1)!
− 1

k!

]

=
1

n!
−

[ 1

(n+ 1)!
− 1

(n+ 2)!

]
−

[ 1

(n+ 3)!
− 1

(n+ 4)!

]
− . . .−

[ 1

(k − 1)!
− 1

k!

]

≤ 1

n!

éĆÜîĆĚî

0 ≤
k∑

j=n

(−1)j

j!
≤ 1

n!
	���


ÝćÖ 	���
 Ēúą
k∑

j=n

(−1)j

j!
đðŨîĂîčÖøöúĎŠđ×šć ÝąĕéšüŠć

0 ≤
∞∑

j=n

(−1)j

j!
≤ 1

n!

éĆÜîĆĚî ÝćÖÖøèĊìĊę � ĒúąÖøèĊìĊę � đöČęĂ n đðŨîÝĈîüîÙĎŠ ÝąĕéšüŠć

0 ≤
∞∑

j=n

(−1)j

j!
≤ 1

n!

�� ĔĀš n đðŨîÝĈîüîÙĊęĒúą k ∈ N àċęÜ k ≥ n ēé÷đøćÝąĒïŠÜ k ĂĂÖđðŨî � ÖøèĊÙČĂ k đðŨîÝĈîüîÙĊę

ĀøČĂ k đðŨîÝĈîüîÙĎŠ

ÖøèĊìĊę � k đðŨîÝĈîüîÙĎŠĒúą k ≥ n ÝąĕéšüŠć

k∑

j=n

(−1)j

j!
= − 1

n!
+

1

(n+ 1)!
− 1

(n+ 2)!
+

1

(n+ 3)!
− . . .− 1

(k − 1)!
+

1

k!

=
[
− 1

n!
+

1

(n+ 1)!

]
+ . . .+

[
− 1

(k − 1)!
+

1

(n+ k)!

]

≤ 0

��



ÝćÖÙüćöÝøĉÜ×šćÜêšîĒúąÙüćöÝøĉÜìĊęüŠć
k∑

j=n

(−1)j

j!
= − 1

n!
+

1

(n+ 1)!
− 1

(n+ 2)!
+

1

(n+ 3)!
− . . .− 1

(k − 1)!
+

1

k!

= − 1

n!
+
[ 1

(n+ 1)!
− 1

(n+ 2)!
+

1

(n+ 3)!
− . . .− 1

(k − 1)!

]
+

1

k!

= − 1

n!
+
[ 1

(n+ 1)!
− 1

(n+ 2)!

]
+ . . .+

[ 1

(k − 2)!
− 1

(k − 1)!

]
+

1

k!

≥ − 1

n!

éĆÜîĆĚî

− 1

n!
≤

k∑

j=n

(−1)j

j!
≤ 0 	���


ÝćÖ 	���
 Ēúą
k∑

j=n

(−1)j

j!
đðŨîĂîčÖøöúĎŠđ×šć ÝąĕéšüŠć

− 1

n!
≤

∞∑

j=n

(−1)j

j!
≤ 0

ŠÖøèĊìĊę � k đðŨîÝĈîüîÙĊęĒúą k > n ÝąĕéšüŠć
k∑

j=n

(−1)j

j!
= − 1

n!
+

1

(n+ 1)!
− 1

(n+ 2)!
+

1

(n+ 3)!
− . . .− 1

(k − 1)!
− 1

k!

=
[
− 1

n!
+

1

(n+ 1)!

]
− . . .+

[ 1

(k − 2)!
− 1

(k − 1)!

]
− 1

k!

≤ 0

ÝćÖÙüćöÝøĉÜ×šćÜêšîĒúąÙüćöÝøĉÜìĊęüŠć
k∑

j=n

(−1)j

j!
= − 1

n!
+

1

(n+ 1)!
− 1

(n+ 2)!
+

1

(n+ 3)!
− . . .− 1

(k − 1)!
+

1

k!

= − 1

n!
+
[ 1

(n+ 1)!
− 1

(n+ 2)!

]
+ . . .+

[ 1

(k − 1)!
− 1

k!

]

≥ − 1

n!

éĆÜîĆĚî

− 1

n!
≤

k∑

j=n

(−1)j

j!
≤ 0 	���


��



ÝćÖ 	���
 Ēúą
k∑

j=n

(−1)j

j!
đðŨîĂîčÖøöúĎŠđ×šć ÝąĕéšüŠć

− 1

n!
≤

∞∑

j=n

(−1)j

j!
≤ 0

éĆÜîĆĚî ÝćÖÖøèĊìĊę � ĒúąÖøèĊìĊę � đöČęĂ n đðŨîÝĈîüîÙĊęÝąĕéšüŠć

− 1

n!
≤

∞∑

j=n

(−1)j

j!
≤ 0

�� ĕéšēé÷êøÜÝćÖ×šĂìĊę �� Ēúą×šĂìĊę ��

!

ìùþãĊïì ��� ÿĈĀøĆï w ∈ {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn = w)− P (P1 = w)| ≤ 1

w!(n− w + 1)!

óĉÿĎÝîŤ ÝćÖ <��> Āîšć ��� đøćìøćïüŠć

P (Wn = k) =
1

k!

n−k∑

j=0

(−1)j

j!
	���


éĆÜîĆĚî

|P (Wn = w)− P (P1 = w)| =
∣∣∣
1

w!

n−w∑

j=0

(−1)j

j!
− 1

ew!

∣∣∣

=
1

w!

∣∣∣
n−w∑

j=0

(−1)j

j!
− 1

e

∣∣∣

=
1

w!

∣∣∣
n−w∑

j=0

(−1)j

j!
−

∞∑

j=0

(−1)j

j!

∣∣∣

=
1

w!

∣∣∣
∞∑

j=n−w+1

(−1)j

j!

∣∣∣

ēé÷ïìêĆĚÜ ��� ÝąĕéšüŠć

|P (Wn = w)− P (P1 = w)| ≤ 1

w!(n− w + 1)!

!

��



ïìĒìøÖ ��� ÿĈĀøĆï w ∈ {0, 1, . . . , n− 1} ÝąĕéšüŠć

|P (Wn ≤ w)− P (P1 ≤ w)| =






1

(n+ 1)!
, w = 0

1

n!
, w = 1

2

(w + 1)n
, w ≥ 2

óĉÿĎÝîŤ ĔîÖøèĊ w = 0 Ēúą w ≥ 2 ĕéšēé÷êøÜÝćÖ ìùþãĊïì ��� ĒúąìùþãĊïì ��� êćöúĈéĆï

éĆÜîĆĚîÝąđĀúČĂÖćøóĉÿĎÝîŤÖøèĊ w = 1 àċęÜÿćöćøëóĉÿĎÝîŤĕéšéĆÜîĊĚ

đîČęĂÜÝćÖ 	���
 Ýąĕéš

|P (Wn ≤ 1)− P (P1 ≤ 1)| = |P (Wn = 0) + P (Wn = 1)− P (P1 = 0)− P (P1 = 1)|

=
∣∣∣

n∑

j=0

(−1)j

j!
+

n−1∑

j=0

(−1)j

j!
− 2

e

∣∣∣

=
∣∣∣

n∑

j=0

(−1)j

j!
+

n−1∑

j=0

(−1)j

j!
−

∞∑

j=0

(−1)j

j!
−

∞∑

j=0

(−1)j

j!

∣∣∣

=
∣∣∣

∞∑

j=n+1

(−1)j

j!
+

∞∑

j=n

(−1)j

j!

∣∣∣

ëšć n đðŨîđú×ÙĎŠ ÝąĕéšüŠć n+ 1 đðŨîđú×ÙĊę ÝćÖïìêĆĚÜ ��� ×šĂìĊę �� Ēúą×šĂìĊę �� Ýąĕéš

0 ≤
∞∑

j=n

(−1)j

j!
≤ 1

n!
Ēúą − 1

(n+ 1)!
≤

∞∑

j=n+1

(−1)j

j!
≤ 0

éĆÜîĆĚî

− 1

n!
≤ − 1

(n+ 1)!
≤

∞∑

j=n+1

(−1)j

j!
+

∞∑

j=n

(−1)j

j!
≤ 1

n!

àċęÜìĈĔĀš
∣∣∣

∞∑

j=n+1

(−1)j

j!
+

∞∑

j=n

(−1)j

j!

∣∣∣ ≤
1

n!

ĒúąĔîìĈîĂÜđéĊ÷üÖĆî ëšć n đðŨîđú×ÙĊę đøćÿćöćøëĒÿéÜĕéšüŠć
∣∣∣

∞∑

j=n+1

(−1)j

j!
+

∞∑

j=n

(−1)j

j!

∣∣∣ ≤
1

n!

��



ÝċÜÿøčðĕéšüŠć

|P (Wn ≤ 1)− P (P1 ≤ 1)| ≤ 1

n!

!

×šĂÿĆÜđÖê

�� ÝćÖ 	���
 ĔîïììĊę � ÜćîüĉÝĆ÷×ĂÜïćøŤđïĂøŤ
 ăĂúúŤĒúąđÝîÿĆî 	<�>
 ÝąĕéšüŠć

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2(1− e−1)

n

đöČęĂđðøĊ÷ïđìĊ÷ïÖĆïìùþãĊïì ��� ÝąđĀĘîüŠć

1

wA
≤ 1− 1

e
đöČęĂ wA ≥ 2

éĆÜîĆĚî ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� éĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜ

ïćøŤđïĂøŤ
 ăĂúúŤĒúąđÝîÿĆî 	<�>
 đöČęĂ wA ≥ 2

�� ÝćÖ 	���
 ĔîïììĊę � ÜćîüĉÝĆ÷×ĂÜÙèĉîìøŤĒúąÖùþèą 	<��>
 đöČęĂ w ∈ {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn ≤ w)− P (P1 ≤ w)| =






2

en
, w = 0

2(1− 2e−1)

n
, w = 1

2.08

(w + 1)n
, w ≥ 2

đöČęĂđðøĊ÷ïđìĊ÷ïÖĆïïìĒìøÖ ��� óïüŠć ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜïìĒìøÖ ��� éĊÖüŠć×ĂÜÜćîüĉÝĆ÷

×ĂÜÙèĉîìøŤĒúąÖùþèą 	<��>


�� ÝćÖ 	���
 ĔîïììĊę � ÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>
 đöČęĂ A ⊆ {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn ∈ A)− P (P1 ∈ A)| ≤






2

n
, MA ≤ 1

2e

n(MA + 1)
, MA ≥ 2

ēé÷ìĊę

MA =





NBY{w|Cw ⊆ A} đöČęĂ 0 ∈ A

NJO{w|w ∈ A} đöČęĂ 0 /∈ A

��



ÖøèĊ 0 /∈ A ÝąĕéšüŠć w0 = 0 Ēúą w1 = MA éĆÜîĆĚî wA = MA

đöČęĂîĈöćđðøĊ÷ïđìĊ÷ïÖĆïìùþãĊïì ��� ÝąĕéšüŠć ëšć MA = 1 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ

ìùþãĊïì ��� öĊÙŠćđìŠćÖĆï×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>


ëšć MA ≥ 2 Ýąĕéš

1

MA
≤ e

(MA + 1)

éĆÜîĆĚî ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� éĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷Ť

	<�>


ÖøèĊ 0 ∈ A ÝąĕéšüŠć w1 = 0 Ēúą w0 = MA + 1 éĆÜîĆĚî wA = MA + 1

đöČęĂîĈöćđðøĊ÷ïđìĊ÷ïÖĆïìùþãĊïì ��� ÝąĕéšüŠć ëšć MA = 0 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ

ìùþãĊïì ��� öĊÙŠćđìŠćÖĆï×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ 	<�>


ëšć MA = 1 Ēúšü×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ ìùþãĊïì ��� öĊÙŠćéĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćî

üĉÝĆ÷×ĂÜìĉóüĆú÷ŤĒúąÙèĉîìøŤ <�>

ëšć MA ≥ 2 Ýąĕéš

1

MA + 1
≤ e

(MA + 1)

éĆÜîĆĚî ×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜìùþãĊïì ��� éĊÖüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÜćîüĉÝĆ÷×ĂÜìĉóüĆú÷Ť

ĒúąÙèĉîìøŤ 	<�>


�� ÝćÖ 	���
 ĔîïììĊę � ÜćîüĉÝĆ÷×ĂÜóĉÝĉêøĒúąÖùþèą 	<�>
 đöČęĂ w ∈ {0, 1, . . . , n} ÝąĕéšüŠć

|P (Wn = w)− P (P1 = w)| =






0.736

n
,w = 0

1.266

n
,w = 1

2

n

[ 0.482

(w + 1)!
+

1

w

]
, w ≥ 2

ÖøèĊ w ≥ 2 đîČęĂÜÝćÖ
1

w!(n− w + 1)!
≤ 2

nw
ÝąĕéšüŠć

1

w!(n− w + 1)!
≤ 0.964

n(w + 1)!
+

2

nw

=
2

n

[ 0.482

(w + 1)!
+

1

w

]

��
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 ìùþãĊÙüćöîŠćÝąđðŨî×ĆĚîÿĎÜĒúą×Ăïđ×êÖćøðøąöćèÙŠć, óĉöóŤÙøĆĚÜìĊę��

ÖøčÜđìóöĀćîÙø � ēøÜóĉöóŤĀšćÜĀčšîÿŠüîÝĈÖĆéóĉìĆÖþŤÖćøóĉöóŤ
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� ×Ăïđ×ê×ĂÜÖćøðøąöćèÙŠćĒïïÝčéÿĈĀøĆïðŦâĀć
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"QQMJFE .BUIFNBUJDBM 4DJFODFT
 7PM� �
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 1SPD� 4JYUI #FSLFMFZ 4ZNQPT. .BUI,

4UBUJTU�1SPCBC �, 	����
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<��> ,� 5FFSBQBCPMBSO
 BOE ,� /FBNNBOFF
 1PJTTPO BQQSPYJNBUJPO GPS TVNT PG

EFQFOEFOU #FSOPVMMJ SBOEPN WBSJBCMFT
 "DUB .BUI, 	����
 : QQ� �� ı ���
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õćÙñîüÖ

ĒïïđÿîĂĀĆü×šĂēÙøÜÜćî øć÷üĉßć ������� 1SPKFDU 1SPQPTBM

ðŘÖćøýċÖþć ����

ßČęĂēÙøÜÜćî 	õćþćĕì÷
 ÖćøðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠćÿĈĀøĆïðŦâĀćÖćøÝĆïÙĎŠéšü÷

ÖćøĒÝÖĒÝÜðŦüàÜ

ßČęĂēÙøÜÜćî 	õćþćĂĆÜÖùþ
 *NQSPWFNFOU CPVOET PG BQQSPYJNBUJPO GPS .BUDIJOH

1SPCMFN CZ 1PJTTPO EJTUSJCVUJPO

ĂćÝćø÷ŤìĊęðøċÖþć ýćÿêøćÝćø÷Ť éø�Öùþèą đîĊ÷ööèĊ

ñĎšéĈđîĉîÖćø îćÜÿćüíîĆßßć ïčââą đú×ðøąÝĈêĆüîĉÿĉê ����������

ÿć×ćüĉßćÙèĉêýćÿêøŤ

õćÙüĉßćÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ

Ùèąüĉì÷ćýćÿêøŤ ÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷

ĀúĆÖÖćøĒúąđĀêčñú

ðŦâĀćÖćøÝĆïÙĎŠ 	NBUDIJOH QSPCMFN
 đøĉęööĊÖćøýċÖþćēé÷ 1JFSSF 3FNPOE EF .POUNPSU

ĔîðŘ Ù�ý����� <�> ēé÷óĉÝćøèćÿĉęÜ×ĂÜ n ÿĉęÜ ìĊęöĊĀöć÷đú× 1, 2,ļ, n ÖĈÖĆï ĒúąöĊêĈĒĀîŠÜÖćøüćÜĂ÷ĎŠ n

êĈĒĀîŠÜ ēé÷ĒêŠúąêĈĒĀîŠÜÿćöćøëüćÜĕéšêĈĒĀîŠÜúą � ÿĉęÜ ðŦâĀćÖćøÝĆïÙĎŠìĊęđøćÿîĔÝ ÙČĂ ÙüćöîŠćÝą

đðŨî×ĂÜÝĈîüîÿĉęÜ×ĂÜìĊęüćÜÿĉęÜ×ĂÜêøÜêĈĒĀîŠÜ đøćđøĊ÷ÖðŦâĀćîĊĚüŠćðŦâĀćÖćøÝĆïÙĎŠ àċęÜðŦâĀćÖćøÝĆïÙĎŠ

ÿćöćøëîĈĕððøą÷čÖêŤĔßšĕéšĂ÷ŠćÜÖüšćÜ×üćÜ đßŠî ÖćøÝĆïÙĎŠĀćêĆü÷ćìĊęöĊðøąÿĉìíĉõćóĔîÖćøøĆÖþć ÖćøÝĆé

ÙîÜćîĔĀšđĀöćąÿöÖĆïÜćî đðŨîêšî

ÿĈĀøĆï i ∈ 1, 2, 3, . . . , n ÖĈĀîéĔĀš

Xi =





1, ÿĉęÜ×ĂÜßĉĚîìĊę i üćÜêøÜêĈĒĀîŠÜìĊę i

0, ÿĉęÜ×ĂÜßĉĚîìĊę i üćÜĕöŠêøÜêĈĒĀîŠÜìĊę i

ÝąĕéšüŠć

P (Xi = 1) =
(n− 1)!

n!
=

1

n

ÖĈĀîéĔĀš Wn ÙČĂ êĆüĒðøÿčŠöìĊęöĊÙŠćđðŨîÝĈîüîÿĉęÜ×ĂÜìĊęüćÜêøÜêĈĒĀîŠÜ îĆęîÙČĂ Wn =
n∑

i=1

Xi
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ÿĆÜđÖêĕéšüŠć êĆüĒðøÿčŠö X1, X2, . . . , Xn ĕöŠĂĉÿøąêŠĂÖĆî

ĔîðŘ Ù�ý����� ïćøŤđïĂøŤ
 ăĂúúŤĒúąđÝîÿĆî <�> ĕéšĔĀš×Ăïđ×êðøąöćèÙŠćÖćøĒÝÖĒÝÜ×ĂÜ Wn

éšü÷ÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ λ = 1 ēé÷ìĊę A ⊆ {0, 1, . . . , n} ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ 2(1− e−1)

n

đöČęĂ P1 ÙČĂêĆüĒðøÿčŠöðŦüàÜìĊęöĊóćøćöĉđêĂøŤ λ = 1 îĆęîÙČĂ P (P1 = k) =
e−1

k!
ÿĈĀøĆï k = 0, 1, . . .

êŠĂöćĔîðŘ Ù�ý����� ÙèĉîìøŤĒúąÖùþèą <�> óĉÝćøèć A = {0, 1, 2, ..., w2} ēé÷ìĊę

w2 ∈ {0, 1, . . . , n} ēé÷ĕéšĀć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜ Wn éšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ

óćøćöĉđêĂøŤ λ = 1 ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn ∈ A)− P (P1 ∈ A)| ≤ ∆(n,w2)

đöČęĂ

∆(n,w2) =






2

en
, w2 = 0

2(1− 2e−1)

n
, w2 = 1

2.08

(w2 + 1)n
, w2 ≥ 2

ĔîðŘ Ù�ý����� óĉÝĉêøĒúąÖùþèą <�> óĉÝćøèć A = {w2} ēé÷ĕéšĀć×Ăïđ×êÖćøðøąöćèÙŠć

×ĂÜ Wn éšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ λ = 1 ĕéšñúúĆóíŤéĆÜîĊĚ

|P (Wn = w2)− P (P1 = w2)| ≤
2

n
δw2

ēé÷ìĊę

δw2 =






0.368, w2 = 0

0.633, w2 = 1

0.482

(w2 + 1)!
+

1

w2
, w2 ≥ 2

ÝćÖÜćîüĉÝĆ÷×šćÜêšî ÝąđĀĘîüŠć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜÙèĉîìøŤĒúąÖùþèą ÖĆï×ĂÜóĉÝĉêøĒúą

Öùþèą öĊÙŠćîšĂ÷ÖüŠŠćÙŠć×ĂÜïćøŤđïĂøŤ ăĂúúŤĒúąđÝîÿĆî đöČęĂÖĈĀîé A = {0, 1, 2, . . . , w2} Ēúą

��



A = {w2} êćöúĈéĆï ÜćîüĉÝĆ÷ìĊęĕéšÖúŠćüöćîĊĚĕéšĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßî 	4UFJO�$IFOĴT NFUIPE
 Ĕî

ÖćøĀć×Ăïđ×êÖćøðøąöćèÙŠć

ĔîēÙøÜÜćîîĊĚđøćÝąðøĆïðøčÜ×Ăïđ×êÖćøðøąöćèÙŠć ēé÷ðøąöćèÙŠć×ĂÜ P (W1 ∈ A) éšü÷

P (P1 ∈ A) ēé÷ĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßîĔîÖćøĀć×Ăïđ×êÖćøðøąöćèÙŠćéšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ

óćøćöĉđêĂøŤ �

ĔîðŘ Ù�ý����� <�> đßîîĈĒîüÙĉé×ĂÜÿĕêîŤðŘ ���� <�> öćðøą÷čÖêŤÖĆïÖćøðøąöćèÙŠćéšü÷

ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ ēé÷ĕéšÿøšćÜÿöÖćø×ĂÜÿĕêîŤÿĈĀøĆïôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ

ÿĈĀøĆï h, g : N ∪ {0} → R ìĊęđðŨîôŦÜÖŤßĆîìĊęöĊ×Ăïđ×êĒúą λ > 0 ÖĈĀîéĔĀš

Pλ(h) = E(h(P1)) =
∞∑

l=0

h(l)
e−λλl

l!

đøćÝąđøĊ÷ÖÿöÖćøñúêŠćÜ

λg(w + 1)− wg(w) = h(w)− Pλ(h) ;w = 0, 1, 2, . . .

üŠć ÿöÖćø×ĂÜÿĕêîŤÿĈĀøĆïôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ 	4UFJOĴT FRVBUJPO GPS 1PJTTPO EJTUSJCVUJPO

GVODUJPO


ÝćÖ ÿöÖćø×ĂÜÿĕêîŤÿĈĀøĆïôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ ĀćÖđøćđúČĂÖôŦÜÖŤßĆî h ìĊęđĀöćąÿö đßŠî

ĔĀš A ⊆ N ∪ {0} Ēúą h = hA ēé÷ìĊę

hA(w) =





1 , w ∈ A

0 , w /∈ A

Ēúą Pλ(h) = P1(h) ÝąĕéšüŠć

λg(w + 1)− wg(w) = hA(w)− P1(h) ;w = 0, 1, 2, . . .

ĔĀš gA đðŨîÙĈêĂï×ĂÜÿöÖćøÖŠĂîĀîšć ëšćđøćĒìî w éšü÷êĆüĒðøÿčŠö Wn ĒúąĀćÙŠćÙćéÙąđî×ĂÜìĆĚÜÿĂÜ

×šćÜ đøćÝąĕéš

P (Wn ∈ A)− P (P1 ∈ A) = E[gA(Wn + 1)−WngA(Wn)]

éĆÜîĆĚî đøćÿćöćøëĀć×Ăïđ×ê×ĂÜ

|P (Wn ∈ A)− P (P1 ∈ A)|

��



ÝćÖ×Ăïđ×ê

|E[gA(Wn + 1)−WngA(Wn)]|

Ēìîĕéš

üĆêëčðøąÿÜÙŤ

ēÙøÜÜćîîĊĚöĊüĆêëčðøąÿÜÙŤìĊęÝąĔßšüĉíĊ×ĂÜÿĕêîŤĒúąđßîĔîÖćøðøĆïðøčÜ×Ăïđ×ê×ĂÜÖćøðøąöćèÙŠć

×ĂÜðŦâĀćÖćøÝĆïÙĎŠéšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜóćøćöĉđêĂøŤ �

×Ăïđ×ê×ĂÜēÙøÜÜćî

ĔîēÙøÜÜćîîĊĚÝąýċÖþć ÙüćöîŠćÝąđðŨî×ĂÜðŦâĀćÖćøÝĆïÙĎŠ ēé÷ÖćøðøąöćèÙŠćéšü÷ÖćøĒÝÖĒÝÜðŦü

àÜ ĒúąĀć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜðŦâĀćÖćøÝĆïÙĎŠ

üĉíĊÖćøéĈđîĉîÖćø

�� ýċÖþćðŦâĀć ÿČïÙšî×šĂöĎúđóĉęöđêĉöđÖĊę÷üÖĆïÜćîüĉÝĆ÷ ĒúąÖĈĀîéĀĆü×šĂìĊęÝąýċÖþć

�� Āć×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜðŦâĀćÖćøÝĆïÙĎŠēé÷ĔßšüĉíĊÿĕêîŤĒúąđßî

�� êøüÝÿĂïÙüćöëĎÖêšĂÜ×ĂÜñúÖćøéĈđîĉîÜćî

�� ÿøčðĒúąÝĆéìĈøĎðđúŠöøć÷Üćî

��



üĉíĊÖćøéĈđîĉîÜćî ÿĉÜĀćÙö ���� � đöþć÷î ����

ÿ�Ù� Ö�÷�� ê�Ù� ó�÷� í�Ù� ö�Ù� Ö�ó� öĊ�Ù� đö�÷�

�� ýċÖþćðŦâĀć ÿČïÙšî×šĂöĎúđóĉęö

đêĉöđÖĊę÷üÖĆïÜćîüĉÝĆ÷ĒúąÖĈĀîé

ĀĆü×šĂìĊęÝąýċÖþć

�� Āć×Ăïđ×êÖćøðøąöćèÙŠć

×ĂÜðŦâĀćÖćøÝĆïÙĎŠēé÷ĔßšüĉíĊ

ÿĕêîŤĒúąđßî

�� êøüÝÿĂïÙüćöëĎÖêšĂÜ×ĂÜñú

ÖćøéĈđîĉîÜćî

�� ÿøčðĒúąÝĆéìĈøĎðđúŠöøć÷Üćî

ðøąē÷ßîŤìĊęÙćéüŠćÝąĕéšøĆï

ĕéš×Ăïđ×êÖćøðøąöćèÙŠć×ĂÜđàê A Ĕé ė ×ĂÜðŦâĀćÖćøÝĆïÙĎŠéšü÷ôŦÜÖŤßĆîÖćøĒÝÖĒÝÜðŦüàÜ

óćøćöĉđêĂøŤ �

ĂčðÖøèŤĒúąđÙøČęĂÜöČĂìĊęĔßš

�� Öøąéćþ "�

�� /PUFCPPL

�� ēðøĒÖøö .JDSPTPGU 8PSE Ēúą ēðøĒÖøö -B5FY

�� ĂčðÖøèŤÝĆéđÖĘï×šĂöĎú

��



đĂÖÿćøĂšćÜĂĉÜ

<�> óĉÝĉêø đÝøĉâñú Ēúą Öùþèą đîĊ÷ööèĊ� 	����
� ×Ăïđ×ê×ĂÜÖćøðøąöćèÙŠćĒïïÝčéÿĈĀøĆïðŦâĀć
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 $MBSFOEPO 1SFTT
 0YGPSE 6OJWFSTJUZ
 �����

<�> -� :� )� $IFO
 1PJTTPO BQQSPYJNBUJPO GPS EFQFOEFOU USJBMT
 "OOBMT PG 1SPCBCJMJUZ �


	����
 : QQ� ��� ı ����

<�> 1�3� EF .POUNPSU
 &TTBZ EĴ"OBMZTF TVS MFT +FVY EF )B[BSE, 2VJMMBV
 1BSJT


QVCMJTIFE BOPOZNPVTMZ
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<�> 5� 4VOUJQJXBOPO
 BOE ,� 5FFSBQBCPMBSO
 5XP OPO�VOJGPSN JO UIF 1PJTTPO

BQQSPYJNBUJPO PG TVNT PG EFQFOEFOU JOEJDBUPS
 5IBJ +PVSOBM PG .BUIFNBUJDT,

	����
 : QQ� �� ı ���

<�> $� 4UFJO
 " CPVOE GPS UIF FSSPS JO OPSNBM BQQSPYJNBUJPO UP UIF EJTUSJCVUJPO

PG B TVN PG EFQFOEFOU SBOEPN WBSJBCMFT
 1SPD� 4JYUI #FSLFMFZ 4ZNQPT. .BUI,

4UBUJTU�1SPCBC �, 	����
 : QQ� ��� ı ����

<�> ,� 5FFSBQBCPMBSO
 BOE ,� /FBNNBOFF
 " OPO�VOJGPSN CPVOE PO NBUDIJOH QSPCMFN


,ZVOHQPPL .BUI, 	����
 : QQ� ��� ı ����
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ðøąüĆêĉñĎšđ×Ċ÷î

îćÜÿćüíîĆßßć ïčââą

đú×ðøąÝĈêĆüîĉÿĉê ����������

ÿć×ćüĉßćÙèĉêýćÿêøŤ

õćÙüĉßćÙèĉêýćÿêøŤĒúąüĉì÷ćÖćøÙĂöóĉüđêĂøŤ

Ùèąüĉì÷ćýćÿêøŤ ÝčāćúÜÖøèŤöĀćüĉì÷ćúĆ÷

��
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