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บททĊę 1 
บทนĞć 

 
ĔîðŘǰค.ý.ǰ2019 Burshteinǰ[1] ĕéšýċกþćÿöกćøĕéēĂĒôîĕìîŤĔîøĎðǰA2 – B2 = Z4 ĒúąĕéšขšĂ

ÿøčðüŠćǰ 
(1) ëšćǰAǰĒúą B đðŨîจĞćîüîđฉóćąคĊęǰĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊñúđฉú÷đóĊ÷งĀîċęง

đéĊ÷üǰคČĂǰ(A,ǰB,ǰZ) = (5,ǰ3,ǰ2)  
(2)ǰëšćǰBǰđðŨîจĞćîüîđฉóćąìĊęĂ÷ĎŠĔîøĎðǰ4N + 3 đöČęĂǰNǰ>ǰ0 ĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćü

ĕöŠöĊñúđฉú÷ǰǰ 
(3)ǰëšćǰBǰđðŨîจĞćîüîđฉóćąìĊęĂ÷ĎŠĔîøĎðǰ4Nǰ+ǰ1ǰĒúą N ÿĂéคúšĂงđงČęĂîĕข (i)ǰNǰ=ǰL2 Ēúą (ii)ǰ

2Nǰ+ǰ1ǰ=ǰM2 ĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊñúđฉú÷đðŨîǰ (A,ǰB,ǰZ) =ǰ(4L2M2ǰ+ǰ1, 4L2ǰ+ǰ1,ǰ
2LM) Ēúą 

(4)ǰëšćǰBǰđðŨîจĞćîüîðøąกĂïìĊęĂ÷ĎŠĔîøĎðǰ12Nǰ+ǰ3 Ēúą N ÿĂéคúšĂงđงČęĂîĕข (i)ǰ3Nǰ+ǰ1ǰ 
= Q2 (ii)ǰ6Nǰ+ǰ1ǰ=ǰR2 ĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊñúđฉú÷đðŨîǰ(A,ǰB,ǰZ) =ǰ(4(6Nǰ+ǰ1)(3Nǰ+ǰ
1)ǰ+ǰ1,ǰ3(4Nǰ+ǰ1), 2QR)  

ēé÷ĔîงćîüĉจĆ÷îĊĚǰĕéšöĊคĞćëćöìĊęìšćìć÷üŠćǰëšćǰA đðŨîจĞćîüîđฉóćąǰĒúąǰBǰđðŨîจĞćîüîðøąกĂïǰ
ĒúšüÿöกćøĕéēĂĒôîĕìîŤǰA2 – B2 = Z4ǰจąöĊñúđฉú÷ĀøČĂĕöŠǰ 

ēคøงงćîîĊĚǰจċงöčŠงýċกþćคüćöđðŨîĕðĕéšขĂงกćøöĊĂ÷ĎŠขĂงñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰǰǰǰ

x2 – y2 = z4ǰđöČęĂǰx đðŨîจĞćîüîđฉóćąǰĒúąǰyǰđðŨîจĞćîüîðøąกĂïïćงÿöกćøǰēé÷ĒïŠงกćøóĉจćøèćǰ

zǰđðŨîǰ2 กøèĊǰคČĂǰกøèĊìĊęǰz đðŨîจĞćîüîđฉóćąǰĒúąกøèĊìĊęǰzǰđðŨîจĞćîüîðøąกĂïǰĔîกøèĊìĊęǰz đðŨî
จĞćîüîðøąกĂïจąêšĂงóĉจćøèćđóĊ÷งǰ2 กøèĊ÷ŠĂ÷ îĆęîคČĂǰz đðŨîñúคĎèขĂงจĞćîüîđฉóćąêĆüđéĊ÷üกĆîǰ

n êĆüǰĒúąǰz đðŨîñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîìĆĚงĀöéǰn êĆüǰēé÷ìĊęǰnǰœǰ2ǰจćกîĆĚîจąÿøšćง
ēðøĒกøöēé÷ĔชšõćþćĕóíĂîĔîกćøĀćñúđฉú÷ĔîกøèĊìĆĚงÿćöéĆงกúŠćü 
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บททĊęǰ2 
กćøüĉđคøćąĀŤđบČĚĂงตšน 

 
จćกÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4ǰđöČęĂǰx đðŨîจĞćîüîđฉóćąǰĒúąǰyǰđðŨîจĞćîüîðøąกĂïǰ

จąđøĉęöóĉจćøèćēé÷กćøĒïŠงǰz ĂĂกđðŨîǰ2 กøèĊǰคČĂǰz đðŨîจĞćîüîđฉóćąǰĒúąǰzǰđðŨîจĞćîüîðøąกĂïǰ
ĔîĒêŠúąกøèĊจąóĉจćøèćกćøöĊĂ÷ĎŠขĂงñúđฉú÷ขĂงÿöกćøéĆงกúŠćüǰĔîกøèĊìĊęÿöกćøĕöŠöĊñúđฉú÷จąìĞć

กćøóĉÿĎจîŤēé÷ĀćขšĂขĆéĒ÷šงǰĒêŠĔîกøèĊìĊęöĊคüćöđðŨîĕðĕéšìĊęจąöĊñúđฉú÷ขĂงÿöกćøéĆงกúŠćüǰจą

îĞćđÿîĂñúđฉú÷ǰ1 ชčéขĂงÿöกćøéĆงกúŠćüกŠĂîǰĒúšüจąÿøšćงēðøĒกøöĔîกćøคĞćîüèñúđฉú÷ēé÷Ĕชš

õćþćĕóíĂîĔîïììĊęǰ3 
ÿööêĉüŠćÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4ǰöĊñúđฉú÷ǰēé÷ìĊęǰx đðŨîจĞćîüîđฉóćąǰĒúąǰyǰ

đðŨîจĞćîüîðøąกĂïǰ 
 

กøณĊทĊęǰ1 z đðŨîจĞćîüîđฉóćąǰ 

đîČęĂงจćกǰx – yǰ< x + yǰìĞćĔĀšĒ÷กกøèĊĔîกćøóĉจćøèćĕéšǰ2ǰกøèĊǰ 

1.1  (x + y)(x – y) = (z4)(1)  

éĆงîĆĚî x + y = z4 Ēúą x – yǰ= 1ǰîĆęîคČĂǰจąĕéšüŠćǰx = (1 + z4)/2  
1.1.1 กøèĊǰz = 2 จąĕéšǰx = (1 + 24)/2 = 17/2 ĕöŠđðŨîจĞćîüîđêĘöǰจċงđกĉéขšĂขĆéĒ÷šง 
1.1.2 กøèĊǰz đðŨîจĞćîüîđฉóćąคĊęǰจąđĀĘîüŠćöĊǰz = 3 đðŨîจĞćîüîđฉóćąคĊęǰìĊęìĞćĔĀšǰ         
x = (1 + 34)/2ǰ= 41ǰđðŨîจĞćîüîđฉóćąǰĒúąǰy = 40 đðŨîจĞćîüîðøąกĂïǰÿĞćĀøĆï 
ñúđฉú÷ชčéĂČęîǰėǰจąĀćēé÷ĔชšēðøĒกøöêŠĂĕð 

1.2 ǰ(x + y)(x – y) = (z3)(z)  
éĆงîĆĚîǰx + y = z3 Ēúąǰx – y = zǰîĆęîคČĂǰจąĕéšüŠćǰx = (zǰ+ǰz3)/2  
1.2.1 กøèĊǰz = 2 จąĕéšǰx = (2ǰ+ǰ23)/2 = 5 đðŨîจĞćîüîđฉóćąǰĒêŠǰy = 3 ĕöŠđðŨî 
จĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šง 
1.2.2 กøèĊǰz đðŨîจĞćîüîđฉóćąคĊęǰÿööêĉüŠćÿöกćøéĆงกúŠćüöĊñúđฉú÷ìĊęǰx đðŨîจĞćîüî
đฉóćąĒúąǰîĆęîคČĂǰöĊจĞćîüîđêĘöǰmǰซċęงǰz = 2mǰ+ǰ1ǰจąĕéšüŠćǰ 

x = (2mǰ+ǰ1ǰ+ǰ(2mǰ+ǰ1)3)/2 = (8m3ǰ+ǰ12m2ǰ+ǰ8mǰ+ǰ1)/2 ǰǰ 
 ĀøČĂîĆęîคČĂǰ2x = 8m3 + 12m2 + 8m + 1ǰÿĆงđกêüŠćǰ2xǰđðŨîจĞćîüîđêĘöคĎŠǰ 
ĒêŠǰ8m3 + 12m2 + 8m + 1ǰđðŨîจĞćîüîđêĘöคĊęǰจċงđกĉéขĆéĒ÷šง 
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กøณĊทĊęǰ2 z đðŨîจĞćîüîðøąกĂïĔîøĎðǰzǰ= pn đöČęĂǰpǰđðŨîจĞćîüîđฉóćąǰĒúąǰnǰœǰ2ǰǰǰǰ 
ëšćǰnǰ=ǰ2ǰîĆęîคČĂǰÿöกćøìĊęóĉจćøèćĂ÷ĎŠĔîøĎðǰx2 – y2 = p8ǰđîČęĂงจćกǰx – yǰ< x + yǰจąĒ÷กกćø
óĉจćøèćĂĂกđðŨîǰ4 กøèĊǰ 
 (i) x + y = p8 Ēúąǰx – y = 1 îĆęîคČĂ จąĕéšüŠćǰx = (1 + p8)/2  

(a) กøèĊǰp = 2 จąĕéšüŠćǰx = (1ǰ+ǰ28)/2 = 257/2 ĕöŠđðŨîจĞćîüîđêĘöǰจċงđกĉéขšĂ
ขĆéĒ÷šงǰ 
(b) กøèĊǰp đðŨîจĞćîüîฉóćąคĊęǰจąđĀĘîüŠćöĊǰz = 13 đðŨîจĞćîüîđฉóćąคĊęǰìĊęìĞćĔĀšǰ 
x = (1ǰ+ǰ138)/2 = 407,865,361 đðŨîจĞćîüîđฉóćą Ēúąǰy =ǰ407,865,360 đðŨî
จĞćîüîðøąกĂïǰÿĞćĀøĆïñúđฉú÷ชčéĂČęîǰėǰจąĀćēé÷ĔชšēðøĒกøöêŠĂĕðǰ 

(ii) x + y = p7 Ēúąǰx – y = p îĆęîคČĂǰจąĕéšüŠćǰx = (pǰ+ǰp7)/2ǰ= p(1 + p6)/2ǰđîČęĂงจćกǰpǰ
đðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp/2 ĀøČĂǰ(1 + p6)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüîðøąกĂïǰ
จċงđกĉéขšĂขĆéĒ÷šงǰ   
(iii) x + y = p6 Ēúąǰx – y = p2 îĆęîคČĂǰจąĕéšüŠćǰx = (p2ǰ+ǰp6)/2ǰ= p2(1ǰ+ǰp4)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp2/2 ĀøČĂǰ(1ǰ+ǰp4)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ   
(iv) x + y = p5 Ēúąǰx – y = p3 îĆęîคČĂǰจąĕéšüŠćǰx = (p3ǰ+ǰp5)/2ǰ= p3(1ǰ+ǰp2)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp3/2 ĀøČĂǰ(1ǰ+ǰp2)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ   
ǰ 

 
ëšćǰnǰ=ǰ3ǰîĆęîคČĂǰÿöกćøìĊęóĉจćøèćĂ÷ĎŠĔîøĎðǰx2 – y2 = p12ǰđîČęĂงจćกǰx – yǰ< x + yǰจąĒ÷กกćø
óĉจćøèćĂĂกđðŨîǰ6 กøèĊ 
 (i) x + y = p12 Ēúąǰx – y = 1 îĆęîคČĂ จąĕéšüŠćǰx = (1 + p12)/2 = (1 + p4)(1 – p4 + p8)/2 

đîČęĂงจćกǰpǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰ1 + p4ǰĒúąǰ1 – p4 + p8 đðŨîจĞćîüîđêĘöคĊęìĆĚงคĎŠǰĀøČĂǰ 
đðŨîจĞćîüîđêĘöคĎŠìĆĚงคĎŠǰซċęงĔîกøèĊĒøกจąĕéšüŠćǰx ĕöŠđðŨîจĞćîüîđêĘöǰĒêŠĔîกøèĊĀúĆงจąĕéšüŠćǰx  
đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(ii) x + y = p11 Ēúąǰx – y = p îĆęîคČĂ จąĕéšüŠćǰx = (pǰ+ǰp11)/2 = p(1ǰ+ǰp10)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp/2 ĀøČĂǰ(1ǰ+ǰp10)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ   
(iii) x + y = p10 Ēúą ǰ x – y = p2 îĆę î คČ Ă  จą ĕéš üŠ ć ǰ x = (p2 + p10)/2 = p2(1 + p8)/2ǰ
đîČęĂงจćกǰpǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp2/2 ĀøČĂǰ(1 + p8)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨî
จĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
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(iv) x + y = p9 Ēúąǰx – y = p3 îĆęîคČĂ จąĕéšüŠćǰx = (p3 + p9)/2 = p3(1 + p6)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp3/2 ĀøČĂǰ(1 + p6)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(v) x + y = p8 Ēúąǰx – y = p4 îĆęîคČĂ จąĕéšüŠćǰx = (p4 + p8)/2 = p4(1 + p4)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp4/2 ĀøČĂǰ(1 + p4)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(vi) x + y = p7 Ēúąǰx – y = p5 îĆęîคČĂ จąĕéšüŠćǰx = (p5 + p7)/2 = p5 (1 + p2)/2ǰđîČęĂงจćกǰ
pǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp5/2 ĀøČĂǰ(1 + p2)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 

ĔîกøèĊìĆęüĕðǰëšćǰnǰđðŨîจĞćîüîđêĘöคĎŠǰÿööêĉüŠćöĊจĞćîüîîĆïǰm ìĊęìĞćĔĀš n = 2mǰจąĕéšüŠćǰx = (piǰ+ǰ
p8m – i)/2ǰđöČęĂǰ0ǰ≤ǰiǰ≤ǰ4mǰ 

(i) i = 0 จąĕéšüŠćǰx = (1 + p8m)/2 đðŨîกøèĊìĊęöĊĒîüēîšöüŠćจąÿćöćøëĀćñúđฉú÷ĕéšǰซċęงจąĀć

ñúđฉú÷éšü÷ēðøĒกøöêŠĂĕð 
( ii)  1≤ǰiǰ≤ǰ4mǰจąĕéšüŠ ć ǰx = (pi + p8m – i)/2 = p(pi – 1 + p8m – i – 1)/2 đîČęĂงจćก  pǰ đðŨî
จĞćîüîđฉóćąǰéĆงîĆĚî p/2 ĀøČĂǰ(pi – 1ǰ+ǰp8m – i – 1)/2 đðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šง 

ëšć nǰđðŨîจĞćîüîđêĘöคĊę ÿööêĉüŠćöĊจĞćîüîîĆïǰm ìĊęìĞćĔĀšǰn = 2m+1 จąĕéšüŠćǰx = (piǰ+ǰp8m + 4 – i)/2 
đöČęĂǰ0ǰ≤ǰiǰ≤ǰ4m + 2  

(i) i = 0 จąĕéšüŠćǰx = (1 + p8m + 4)/2 = (1 + p4)(1 – p4 + p8 +…+ p4(2m))/2 đîČęĂงจćกǰpǰ
đðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰ1 + p4ǰĒúąǰ1 – p4 + p8 +…ǰ+ p4(2m) đðŨîจĞćîüîđêĘöคĊęìĆĚงคĎŠǰĀøČĂǰ
đðŨîจĞćîüîđêĘöคĎŠìĆĚงคĎŠǰซċęงĔîกøèĊĒøกจąĕéšüŠćǰx ĕöŠđðŨîจĞćîüîđêĘöǰĒêŠĔîกøèĊĀúĆงจąĕéšüŠćǰx  
đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
( ii) 1 ≤ǰiǰ≤ǰ4m + 2 จąĕéšüŠćǰx = (pi+p8m + 4 – i)/2 = p(pi – 1 + p8m + 3 – i)/2 đîČęĂงจćก pǰ
đðŨîจĞćîüîđฉóćąǰéĆงîĆĚî p/2 ĀøČĂǰ(pi – 1 + p8m + 3 – i)/2 đðŨîจĞćîüîđêĘöǰĒúąǰx đðŨîจĞćîüî
ðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šง  
 

กøณĊทĊęǰ3 z đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîǰn êĆüǰđöČęĂǰnǰœǰ2ǰǰǰǰ  
ëšćǰn = 2 ÿööêĉüŠćǰz = pq ĒúąÿöกćøìĊęóĉจćøèćĂ÷ĎŠĔîøĎðǰx2 – y2 = (pq)4ǰ 
đîČęĂงจćกǰx – yǰ< x + yǰจąĒ÷กกćøóĉจćøèćĂĂกđðŨîǰ8 กøèĊ 

(i) x + y =ǰ(pq)4 Ēúąǰx – y = 1 îĆęîคČĂ จąĕéšüŠćǰx = (1ǰ+ǰ(pq)4)/2 จąđĀĘîüŠćöĊǰp = 3 
Ēúąǰq = 7ǰđðŨîจĞćîüîđฉóćąǰìĊęìĞćĔĀšǰx = (1ǰ+ (3ǰxǰ7)4)/2 = 97,241 đðŨîจĞćîüîđฉóćąǰ
Ēúąǰy = 97,240 đðŨîจĞćîüîðøąกĂïǰÿĞćĀøĆïñúđฉú÷ชčéĂČęîǰėǰจąĀćēé÷ĔชšēðøĒกøöêŠĂĕð 
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( ii)  x + y =p3q4 Ēúą ǰ x – y = p îĆę îคČ Ă  จą ĕéš üŠ ć ǰx = (p + p3q4)/2 = p(1 + p2q4)/2ǰ
đîČęĂงจćกǰpǰĒúąǰq đðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp/2 ĀøČĂǰ(1 + p2q4)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx 
đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(iii) x + y = p2q4 Ēúąǰx – y = p2 îĆęîคČĂ จąĕéšüŠćǰx = (p2 + p2q4)/2 = p2(1 + q4)/2 
đîČęĂงจćกǰpǰĒúąǰqǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp2/2 ĀøČĂǰ(1 + q4)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰx 
đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(iv) x + y = pq4 Ēúąǰx – y = p3 îĆęîคČĂ จąĕéšüŠćǰx = (p + p3q4)/2 = p(1 + p2q4)/2 
đîČęĂงจćกǰpǰĒúąǰqǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp/2 ĀøČĂǰ(1 + p2q4)/2ǰđðŨîจĞćîüîđêĘöǰĒúąǰ
x đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(v) x + y = q4 Ēúąǰx – y = p4 îĆęîคČĂ จąĕéšüŠćǰx = (p4 + q4)/2 จąđĀĘîüŠćöĊǰp = 3 Ēúąǰq 
= 5ǰđðŨîจĞćîüîđฉóćąǰìĊęìĞćĔĀšǰx = (34 + 54)/2 = 353 đðŨîจĞćîüîđฉóćąǰĒúąǰy = 272 
đðŨîจĞćîüîðøąกĂïǰÿĞćĀøĆïñúđฉú÷ชčéĂČęîǰėǰจąĀćēé÷ĔชšēðøĒกøöêŠĂĕð 
(vi) x + y = p4q Ēúąǰx – y = q3 îĆęîคČĂ จąĕéšüŠćǰx = (p4q  + q3)/2 = q(p4 + q2)/2 
đîČęĂงจćกǰpǰĒúąǰqǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰq/2 ĀøČĂǰ(p4 + q2)/2ǰđðŨîจĞćîüîđêĘö Ēúąǰx 
đðŨîจĞćîüîðøąกĂïǰĀøČĂǰx = q(p4 + q2)/2ǰĕöŠđðŨîจĞćîüîđêĘöǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(vii) x + y = p4q2 Ēúąǰx – y = q2 îĆęîคČĂ จąĕéšüŠćǰx = (p4q2 + q2)/2 = q2(p4+ 1)/2 
đîČęĂงจćกǰpǰĒúąǰqǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰq2/2 ĀøČĂǰ(p4+ 1)/2ǰđðŨîจĞćîüîđêĘö Ēúąǰx 
đðŨîจĞćîüîðøąกĂïǰĀøČĂǰx = q2(p4+ 1)/2 ǰĕöŠđðŨîจĞćîüîđêĘöǰจċงđกĉéขšĂขĆéĒ÷šงǰ 
(viii) x + y = p4q3 Ēúąǰx – y = q îĆęîคČĂ จąĕéšüŠćǰx = (p4q3 + q)/2 = q(p4q2+ 1)/2 
đîČęĂงจćกǰpǰĒúąǰqǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰq/2 ĀøČĂǰ(p4q2+ 1)/2ǰđðŨîจĞćîüîđêĘö Ēúąǰx 
đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šงǰ 

ëšćǰn = 3 ÿööêĉüŠćǰz = pqr ĒúąÿöกćøìĊęóĉจćøèćĂ÷ĎŠĔîøĎðǰx2 – y2 = (pqr)4ǰ 
đîČęĂงจćกǰx – yǰ< x + yǰจąĒ÷กกćøóĉจćøèćĂĂกđðŨîǰ11 กøèĊ 

(i) x + y =(pqr)4 Ēúąǰx – y = 1 îĆęîคČĂ จąĕéšüŠćǰx = (1ǰ+ǰ(pqr)4)/2 จąđĀĘîüŠćöĊǰp = 3, q  
= 5 Ēúąǰr = 7ǰđðŨîจĞćîüîđฉóćąǰìĊęìĞćĔĀšǰx = (1+ (3 x 5 x 7)4)/2 = 60,775,313ǰđðŨî
จĞćîüîđฉóćąǰĒúąǰy = 60,775,312 đðŨîจĞćîüîðøąกĂïǰÿĞćĀøĆïñúđฉú÷ชčéĂČęîǰėǰจąĀć
ēé÷ĔชšēðøĒกøöêŠĂĕð 
(ii) x + y =(qr)4 Ēúąǰx – y = p4 îĆęîคČĂ จąĕéšüŠćǰx = (p4ǰ+ǰ(qr)4)/2 จąđĀĘîüŠćöĊǰp = 3, q  
= 5 Ēúąǰr = 7ǰđðŨîจĞćîüîđฉóćąǰìĊęìĞćĔĀšǰx = (34ǰ+ǰ (5ǰxǰ7)4)/2 =ǰ750,353 đðŨîจĞćîüî
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đฉóćąǰĒúąǰy = 750,272 đðŨîจĞćîüîðøąกĂïǰÿĞćĀøĆïñúđฉú÷ชčéĂČęîǰėǰจąĀćēé÷Ĕชš
ēðøĒกøöêŠĂĕð 
(iii) – (xi) กøèĊĂČęîìĊęđĀúČĂ คČĂǰx = (p + p3q4r4)/2, (p2 + p2q4r4)/2, (p3 + pq4r4)/2, (p4q 
+ q3r4)/2, (p4q2 + q2r4)/2, (p4q3 + qr4)/2, (r + p4q4r3)/2, (r2 + p4q4r3)/2, (r3 + p4q4r)/2 
จąđกĉéขšĂขĆéĒ÷šงìĆĚงÿĉĚîǰđîČęĂงจćกǰxǰđðŨîจĞćîüîðøąกĂïǰĀøČĂǰx ĕöŠđðŨîจĞćîüîđêĘöǰđชŠîǰx = 
(pǰ+ǰp3q4r4)/2ǰ= p(1 + p2q4r4)/2 đîČęĂงจćกǰp, qǰĒúąǰrǰđðŨîจĞćîüîđฉóćąǰéĆงîĆĚîǰp/2 
ĀøČĂǰ(1 + p2q4r4)/2ǰđðŨîจĞćîüîđêĘö Ēúąǰx đðŨîจĞćîüîðøąกĂïǰจċงđกĉéขšĂขĆéĒ÷šง 

ĔîกøèĊìĆęüĕðǰÿööêĉüŠćǰz = p1p2p3···pn จąĕéšüŠć 
x = 2/)p...pppp...ppp( nt4

n
3t4

3
2t4

2
1t4

1
nt

n
3t

3
2t

2
1t

1
�����  

đöČęĂǰt1, t2, t3,ǰ…,ǰtn đðŨîÿöćชĉกขĂงǰ{0, 1, 2, 3, 4} 
(i)ǰëšćǰt1, t2, t3,ǰ…ǰtn đìŠćกĆïǰ0 ĀøČĂǰ4 จąĕéšüŠćǰ 

x = 2/)p...pppp...ppp( nt4
n

3t4
3

2t4
2

1t4
1
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3
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2

1t
1

�����  
đðŨîกøèĊìĊęöĊĒîüēîšöüŠćจąÿćöćøëĀćñúđฉú÷ĕéšǰซċęงจąĀćñúđฉú÷éšü÷ēðøĒกøöêŠĂĕð 
(ii)ǰëšćǰt1 ĀøČĂ t2 ĀøČĂ …ǰtn ĕöŠđìŠćกĆïǰ0 Ēúąǰ4ǰēé÷ĕöŠđÿĊ÷îĆ÷ìĆęüĕðǰกĞćĀîéĔĀšǰt1 ĕöŠđìŠćกĆïǰ
0 Ēúąǰ4ǰจąĕéšüŠćǰ 
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1
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11t
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đîČęĂงจćก p1, p2, p3,ǰ…,ǰpnǰđðŨîจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîìĆĚงĀöéǰéĆงîĆĚîǰp1/2 ĀøČĂǰ
)p...pppp...ppp( nt4
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����� � ǰđðŨîจĞćîüîđêĘö ซċęงจąìĞćĔĀšǰx 

đðŨîจĞćîüîðøąกĂïǰĀøČĂǰx =ǰ 2/)p...pppp...ppp( nt4
n

3t4
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2t4
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1
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1

����� �  ĕöŠđðŨî

จĞćîüîđêĘöǰจċงđกĉéขšĂĒ÷šง 
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บททĊęǰ3 
ēðøĒกøöĒúąñúúĆóธŤđชĉงตĆüđúข 

đøćÿćöćøëÿøčðขĆĚîêĂîĔîกćøìĞćงćîēðøĒกøöĔîกćøĀćñúđฉú÷ĒúąüĉíĊกćøĔชšēðøĒกøöĔîกćøĀćñú

đฉú÷ĕéšéĆงîĊĚ 
3.1 ēðøĒกøöĔîกćøคĞćîüèĀćñúđฉú÷ 

ขĆĚนตĂนทĊęǰ1 กćøêøüจÿĂïจĞćîüîđฉóćąđóČęĂîĞćĕðĔชšงćî 
ĒîüคĉéĔîกćøêøüจÿĂïจĞćîüîđฉóćąđóČęĂîĞćĕðĔชšงćîÿćöćøëîĞćöćđขĊ÷îĒñîñĆงกćøìĞćงćîขĂง

ēðøĒกøöĕéšéĆงõćóìĊę 3.1 

õćóìĊęǰ3.1 ĒñîñĆงĒÿéงกćøêøüจÿĂïจĞćîüîđฉóćą 
 
จćกĒñîñĆงĒÿéงกćøìĞćงćîขĂงēðøĒกøöขšćงêšîđøćîĞćöćđขĊ÷îēคšéĕéšéĆงîĊĚ 
# check prime 
def isPrime(num): 
  for i in range(2,num): 
    if num%i == 0: 
      return False 
  return True 
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ขĆĚนตĂนทĊę 2ǰ กćøคĞćîüîĀćñúđฉú÷ 
ĒîüคĉéĔîกćøÿøšćงÿöกćøđóČęĂĔชšĔîกćøคĞćîüîĀćñúđฉú÷ÿćöćøëîĞćöćđขĊ÷îĒñîñĆงกćøìĞćงćîขĂง

ēðøĒกøöĕéšéĆงõćóìĊęǰ3.2 

 
 

õćóìĊęǰ3.2 ĒñîñĆงĒÿéงกćøÿøšćงÿöกćø 
 

0 

0 

j + 1 Ēúąǰj < len(back) 
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จćกĒñîñĆงĒÿéงกćøìĞćงćîขĂงēðøĒกøöขšćงêšîđøćîĞćöćđขĊ÷îēคšéĕéšéĆงîĊĚ 

# function equation 
def function(front,back): 
f = 1 
for i in front: 
f *= i 
b = 1 
for j in back: 
b *= j 
answer = (f**4ǰ+ǰb**4)/2 
if answer.is_integer(): 
return int(answer) 
else: 
return answer 
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ขĆĚนตĂนทĊę 3ǰ กćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîđฉóćą 
ĒîüคĉéĔîกćøĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîđฉóćąÿćöćøëîĞćöćđขĊ÷îĒñîñĆงกćøìĞćงćîขĂง
ēðøĒกøöĕéšéĆงõćóìĊęǰ3.3 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

õćóìĊęǰ3.3 ĒñîñĆงĒÿéงกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîđฉóćą 
 
 

True 
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จćกĒñîñĆงĒÿéงกćøìĞćงćîขĂงēðøĒกøöขšćงêšîđøćîĞćöćđขĊ÷îēคšéĕéšéĆงîĊĚ 
def startProgram(): 
  print('Press 1 : Z is Prime') 
  print('Press 2 : Z is Factor') 
  selectType = int(input('Please select type of Z : ')) 
 
  if selectType == 1: 
    print('------- Z is Prime -------') 
    print('Please select range of Prime Z') 
    start,end = int(input('Start Range : ')),int(input('End Range : ')) 
    primeList = createPrimeList(start,end) 
    print('Prime List in Range',primeList) 
    for i in primeList: 
      x = function([],[i]) 
      if type(x) == type(0.5): 
        continue 
      elif not isPrime(x): 
        continue 
      else: print('Z = ',i,' ---> X = ',x,' is Prime.') 
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ขĆĚนตĂนทĊę 4ǰ กćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðǰzǰ= pn đöČęĂǰpǰđðŨîจĞćîüîđฉóćąǰ
Ēúąǰnǰœǰ2ǰǰǰǰ 
ĒîüคĉéĔîกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðǰzǰ= pn đöČęĂǰpǰđðŨîจĞćîüîđฉóćąǰĒúąǰnǰ
œǰ2ǰÿćöćøëîĞćöćđขĊ÷îĒñîñĆงกćøìĞćงćîขĂงēðøĒกøöĕéšéĆงõćóìĊęǰ3.4 

 

 õćóìĊęǰ3.4 ĒñîñĆงĒÿéงกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðǰzǰ= pn đöČęĂǰpǰđðŨîจĞćîüîđฉóćąǰĒúąǰnǰœǰ2ǰǰǰǰ 
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จćกĒñîñĆงĒÿéงกćøìĞćงćîขĂงēðøĒกøöขšćงêšîđøćîĞćöćđขĊ÷îēคšéĕéšéĆงîĊĚ 
elif selectType == 2: 
    print('------- Z is Factor -------') 
    print('\tPress 1 : Z is Prime power n') 
    print('\tPress 2 : Z is Factor of Prime') 
    typeFactor = int(input('\tPlease select type of Factor : ')) 
 
    if typeFactor == 1: 
      print('\t...Z is Prime power n...') 
      print('\tPlease select range of Prime Z') 
      start,end = int(input('\tStart Range : ')),int(input('\tEnd Range : ')) 
      primeList = createPrimeList(start,end) 
      powerN = int(input('\tSelect number of Power : ')) 
      print('\tPrime List in Range',primeList) 
      if powerN % 2 != 0: 
        print('\tCan not find value at power ',powerN) 
      else: 
        for i in primeList: 
          x = function([],[i**powerN]) 
          if type(x) == type(0.5): 
            continue 
          elif not isPrime(x): 
            continue 
          else: print('\tZ = ',i,' power ',powerN,' ---> X = ',x,' is Prime.') 
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ขĆĚนตĂนทĊę 5ǰ กćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊę

ĒêกêŠćงกĆîǰn êĆüǰđöČęĂǰnǰœǰ2ǰ 
ĒîüคĉéĔîกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊę

ĒêกêŠćงกĆîǰn êĆüǰđöČęĂǰnǰœǰ2ǰÿćöćøëîĞćöćđขĊ÷îĒñîñĆงกćøìĞćงćîขĂงēðøĒกøöĕéšéĆงõćóìĊęǰ 
3.5 – 3.6 

 õćóìĊęǰ3.5 ĒñîñĆงĒÿéงกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîǰn êĆüđöČęĂǰnǰœǰ2ǰ(1) 
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õćóìĊęǰ3.6 ĒñîñĆงĒÿéงกćøĀćñúđฉú÷ēé÷ìĊęǰzǰđðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîǰn êĆüǰđöČęĂǰnǰœǰ2 (2)ǰǰ 
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จćกĒñîñĆงĒÿéงกćøìĞćงćîขĂงēðøĒกøöขšćงêšîđøćîĞćöćđขĊ÷îēคšéĕéšéĆงîĊĚ 
elif typeFactor == 2: 
      print('\t...Z is Factor of Prime...') 
      numofFactor = int(input('\tPlease select number of Factor prime : ')) 
      print('\tPlease select range of Prime') 
      start,end = int(input('\tStart Range : ')),int(input('\tEnd Range : ')) 
      primeList = createPrimeList(start,end) 
      comb = list(combinations(primeList, numofFactor)) 
      print('\tPrime List in Range',primeList) 
      for a in comb: 
        for b in range(len(a)//2+1): 
          c = list(combinations(a, b)) 
          for i in range(len(c)): 
            temp = list(a) 
            for j in range(len(c[i])): 
              temp.remove(c[i][j]) 
            x = function(c[i],temp) 
            if type(x) == type(0.5): 
              continue 
            elif not isPrime(x): 
              continue 
            else: print('\tZ = ',list(c[i]),temp,' ---> X = ',x,' is Prime.') 
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3.2 ขĆĚîêĂîกćøĔชšēðøĒกøöđóČęĂĀćñúđฉú÷ 

3.2.1 Āćñúđฉú÷ĔîกøèĊìĊęǰz đðŨîจĞćîüîđฉóćą 
1. ëšćêšĂงกćøđøĉęöĔĀšēðøĒกøöìĞćงćîđóČęĂคšîĀćñúđฉú÷ ĔĀšóĉöóŤǰY ĒêŠëšćĕöŠคšîĀćñúđฉú÷ĔĀš
óĉöóŤǰN ĒúšüกéǰEnter éĆงõćóìĊęǰ3.7 
 
 

õćóìĊęǰ3.7 กćøĔชšงćîÿŠüîđøĉęöêšîēðøĒกøö 
2. ëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîđฉóćą ĔĀšóĉöóŤǰ1 ĒúšüกéǰEnter éĆงõćóìĊęǰ

3.8 
 
 
 

õćóìĊęǰ3.8 กćøĔชšงćîÿŠüîìĊęđúČĂกǰzǰđðŨîจĞćîüîđฉóćą 
3. êšĂงกćøđøĉęöĀćñúđฉú÷จćกจĞćîüîđêĘöĔé ĔĀšóĉöóŤจĞćîüîîĆĚîǰĒúšüกéǰEnter éĆงõćóìĊęǰ3.9 
 
 
 
 

 
õćóìĊęǰ3.9 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîđøĉęöêšî 

4. êšĂงกćøÿĉĚîÿčéกćøĀćñúđฉú÷ìĊęจĞćîüîĔéĔĀšóĉöóŤจĞćîüîîĆĚî ĒúšüกéǰEnter éĆงõćóìĊęǰ3.10 
 
 
 

 
õćóìĊęǰ3.10 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîÿĉĚîÿčé 
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5. จąĕéšñúđฉú÷ìĊęêšĂงกćø éĆงõćóìĊęǰ3.11 – 3.16 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

õćóìĊęǰ3.11 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ2 - 107 
 

 

õćóìĊęǰ3.12 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ109 - 107 
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õćóìĊęǰ3.13 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ263 - 431 
 

 

õćóìĊęǰ3.14 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ433 - 599 
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õćóìĊęǰ3.15 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ601 - 773 
 

 

õćóìĊęǰ3.16 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćąêĆĚงĒêŠǰ787 - 997 
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3.2.2 Āćñúđฉú÷ĔîกøèĊìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąêĆüđéĊ÷üกĆîǰnǰêĆü 

1 ëšćêšĂงกćøđøĉęöĔĀšēðøĒกøöìĞćงćîđóČęĂคšîĀćñúđฉú÷ ĔĀšóĉöóŤǰY ĒêŠëšćĕöŠคšîĀćñúđฉú÷ĔĀš
óĉöóŤǰN ĒúšüกéǰEnter éĆงõćóìĊęǰ3.17 
 

 
õćóìĊęǰ3.17 กćøĔชšงćîÿŠüîđøĉęöêšîēðøĒกøö 

2. ëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïĔĀšóĉöóŤǰ2 ĒúšüกéǰEnter  
éĆงõćóìĊęǰ3.18 
 

 
 

 
õćóìĊęǰ3.18ǰกćøĔชšงćîÿŠüîìĊęđúČĂกǰz đðŨîจĞćîüîðøąกĂï 

3. ëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąêĆü

đéĊ÷üกĆîǰnǰêĆüǰĔĀšóĉöóŤǰ1ǰĒúšüกéǰEnter éĆงõćóìĊęǰ3.19 
 
 
 
 
 

ǰ  õćóìĊęǰ3.19ǰกćøĔชšงćîÿŠüîìĊęđúČĂกǰz đðŨîñúคĎèขĂงจĞćîüîđฉóćąêĆüđéĊ÷üกĆîǰnǰêĆü 
4. êšĂงกćøđøĉęöĀćñúđฉú÷จćกจĞćîüîđêĘöĔéǰĔĀšóĉöóŤจĞćîüîîĆĚîǰĒúšüกéǰEnter  
éĆงõćóìĊęǰ3.20 

 
 
 
 
 
 

õćóìĊęǰ3.20ǰกćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîđøĉęöêšî 
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5. êšĂงกćøÿĉĚîÿčéกćøĀćñúđฉú÷ìĊęจĞćîüîĔéǰĔĀšóĉöóŤจĞćîüîîĆĚîǰĒúšüกéǰEnter  
éĆงõćóìĊęǰ3.21 

 
 
 
 
 
 

õćóìĊęǰ3.21 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîÿĉĚîÿčé 
6.ǰêšĂงกćøĀćñúđฉú÷ĔîกøèĊîĊĚđöČęĂǰn đìŠćกĆïđìŠćĔéǰĔĀšóĉöóŤจĞćîüîǰn ìĊęêšĂงกćøǰ 
éĆงõćóìĊęǰ3.22 

 
 
 
 
 
 
 
 

õćóìĊęǰ3.22 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüî÷กกĞćúĆง 2 
3.2.7 จąĕéšñúđฉú÷êćöêšĂงกćø éĆงõćóìĊęǰ3.23 

 
 
 

õćóìĊęǰ3.23 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćą÷กกĞćúĆงǰ2 êĆĚงĒêŠǰ13ǰ-ǰ53 
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3.2.3 Āćñúđฉú÷ĔîกøèĊìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîìĆĚงĀöéǰ

n êĆü 
1. ëšćêšĂงกćøđøĉęöĔĀšēðøĒกøöìĞćงćîđóČęĂคšîĀćñúđฉú÷ǰĔĀšóĉöóŤǰY ĒêŠëšćĕöŠคšîĀćñúđฉú÷ĔĀš
óĉöóŤǰN ĒúšüกéǰEnter éĆงõćóìĊęǰ3.24 
 

 
õćóìĊęǰ3.24 กćøĔชšงćîÿŠüîđøĉęöêšîēðøĒกøö 

2. ëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïǰĔĀšóĉöóŤǰ2 ĒúšüกéǰEnter  
éĆงõćóìĊęǰ3.25 

 
 

 
õćóìĊęǰ3.25 กćøĔชšงćîÿŠüîìĊęđúČĂกǰz đðŨîจĞćîüîðøąกĂï 

3. ëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊę

ĒêกêŠćงกĆîìĆĚงĀöéǰn êĆüǰĔĀšóĉöóŤǰ2ǰĒúšüกéǰEnter éĆงõćóìĊęǰ3.26 
 
 

 
 

 
õćóìĊęǰ3.26 กćøĔชšงćîÿŠüîìĊęđúČĂกǰz đðŨîñúคĎèขĂงจĞćîüîđฉóćąìĊęĒêกêŠćงกĆîìĆĚงĀöéǰn êĆü 

4.ǰëšćêšĂงกćøคšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂงจĞćîüîđฉóćąìĊę

ĒêกêŠćงกĆîìĆĚงĀöéǰn êĆüĔĀšóĉöóŤจĞćîüîđêĘöǰn ìĊęêšĂงกćøǰĒúšüกéǰEnter (ĔîêĆüĂ÷ŠćงõćóêšĂงกćø
คšîĀćñúđฉú÷ēé÷ìĊęǰz đðŨîจĞćîüîðøąกĂïìĊęđกĉéจćกจĞćîüîđฉóćąคĎèกĆî 2 êĆü) éĆงõćóìĊęǰ3.27 

 
 
 
 
 
 

õćóìĊęǰ3.27 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîđฉóćąคĎèกĆîǰ2ǰêĆü 
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5. êšĂงกćøđøĉęöĀćñúđฉú÷จćกจĞćîüîđêĘöĔéĔĀšóĉöóŤจĞćîüîîĆĚîǰĒúšüกéǰEnter éĆงõćóìĊęǰ3.28 
 
 
 
 
 
 
 

õćóìĊęǰ3.28 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîđøĉęöêšî 
6. êšĂงกćøÿĉĚîÿčéกćøĀćñúđฉú÷ìĊęจĞćîüîĔéĔĀšóĉöóŤจĞćîüîîĆĚîǰĒúšüกéǰEnter éĆงõćóìĊęǰ3.29 

 
õćóìĊęǰ3.29 กćøĔชšงćîÿŠüîìĊęđúČĂกจĞćîüîÿĉĚîÿčé 
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7.จąĕéšñúđฉú÷êćöêšĂงกćøǰéĆงõćóìĊęǰ3.30 – 3.32 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ǰõćóìĊęǰ3.30 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćą 2 êĆüคĎèกĆî (1) 
 

 

ǰõćóìĊęǰ3.31 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćą 2 êĆüคĎèกĆî (2) 
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ǰõćóìĊęǰ3.32 ñúđฉú÷ขĂงǰz đðŨîจĞćîüîđฉóćą 2 êĆüคĎèกĆî (3) 
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บททĊęǰ4 
บทÿøčðĒúąขšĂđÿนĂĒนą 

 
 ēคøงงćîฉïĆïîĊĚĕéšóĉจćøèćöĊĂ÷ĎŠขĂงñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4 đöČęĂǰx 
đðŨîจĞćîüîđฉóćąĒúąǰyǰđðŨîจĞćîüîðøąกĂïǰēé÷óĉจćøèćจćกǰz ĒúšüđขĊ÷îēðøĒกøöéšü÷õćþćĕó
íĂîđóČęĂĀćñúđฉú÷đĀúŠćîĆĚîĔîïćงกøèĊǰéĆงêŠĂĕðîĊĚ 

1. z đðŨîจĞćîüîđฉóćą ซċęงจąÿćöćøëĀćñúđฉú÷ìĊęêšĂงกćøĕéšđóĊ÷งกøèĊđéĊ÷üđìŠćîĆęîคČĂǰ(x, y, 
z) = ((1ǰ+ǰz4)/2, ((1ǰ+ǰz4)/2) - 1 , z) đöČęĂǰ(1ǰ+ǰz4)/2ǰđðŨîจĞćîüîđฉóćąǰđìŠćîĆĚî ēé÷Āćñúđฉú÷Ĕî
กøèĊîĊĚĔîชŠüงǰ2 ≤ǰzǰ≤ǰ1,000 éšü÷ēðøĒกøöõćþćĕóíĂî 

2. z đðŨîจĞćîüîðøąกĂïĔîøĎðǰzǰ= pn đöČęĂǰpǰđðŨîจĞćîüîđฉóćąǰĒúąǰnǰœǰ2ǰซċęงจąÿćöćøë
Āćñúđฉú÷ĕéšกøèĊđéĊ÷üđìŠćîĆĚîǰคČĂǰëšćöĊจĞćîüîîĆïǰm ìĊęǰn = 2m Ēúšüǰ(x, y, z) = ((1 + p8m)/2,  
((1 + p8m)/2) - 1, pn) đöČęĂǰ(1 + p8m)/2ǰđðŨîจĞćîüîđฉóćąǰđìŠćîĆĚîǰēé÷Āćñúđฉú÷ĔîกøèĊîĊĚ ǰđöČęĂǰn 
= 2 ĔîชŠüงǰ2ǰ≤ǰzǰ≤ǰ60 éšü÷ēðøĒกøöõćþćĕóíĂî 

3. z đðŨîจĞćîüîðøąกĂïĔîøĎð z = p1p2p3···pn đöČęĂǰnǰœǰ2ǰĒúąǰpnǰĒêกêŠćงกĆîìĆĚงĀöéǰจą

ÿćöćøëĀćñúđฉú÷ĕéšกøèĊđéĊ÷üđìŠćîĆĚîǰคČĂ  
(x, y, z) = ( 2/)p...pppp...ppp( nt4

n
3t4

3
2t4

2
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n

3t4
3

2t4
2

1t4
1

nt
n

3t
3

2t
2

1t
1

�����  đðŨîจĞćîüîđฉóćąǰĒúą  t1, t2, 
t3, …, tn đìŠćกĆïǰ0 ĀøČĂǰ4ǰđìŠćîĆĚîǰēé÷Āćñúđฉú÷ĔîกøèĊîĊĚđöČęĂǰn = 2 ĔîชŠüงǰ2ǰ≤ǰzǰ≤ǰ100 éšü÷
ēðøĒกøöõćþćĕóíĂî 

 
ÿĞćĀøĆïñĎšìĊęÿîĔจĂćจüĉđคøćąĀŤđóĉęöđêĉöĔîกøèĊìĊęǰz đðŨîจĞćîüîðøąกĂïĔîøĎðñúคĎèขĂง

จĞćîüîđฉóćąǰn êĆüคĎèกĆîǰĒúąจĞćîüîđฉóćąïćงêĆüĔîïøøéćǰn êĆüîĆĚîซĚĞćกĆîǰĀøČĂĂćจüĉđคøćąĀŤüŠć
จĞćîüîđฉóćąǰp øĎðĒïïĔéǰìĊęจąìĞćĔĀšǰ(1ǰ+ p4)/2 ĀøČĂǰ(1 + p8m)/2ǰđðŨîจĞćîüîđฉóćąǰĔîÿŠüîขĂง
ēðøĒกøöñĎšìĊęÿîĔจĂćจóĆçîćกćøคĞćîüèĒïïคĎŠขîćîǰĀøČĂóĆçîćขĆĚîêĂîüĉíĊกćøêøüจÿĂïคüćöđðŨî

จĞćîüîđฉóćąขĂงจĞćîüîđêĘöǰđóČęĂìĞćĔĀšกćøĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤîĊĚĔîกøèĊìĊęÿîĔจĕéš

øüéđøĘüöćก÷ĉęงขċĚî 
ǰ 

 
 



28 
 

 

đĂกÿćøĂšćงĂĉง 

 
[1] N. Burshtein.(2019). On Solutions of theǰDiophantine equation A2 – B2 = Z4  

when A, B, Z are Positive Integers. Annals of Pure and Applied Mathematics, 
p.121-125. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



29 
 

 

 
õćคñนüก 



30 
 

 

õćคñนüกǰก 
ĒบบđÿนĂĀĆüขšĂēคøงงćนǰøć÷üĉชćǰ2301399 Project Proposal 

ðŘกćøýċกþćǰ2562 
ชČęĂēคøงงćîǰ(õćþćĕì÷) ñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4 đöČęĂǰx đðŨîจĞćîüî

đฉóćąĒúąǰyǰđðŨîจĞćîüîðøąกĂï 
ชČęĂēคøงงćîǰ(õćþćĂĆงกùþ)ǰǰǰǰǰǰSolutions ofǰDiophantine equation x2 – y2 = z4   

       where x is a prime number and y is a composite number  
Ăćจćø÷ŤìĊęðøċกþć            Ăćจćø÷Ť éø.ìøøðèŤǰðèĉíćîąøĆกþŤ 
 øĂงýćÿêøćจćø÷Ťǰéø.øêĉîĆîìŤǰïčญđคúČĂï 
ñĎšéĞćđîĉîกćø îć÷ìøงกøĉชǰéćóüøøèǰđúขðøąจĞćêĆüîĉÿĉêǰ5933517923 
 ÿćขćüĉชć คèĉêýćÿêøŤǰõćคüĉชćคèĉêýćÿêøŤĒúąüĉì÷ćกćøคĂöóĉüđêĂøŤ 
 คèąüĉì÷ćýćÿêøŤǰจčāćúงกøèŤöĀćüĉì÷ćúĆ÷ 
_________________________________________________________________________ 
 
ĀúĆกกćøĒúąđĀตčñú 

ĔîðŘǰค.ý.ǰ2019 Burshteinǰ[1] ýċกþćÿöกćøĕéēĂĒôîĕìîŤĔîøĎðǰA2 – B2 = Z4 ĒúąĕéšขšĂ

ÿøčðüŠćǰ 
(1) ëšćǰAǰĒúą B đðŨîจĞćîüîđฉóćąคĊęǰĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊñúđฉú÷đóĊ÷งĀîċęง

đéĊ÷üǰคČĂǰ(A,ǰB,ǰZ) = (5,ǰ3,ǰ2)  
(2)ǰëšćǰBǰđðŨîจĞćîüîđฉóćąìĊęĂ÷ĎŠĔîøĎðǰ4N + 3 đöČęĂǰNǰ>ǰ0 ĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćü

ĕöŠöĊñúđฉú÷ǰǰ 
(3)ǰëšćǰBǰđðŨîจĞćîüîđฉóćąìĊęĂ÷ĎŠĔîøĎðǰ4Nǰ+ǰ1ǰĒúą N ÿĂéคúšĂงđงČęĂîĕข (i)ǰNǰ=ǰL2 Ēúą (ii)ǰ

2Nǰ+ǰ1ǰ=ǰM2 ǰĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊñúđฉú÷đðŨîǰ (A,ǰB,ǰZ) =ǰ(4L2M2ǰ+ǰ1, 4L2ǰ+ǰ1,ǰ
2LM) Ēúą 

(4)ǰëšćǰBǰđðŨîจĞćîüîðøąกĂïìĊęĂ÷ĎŠĔîøĎðǰ4Nǰ+ǰ3 ēé÷ìĊęǰNǰ=ǰ3a (aǰ>ǰ0) Ēúą N ÿĂéคúšĂง
đงČęĂîĕข (i)ǰNǰ+ǰ1ǰ=ǰ3aǰ+ǰ1ǰ= Q2 (ii)ǰ2Nǰ+ǰ1ǰ=ǰ6aǰ+ǰ1ǰ=ǰR2  ĒúšüÿöกćøĕéēĂĒôîĕìîŤéĆงกúŠćüöĊ

ñúđฉú÷đðŨîǰ(A,ǰB,ǰZ) =ǰ(4(6aǰ+ǰ1)(3aǰ+ǰ1)ǰ+ǰ1,ǰ3(4aǰ+ǰ1),ǰ(4(6a + 1)(3a + 1))1/2)  
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ēé÷ĔîêĂîìšć÷ขĂงงćîüĉจĆ÷îĊĚǰĕéšöĊคĞćëćöìšćìć÷üŠćǰëšćǰA đðŨîจĞćîüîđฉóćąǰĒúąǰBǰđðŨî
จĞćîüîðøąกĂïǰĒúšüÿöกćøĕéēĂĒôîĕìîŤǰA2 – B2 = Z4ǰจąöĊñúđฉú÷ĀøČĂĕöŠǰēคøงงćîîĊĚǰจċงöčŠงýċกþć

ĒúąĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4ǰđöČęĂǰx đðŨîจĞćîüîđฉóćąǰĒúąǰyǰđðŨîจĞćîüî
ðøąกĂïǰēé÷ĂćýĆ÷คüćöøĎšĔîกćøĔĀšđĀêčñúĒïïîĉøîĆ÷øŠüöกĆïกćøđขĊ÷îēðøĒกøöคĂöóĉüđêĂøŤđóČęĂชŠü÷

คĞćîüè 
 
üĆตถčðøąÿงคŤ 

ýċกþćĒúąĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4ǰđöČęĂǰx đðŨîจĞćîüîđฉóćąǰĒúąǰ 
yǰđðŨîจĞćîüîðøąกĂï 
 
ขĂบđขตขĂงēคøงงćน 

ýċกþćđฉóćąÿöกćøĕéēĂĒôîĕìîŤ x2 – y2 = z4 đöČęĂǰx đðŨîจĞćîüîđฉóćąǰĒúąǰyǰđðŨîจĞćîüî
ðøąกĂïđìŠćîĆĚî 
 
üĉธĊกćøดĞćđนĉนงćน 

1. ýċกþćคüćöøĎšóČĚîåćîđกĊę÷üกĆïÿöกćøĕéēĂĒôîĕìîŤǰ 
2. ýċกþćõćþćǰPythonǰĔîกćøđขĊ÷îชčéคĞćÿĆęงđóČęĂĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤ 
3.ǰđขĊ÷îขĆĚîêĂîüĉíĊกćøĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = z4 đöČęĂǰx đðŨîจĞćîüî
đฉóćąĒúąǰyǰđðŨîจĞćîüîðøąกĂï 
4.ǰÿøčðñúĒúąđขĊ÷îøć÷งćî 
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ขĆĚîêĂîกćøéĞćđîĉîกćø 

đéČĂîǰ/ ðŘกćøýċกþćǰ2562 
 
öĉ.÷ 
 

ก.ค 
 

ÿ.ค 
 

ก.÷ 
 

ê.ค 
 

ó.÷ 
 

í.ค 
 

ö.ค 
 

ก.ó 
 

öĊ.ค 
 

đö.÷ 
 

1. ýċกþćคüćöøĎšóČĚîåćîđกĊę÷üกĆïǰ
ÿöกćøĕéēĂĒôîĕìîŤǰ 
 

           

2. ýċกþćõćþćǰPythonǰĒúą
ēðøĒกøöǰWolfram 
MathematicaǰĔîกćøđขĊ÷î
ชčéคĞćÿĆęงđóČęĂĀćñúđฉú÷ขĂงÿöกćø

ĕéēĂĒôîĕìîŤ 
 

           

3.ǰđขĊ÷îขĆĚîêĂîüĉíĊกćøĀćñúđฉú÷
ขĂงÿöกćøĕéēĂĒôîĕìîŤǰx2 – y2 = 
z4 đöČęĂǰx đðŨîจĞćîüîđฉóćąĒúąǰyǰ
đðŨîจĞćîüîðøąกĂï 

           

4.ǰÿøčðñúĒúąđขĊ÷îøć÷งćî 
 

           

ðøąē÷ชนŤทĊęคćดüŠćจąĕดšøĆบ 
ðøąē÷ชîŤìĊęคćéüŠćจąĕéšøĆïêŠĂñĎšéĞćđîĉîงćî 
        1. öĊคüćöøĎšđกĊę÷üกĆïกćøĀćñúđฉú÷ขĂงÿöกćøĕéēĂĒôîĕìîŤ 
        2. öĊคüćöøĎšđกĊę÷üกĆïõćþć Pythonǰ 
        3.ǰöĊคüćöøĎšĔîกćøđขĊ÷îïìóĉÿĎจîŤđกĊę÷üกĆïìùþฎĊจĞćîüî 
ðøąē÷ขîŤìĊęĕéšจćกēคøงงćîìĊęóĆçîćขċĚî 

1.ǰđóČęĂĔชšđðŨîคüćöøĎšêŠĂ÷ĂéĔîงćîüĉจĆ÷đกĊę÷üกĆïÿöกćøĕéēĂĒôîĕìîŤǰĀøČĂêŠĂ÷ĂéĕðĀć
ñúđฉú÷ขĂงÿöกćøĔîøĎðĒïïđéĊ÷üกĆîĕéš 
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ĂčðกøณŤĒúąđคøČęĂงöČĂทĊęĔชš 

ăćøŤéĒüøŤ 
    1.ǰคĂöóĉüđêĂøŤ 
    2. đคøČęĂงóĉöóŤ 
ซĂøŤôĒüøŤ 
   1. ēðøĒกøöงćîđĂกÿćøǰMicrosoft World  
   2. ēðøĒกøöงćîđĂกÿćøǰMicrosoft Excel 
   3. ēðøĒกøöǰAdobe PDF 

 

đĂกÿćøĂšćงĂĉง 

[1] N. Burshtein.(2019). On Solutions of theǰDiophantine equation A2 – B2 = Z4  

when A, B, Z are Positive Integers. Annals of Pure and Applied Mathematics, 
p.121-125. 
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ēðøĒกøöทĊęĔชšĔนกćøคĞćนüณ 
import numpy 
from itertools import combinations 
 
"""--------------------ǰhelp function --------------------""" 
 
# function equation 
def function(front,back): 
  f = 1 
  for i in front: 
    f *= i 
  b = 1 
  for j in back: 
    b *= j 
  answer = (f**4ǰ+ǰb**4)/2 
  if answer.is_integer(): 
      return int(answer) 
  else: 
      return answer    
 
# check prime 
def isPrime(num): 
  for i in range(2,num): 
    if num%i == 0: 
      return False 
  return True 
 
# generate check prime sentence 
def isPrimeWord(num): 
  if isPrime(num): 
    return ' is Prime' 
  else: 
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    return ' is not Prime' 
 
# create prime list from range1 to range2 
def createPrimeList(range1,range2):ǰ 
    primeArr = numpy.zeros(range2+1)ǰǰǰ 
    primeArr[0]ǰ=ǰ1ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
    primeArr[1]ǰ=ǰ1ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
    for i in range(2, range2+1): 
        if primeArr[i] == 0:ǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
            for j in range(i * 2, range2+1, i): 
                primeArr[j] = 1ǰǰǰǰǰǰǰǰǰǰǰǰ 
    prime = [] 
    for i in range(range1, range2+1): 
        if primeArr[i] == 0:ǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
            prime.append(i) 
    return prime 
 
"""--------------------ǰmain program --------------------""" 
 
def startProgram(): 
  print('Press 1ǰ:ǰZ is Prime') 
  print('Press 2ǰ:ǰZ is Factor') 
  selectType = int(input('Please select type of Z : ')) 
 
  if selectType == 1: 
    print('------- Z is Prime -------') 
    print('Please select range of Prime Z') 
    start,end = int(input('Start Range : ')),int(input('End Range : ')) 
    primeList = createPrimeList(start,end) 
    print('Prime List in Range',primeList) 
    for i in primeList: 
      x = function([],[i]) 
      if type(x) == type(0.5): 
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        continue 
      elif not isPrime(x): 
        continue 
      else: print('Z = ',i,' ---> X = ',x,' is Prime.') 
 
  elif selectType == 2: 
    print('------- Z is Factor -------') 
    print('\tPress 1ǰ:ǰZ is Prime power n') 
    print('\tPress 2ǰ:ǰZ is Factor of Prime') 
    typeFactor = int(input('\tPlease select type of Factor : ')) 
 
    if typeFactor == 1: 
      print('\t...Z is Prime power n...') 
      print('\tPlease select range of Prime Z') 
      start,end = int(input('\tStart Range : ')),int(input('\tEnd Range : ')) 
      primeList = createPrimeList(start,end) 
      powerN = int(input('\tSelect number of Power : ')) 
      print('\tPrime List in Range',primeList) 
      if powerN % 2ǰ!=ǰ0: 
        print('\tCan not find value at power ',powerN) 
      else: 
        for i in primeList: 
          x = function([],[i**powerN]) 
          if type(x) == type(0.5): 
            continue 
          elif not isPrime(x): 
            continue 
          else: print('\tZ = ',i,' power ',powerN,' ---> X = ',x,' is Prime.') 
 
    elif typeFactor == 2: 
      print('\t...Z is Factor of Prime...') 
      numofFactor = int(input('\tPlease select number of Factor prime : ')) 
      print('\tPlease select range of Prime') 
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      start,end = int(input('\tStart Range : ')),int(input('\tEnd Range : ')) 
      primeList = createPrimeList(start,end) 
      comb = list(combinations(primeList, numofFactor)) 
      print('\tPrime List in Range',primeList) 
      for a in comb: 
        for b in range(len(a)//2+1): 
          c = list(combinations(a, b)) 
          for i in range(len(c)): 
            temp = list(a) 
            for j in range(len(c[i])): 
              temp.remove(c[i][j]) 
            x = function(c[i],temp) 
            if type(x) == type(0.5): 
              continue 
            elif not isPrime(x): 
              continue 
            else: print('\tZ = ',list(c[i]),temp,' ---> X = ',x,' is Prime.') 
 
 
"""--------------------ǰprogram use --------------------""" 
 
start = input('Do you want to start Program ? (Y/N): ') 
while start.upper() == 'Y': 
  startProgram() 
  print() 
  start = input('Do you want to start Program ? (Y/N): ') 
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คüćöĀöć÷ขĂงøĎðđøขćคณĉตĔนĒñนñĆงตŠćงė 
øĎðđøขćคณĉต คüćöĀöć÷ 

 ÿĆญúĆกþèŤกćøกøąìĞćǰĒÿéงกćøðøąöüúกćø

ìĞćงćîขĂงēðøĒกøö 

 ÿĆญúĆกþèŤกćøîĞćđขšćขšĂöĎúéšü÷öČĂǰĒÿéงกćøøĆï

ขšĂöĎúđขšćēé÷öîčþ÷ŤǰđชŠîǰĒðŜîóĉöóŤ 

 ÿĆญúĆกþèŤกćøêĆéÿĉîĔจǰĒÿéงกćøêĆéÿĉîĔจĀøČĂ

กćøđðøĊ÷ïđìĊ÷ï 

 ÿĆญúĆกþèŤกćøĒÿéงñúǰĒÿéงกćøøĆïđขšćĀøČĂ

ĒÿéงñúúĆóíŤ 

 ÿĆญúĆกþèŤđĂกÿćøǰĒÿéงกćøĒÿéงñúúĆóíŤìćง

ĀîšćจĂ 

 ÿĆญúĆกþèŤกćøđìĂøŤöĉîĆúǰĒÿéงจčéđøĉęöêšîĒúąจčé

จïกćøìĞćงćî 

 ÿĆญúĆกþèŤúĎกþøǰĒÿéงúĞćéĆïกćøìĞćงćîขĂง

ĒñîñĆง 
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ðøąüĆตĉñĎšđขĊ÷น 
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